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Quantum field theory, our description of the fundamental forces in 
nature, was originally formulated in continuous space-time, where it 
leads to embarrassing infinities which have to be eliminated by a process 
called renormalization. A simple but rigorous formulation can be ob- 
tained by replacing continuous space-time by a discrete set of points on a 
lattice. This clarifies the essentials of quantum fields using concepts such 
as universality of critical phenomena and the renormalization group. 

This book provides a clear and pedagogical introduction to quantum 
fields on a lattice. The path integral on the lattice is explained in concrete 
examples using weak- and strong-coupling expansions. Fundamental 
concepts, such as ‘triviality’ of Higgs fields and confinement of quarks 
and gluons into hadrons, are described and illustrated with the results of 
numerical simulations. The book also provides an introduction to chiral 
symmetry and chiral gauge theory. Based on the lecture notes of a course 
given by the author, this book contains many explanatory examples and 
exercises, and is suitable as a textbook for advanced undergraduate and 
graduate courses. This title, first published in 2002, has been reissued 
as an Open Access publication on Cambridge Core. 
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Preface 


She [field theory] is not a robust mate ready to 
pitch in and lend a helping hand. She is a haunting 
mistress, refined, and much too beautiful for hard 
work. She is at her best in formal dress, and thus 
displayed in this book, where rigor will be found to 
be absolutely absent. Bryce S. DeWitt 


Since the above characterization appeared [1] in 1965 we have witnessed 
great progress in quantum field theory, our description of fundamental 
particles and their interactions. This book displays her in informal dress, 
robust and ready to give results, rigorous, while at a pedestrian mathe- 


matical level. By approximating space-time by a collection of points on 
a lattice we get a number of benefits: 


it serves as a precise but simple definition of quantum fields, which 
has its own beauty; 

it brings to the fore and clarifies essential aspects such as renormal- 
ization, scaling, universality, and the role of topology; 

it makes a fruitful connection to statistical physics; 

it allows numerical simulations on a computer, giving truly non- 
perturbative results as well as new physical intuition into the behavior 
of the system. 


This book is based on notes of a lecture course given to advanced 


undergraduate students during the period 1984-1995. An effort was 
made to accomodate those without prior knowledge of field theory. In the 
present version, examples from numerical simulations have been replaced 


xi 


xii Preface 


by more recent results, and a few sections (8.3-8.6) on lattice aspects of 
chiral symmetry have been added. The latter notoriously complicated 
topic was not dealt with in the lectures, but for this book it seemed 
appropriate to give an introduction. 

An overview of the research area in this book is given by the pro- 
ceedings of the yearly symposia ‘Lattice XX’, which contain excellent 
reviews in which the authors tried hard to make the material accessible. 
These meetings tend to be dominated by QCD, which is understandable, 
as many of the physical applications are in the sphere of the strong 
interactions, but a lot of exciting developments usually take place ‘on the 
fringe’, in the parallel sessions. In fact, Lattice XX may be considered as 
the arena for non-perturbative field theory. The appropriate papers can 
be retrieved from the e-print archive http://arXiv.org/ and its mirrors, 
or the SPIRES website http://www.-slac.stanford.edu/spires/hep/ 

I would like to thank my students, who stumbled over my mistakes, for 
their perseverance and enthusiasm, and my colleagues for collaborations 
and for sharing their insight into this ever-surprising research field. 


Amsterdam, November 2001 


1 


Introduction 


We introduce here quarks and gluons. The analogy with electrodynamics 
at short distances disappears at larger distances with the emergence 
of the string tension, the force that confines the quarks and gluons 
permanently into bound states called hadrons. 

Subsequently we introduce the simplest relativistic field theory, the 
classical scalar field. 


1.1 QED, QCD, and confinement 


Quantum electrodynamics (QED) is the quantum theory of photons 
(y) and charged particles such as electrons (e*), muons (w+), protons 
(p), pions (7), etc. Typical phenomena that can be described by 
perturbation theory are Compton scattering (y + e7 — y+ e7), and 


pair annihilation/production such as et + e~ — u™ + u`. Examples of 
non-perturbative phenomena are the formation of atoms and molecules. 
The expansion parameter of perturbation theory is the fine-structure 
constant! œ = e?/47. 

Quantum chromodynamics (QCD) is the quantum theory of quarks 
(q) and gluons (g). The quarks u, d, c, s, t and b (‘up’, ‘down’, ‘charm’, 
‘strange’, ‘top’ and ‘bottom’) are analogous to the charged leptons 1, e, 
Vu, H, Vr, and T. In addition to electric charge they also carry ‘color 
charges’, which are the sources of the gluon fields. The gluons are 
analogous to photons, except that they are self-interacting because they 
also carry color charges. The strength of these interactions is measured 
by as = g?°/4r (alpha strong), with g analogous to the electromagnetic 
charge e. The ‘atoms’ of QCD are qq (q denotes the antiparticle of q) 
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eE 


(a) (b) 


Fig. 1.1. Intuitive representation of chromoelectric field lines between a static 
quark-antiquark source pair in QCD: (a) Coulomb-like at short distances; 
(b) string-like at large distances, at which the energy content per unit length 
becomes constant. 


bound states called mesons} (7, K, n, 7’, p, K*, w, 6, ...) and 3q bound 
states called baryons (the nucleon N, and furthermore X, A, =, A, &*, 
A* 
may be also multi-quark states analogous to molecules. Furthermore, 


,-.-). The mesons are bosons and the baryons are fermions. There 
there are expected to be glueballs consisting mainly of gluons. These 
bound states are called ‘hadrons’ and their properties as determined by 
experiment are recorded in the tables of the Particle Data Group [2]. 

The way that the gluons interact among themselves has dramatic 
effects. At distances of the order of the hadron size, the interactions are 
strong and a, effectively becomes arbitrarily large as the distance scale 
increases. Because of the increasing potential energy between quarks at 
large distances, it is not possible to have single quarks in the theory: 
they are permanently confined in bound states. 

For a precise characterization of confinement one considers the theory 
with gluons only (no dynamical quarks) in which static external sources 
are inserted with quark quantum numbers, a distance r apart. The 
energy of this configuration is the quark—antiquark potential V(r). In 
QCD confinement is realized such that V(r) increases linearly with r as 


r —> o, 

V(r) xor, r> o. (1.1) 
The coefficient o is called the string tension, because there are effective 
string models for V(r). Such models are very useful for grasping some 


of the physics involved (figure 1.1). 
Because of confinement, quarks and gluons cannot exist as free parti- 


t The quark content of these particles is given in table 7.1 in section 7.5. 
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Vv F 
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Fig. 1.2. Shape of the static qq potential and the force F = ôV /ðr. 


cles. No such free particles have been found. However, scattering exper- 
iments at high momentum transfers (corresponding to short distances) 
have led to the conclusion that there are quarks and gluons inside the 
hadrons. The effective interaction strength ag is small at short distances. 
Because of this, perturbation theory is applicable at short distances or 
large momentum transfers. This can also be seen from the force derived 
from the qq potential, F = O0V/Or. See figure 1.2. Writing conventionally 


4a,(r) 
F(r) = 59, (1.2) 
we know that as — 0 very slowly as the distance decreases, 
4 
g (1.3) 


alr) TAB) 


This is called asymptotic freedom. The parameter A has the dimension 
of a mass and may be taken to set the dimension scale in quark-less 
‘QCD’. For the glueball mass m or string tension o we can then write 


M = CmA, Vo = CA. (1.4) 


Constants like Cm and C,, which relate short-distance to long-distance 
properties, are non-perturbative quantities. They are pure numbers 
whose computation is a challenge to be met by the theory developed 
in the following chapters. 

The value of the string tension ø is known to be approximately 
(400 MeV)?. This information comes from a remarkable property of the 
hadronic mass spectrum, the fact that, for the leading spin states, the 


spin J is approximately linear in the squared mass m?, 


J = ao +a'm?. (1.5) 


See figure 1.3. Such approximately straight ‘Regge trajectories’ can be 
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1 2 3 4 5 6 

Fig. 1.3. Plot of spin J versus m? (GeV?) for p- and 7-like particles. The dots 
give the positions of particles, the straight lines are fits to the data, labeled 
by their particles with lowest spin. The line labeled ‘pot’ is L versus H? for 


the solution (1.10), for clarity shifted upward by two units, for mg = m,/2, 
o = 1/8a%,. 


understood from the following simple effective Hamiltonian for binding 


H = 2,/m2 + p? + or. (1.6) 


Here mg is the mass of the constituent quarks, taken to be equal for 
simplicity, p = |p| is the relative momentum, r = |r| is the relative 


of a qq pair, 


separation, and the spin of the quarks is ignored. The potential is taken 
to be purely linear, because we are interested in the large-mass bound 
states with large relative angular momentum L, for which one expects 
that only the long-distance part of V(r) is important. 

For such states with large quantum number L the classical approx- 
imation should be reasonable. Hence, consider the classical Hamilton 


equations, 
drk = OH dpk OH 


= $ T; 
dt opk : dt Or, ( 7) 


and the following Ansatz for a circular solution: 


rı =acos(wt), r= asin(wt), r3 =0, 


pı = —bsin(wt), pe =bcos(wt), p3=0. (1.8) 
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Substituting (1.8) into (1.7) we get relations among w, a, and b, and 
expressions for p and r, which can be written in the form 


p=b=ow', r=a=2s 1o tp, s=4/1+m2/p*, (1.9) 


such that L and H can be written as 
L=rp=2s"'o'p?, H=2(s+s")p. (1.10) 


For p? > Pi, s x 1, L x p? and H x p. Then L x H? and, because 
H = m is the mass (rest energy) of the bound state, we see that 


a! =[LH~?] = (8c)7". (1.11) 


p/Mq—>0o 


It turns out that L is approximately linear in H? even for quite small 
p?, such that L < 1, as shown in figure 1.3. Of course, the classical 
approximation is suspect for L not much larger than unity, but the same 
phenomenon appears to take place quantum mechanically in nature, 
where the lower spin states are also near the straight line fitting the 
higher spin states.” 

With a’ = 1/80, the experimental value a’ ~ 0.90 GeV? gives yo ~ 
370 MeV. The effective string model (see e.g. [3] section 10.5) leads 
approximately to the same answer: a/ = 1/270, giving yo © 420 MeV. 
The string model is perhaps closer to reality if most of the bound-state 
energy is in the string-like chromoelectric field, but it should be kept in 
mind that both the string model and the effective Hamiltonian give only 
an approximate representation of QCD. 


1.2 Scalar field 


We start our exploration of field theory with the scalar field. Scalar 
fields y(x) (x = (x,t), t = x?) are used to describe spinless particles. 
Particles appearing elementary on one distance scale may turn out to be 
be composite bound states on a smaller distance scale. For example, 
protons, pions, etc. appear elementary on the scale of centimeters, 
but composed of quarks and gluons on much shorter distance scales. 
Similarly, fields may also be elementary or composite. For example, for 
the description of pions we may use elementary scalar fields y(x), or 
composite scalar fields of the schematic form 7(x)757)(x), where (x) 
and w(a) are quark fields and ys is a Dirac matrix. Such composite fields 
can still be approximately represented by elementary y(x), which are 
then called effective fields. This is useful for the description of effective 
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interactions, which are the result of more fundamental interactions on a 
shorter distance scale. 

A basic tool in the description is the action S = f dt L, with L the 
Lagrangian. For a nonrelativistic particle described by coordinates qk, 
k = 1, 2, 3, the Lagrangian has the form kinetic energy minus potential 
energy, L = qxgx/2m — V(q).t For the anharmonic oscillator in three 
dimensions the potential has the form V(q) = w?q?/2 + A(q7)?/4, 7 = 
qkqk. In field theory a simple example is the action for the y4 theory, 


S= pes L(x), dtr = dr? dx! dz? dz, (1.12) 
M 


L(x) = s(x) Op(2) — Vole): Vola) — gu (x)? — Japle)", (1.13) 


Here M is a domain in space-time, p(x) is a scalar field, L(x) is the 
action density or Lagrange function, and À and u? are constants (A is 
dimensionless and u? has dimension (mass)? = (length)~?). Note that 
the index x is a continuous analog of the discrete index k: p(x, t) > q(t). 

Requiring the action to be stationary under variations dy(x) of y(x), 
such that 5y(x) = 0 for x on the boundary of M, leads to the equation 
of motion: 


63 = | dta[—ao(e) + Vola) - pola) — Apa] Sele) 
=0 => (8 -V?+p p+ =0. (1.14) 


In the first step we made a partial integration. In classical field theory the 
equations of motion are very important (e.g. Maxwell theory). In quan- 
tum field theory their importance depends very much on the problem 
and method of solution. The action itself comes more to the foreground, 
especially in the path-integral description of quantum theory. 

Various states of the system can be characterized by the energy H = 
f xH. The energy density has the form kinetic energy plus potential 
energy, and is given by 


H = 467+ 4(Vy)’? +U, (1.15) 
U = ipp + Ayt. (1.16) 


The field configuration with lowest energy is called the ground state. It 
has ¢ = Vy = 0 and minimal U. We shall assume A > 0, such that H is 


f Unless indicated otherwise, summation over repeated indices is implied, ġkķĝk = 
Sp dkåk- 
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Fig. 1.4. The energy density for constant fields for u? < 0. 


bounded from below for all y. From a graph of U(y) (figure 1.4) we see 
that the cases u? > 0 and u? < 0 are qualitatively different: 
pe SUS. = 0, USO, 
2 2 
2 2 H ly 

H <0: Pg = Xv, v SANN eS ae 
So the case u? < 0 leads to a doubly degenerate ground state. In this case 
the symmetry of S or H under y(x) — —ọ(x) is broken, because a non- 
zero (yg is not invariant, and one speaks of spontaneous (or dynamical) 
symmetry-breaking. 

Small disturbances away from the ground state propagate and dis- 
perse in space and time in a characteristic way, which can be found 
by linearizing the equation of motion (1.14) around y = pg. Writing 
P = Pg + y' and neglecting O(y’”) gives 


(1.17) 


(82 — V? + m2)y’ =0, (1.18) 
2 2 
2 1 H, MES 0; 
e = 1.1 
m U (Ye) { R + 3\v2 = oi, u? < 0. ( 9) 


Wavepacket solutions of (1.18) propagate with a group velocity v = 
ðw/ðk, where k is the average wave vector and w = ym? + k?. In 
the quantum theory these wavepackets are interpreted as particles with 
energy-momentum (w, k) and mass m. The particles can scatter with an 
interaction strength characterized by the coupling constant A. For \ = 0 
there is no scattering and the field is called ‘free’. 
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Path-integral and lattice regularization 


In this chapter we introduce the path-integral method for quantum 
theory, make it precise with the lattice regularization and use it to 
quantize the scalar field. For a continuum treatment of path integrals in 
quantum field theory, see for example [8]. 


2.1 Path integral in quantum mechanics 


To see how the path integral works, consider first a simple system with 
one degree of freedom described by the Lagrange function L = L(q, å), 
or the corresponding Hamilton function H = H(p,q), 


La +V(q), (2.1) 


+2 


where p and q are related by p = OL/0q = mq. In the quantum theory p 
and q become operators p and @ with [ĝ, p] = ih (we indicate operators 
in Hilbert space by a caret °). The evolution in time is described by the 
operator 


U (ty, t2) = exp[—iA(ty — t2)/ħ], (2.2) 


with H the Hamilton operator, H = H (p, å). Instead of working with 
q-numbers (operators) p and @ we can also work with time dependent 
c-numbers (commuting numbers) q(t), in the path-integral formalism. 
(Later we shall use anti-commuting numbers to incorporate Fermi—Dirac 
statistics.) In the coordinate basis |q} characterized by 


dq) = qla), (2.3) 
(d'la) = 5(q' — q), J dalal =1, (2.4) 
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q 


Fig. 2.1. Illustration of two functions q(t) contributing to the path integral. 


we can represent the matrix element of U (t1,t2) by a path integral 


TR Nea = J Dq exp[i$(q)/f]. (2.5) 


Here S is the action functional of the system, 


S(q) = f ‘dt L(q(t), a(t), (2.6) 


2 


and f Dq symbolizes an integration over all functions q(t) such that 


ati) =q, (tz) = Q2, (2.7) 


as illustrated in figure 2.1. The path integral is a summation over 
all ‘paths’ (‘trajectories’, ‘histories’) q(t) with given end points. The 
classical path, which satisfies the equation of motion 55(q) = 0, or 


OL OOL | 0 

Oq Ot Og , 
is only one out of infinitely many possible paths. Each path has a ‘weight’ 
exp(iS/h). If h is relatively small such that the phase exp(iS/h) varies 
rapidly over the paths, then a stationary-phase approximation will be 
good, in which the classical path and its small neighborhood give the 
dominant contributions. The other extreme is when the variation of S/h 
is of order one. In the following we shall use again units in which A = 1. 

A formal definition of f Dq is given by 


[Pa= II [a (2.9) 


t2<t<t, 


(2.8) 
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i.e. for every t € (t2,t1) we integrate over the domain of q, e.g. —oo < 
q < œ. The definition is formal because the continuous product J], still 
has to be defined. We shall give such a definition with the help of a 
discretization procedure. 


2.2 Regularization by discretization 


To define the path integral properly we discretize time in small units a, 
writing t = na, q(t) = dn, with n integer. For a smooth function q(t) the 
time derivative g(t) can be approximated by q(t) = (qn+1 — dn)/a, such 
that the discretized Lagrange function may be written ast 

= 35 Vlan) = ZV (Gn), (210) 
where we have divided the potential term equally between qn and qn+1.- 


L(t) (dn+1 Mn)’ 


We define a discretized evolution operator T by its matrix elements as 
follows: 


a : m 1 1 
(qı|T|q2) = cexp fia] 


zga (Mt qa)? 5 V (4) ive] }. (2.11) 


where c is a constant to be specified below. Note that the exponent is 
similar to the Lagrange function. The operator T is called the transfer 
operator, its matrix elements the transfer matrix. In terms of the transfer 


matrix we now give a precise definition of the discretized path integral: 
(WOE) = f day davala Plan) 
x (qv-i|Tlan-2) ++ (nT Iq") 
= e f (Teda) exp | (a = gn—1)* 
= “va — iaV(qn-1) + Mavi — qn-2)* 


— taV (qn—2) +: + 


2a 
= f Daes. (2.12) 


Here the discretized action is defined by 


N-1 
S=aŅ_ L(na), (2.13) 
n=0 
ł For notational simplicity we shall denote the discretized forms of L, S, ..., by the 


same symbols as their continuum counterparts. 
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where qn = q and qo = q”. In the limit N — oo this becomes equal to 
the continuum action, when we substitute smooth functions q(t). Since 
the qn are integrated over on every ‘time slice’ n, such smoothness is not 
typically present in the integrand of the path integral (typical paths qn 
will look like having a very discontinuous derivative) and a continuum 
limit at this stage is formal. 

It will now be shown that, with a suitable choice of the constant c, 
the transfer operator can be written in the form 


T = e~ iay (â)/2 e7 tap? /2m e~ iav (G)/2. (2.14) 


Taking matrix elements between (qi| and |q2) we see that this formula 
is correct if 


(qile E /?™ qo) = ceit(a— aa)" /20, (2.15) 
Inserting eigenstates |p) of the momentum operator p using 
ipq dp 
(alp) =e, | > |p)(p| = 1, (2.16) 
we find that (2.15) is true provided that we choose 


=|= sy es 2.17 
$ 2ria Ima” i ay) 


The transfer operator T is the product of three unitary operators, so 


we may write 
T = ett, (2.18) 


This equation defines a Hermitian Hamiltonian operator H modulo 
27/a. For matrix elements between eigenstates with energy E < 2r/a 
the expansion 


T =1-— iaf + O(a’) (2.19) 


leads to the identification 


22 

f p A 2 

H = — +V O 2.20 

Ë- +V(q) + 0l?) (2.20) 

in which we recognize the usual Hamilton operator. It should be kept 
in mind though that, as an operator equation, the expansion (2.19) 
is formal: because p? is an unbounded operator there may be matrix 
elements for which the expansion does not converge. 
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2.3 Analytic continuation to imaginary time 


It is very useful in practice to make an analytic continuation to imaginary 
time according to the substitution t — —it. This can be justified if the 
potential V(q) is bounded from below, as is the case, for example, for 
the anharmonic oscillator 


V(q) = įm? + GAq'. (2.21) 


Consider the discretized path integral (2.12). The integration over the 
variables qn continues to converge if we rotate a in the complex plane 
according to 

a=|ale”, p: 0> 7 (2.22) 
The reason is that, for all y € (0,7/2], the real part of the exponent in 
(2.12) is negative: 


i 


1 f 
= —(-siny+icosy), —iļa|ļe™’? = |a|(— sin y — i cos ọ). 


ale"? |a| 
(2.23) 
The result of this analytic continuation in a is that the discretized path 
integral takes the form 


(q|Us(t’,t’|q”) = al J (Tle) ess, 
N-1 is 1 1 
Ss =- = (dn+1 — Gn)? + EV (qn EV (qn)|. (2.24 
lal DE Oe ieee! 0 F 5 (dn+1) + 5 (dn) ( ) 


Here the subscript S denotes the imaginary-time versions of U and S. 

The integrand in the imaginary-time path integral is real and bounded 
from above. This makes numerical calculations and theoretical analysis 
very much easier. Furthermore, in the generalization to field theory there 
is a direct connection to statistical physics, which has led to many fruitful 
developments. For most purposes the imaginary-time formulation is 
sufficient to extract the relevant physical information such as the energy 
spectrum of a theory. If necessary, one may analytically continue back to 
real time, by implementing the inverse of the rotation (2.22). (This can 
be done only in analytic calculations, since statistical errors in e.g. Monte 
Carlo computations have the tendency to blow up upon continuation.) 
In the following the subscript S will be dropped and we will redefine 
|a| > a, with a positive. 
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After transformation to imaginary time the transfer operator takes 
the Hermitian form 


P = e70 (â)/2 e~p’ /2m e WV (8)/2, (2.25) 


This is a positive operator, i.e. all its expectation values and hence all 
its eigenvalues are positive. We may therefore redefine the Hamiltonian 
operator H according to 


Ê= eH, (2.26) 

A natural object in the imaginary-time formalism is the partition 
function 

Z = Tre Ht) = fu (gle #+-*-) g) =T, (2.27) 


where we think of t} (t_) as the largest (smallest) time under consid- 
eration, with t} — t- = Na. From quantum statistical mechanics we 
recognize that Z is the canonical partition function corresponding to 
the temperature 


T= (tt)! (2.28) 


in units such that Boltzmann’s constant kg = 1. The path-integral 
representation of Z is obtained by setting in (2.24) qv = qQ = q 
(q! = q” = q) and integrating over q: 


z= | Dae. (2.29) 
pbc 


Here ‘pbc’ indicates the fact that the integration is now over all dis- 
cretized functions q(t), t- < t < t+, with ‘periodic boundary conditions’ 


a(t+) = q(t_). 


2.4 Spectrum of the transfer operator 
Creation and annihilation operators are familiar from the theory of the 
harmonic oscillator. Here we shall use them to derive the eigenvalue 
spectrum of the transfer operator of the harmonic oscillator, for which 


V(q) = ¢mw?¢?. (2.30) 


For simplicity we shall use units in which a = 1 and m = 1, which may 
be obtained by transforming to variables q = q/a, p' = ap, m’ = am, 
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and w’ = aw, then to q” = q’Vm’ and p” = p'/Vm’, such that (omitting 
the primes) [Ð, â] = —i and 
P= e VCE eh ee es (2.31) 


Using the representation g — q, p — —i0/0q or vice-versa one obtains 


the relation 
a(t) =u(?) 2 (2.32) 
q q 


where the matrix M is given by 


1+ tw? i 
= ; 2.33 
( —i(2 + $w?) w? 1+ iw? Gi 
We want to find linear combinations Kg + Ap such that 
T (Kg + Ap) = ule + Ap) Ê, (2.34) 


from which it follows that («, A) have to form an eigenvector of MT (the 
transpose of M) with eigenvalue u. The eigenvalues p+ of M can be 
expressed as 


ps =e*", cosh® =1+4 du”, (2.35) 


and the linear combinations sought are given by 

à = visinh(@@) + ip], 

a! = p[sinh(O4q) — if], (2.36) 
where v is a normalization constant. The â and ât are the annihilation 


and creation operators for the discretized harmonic oscillator. They 
satisfy the usual commutation relations 


la, â] =1, [â,â] = [at, â] = 0, (2.37) 


provided that 
1 


y=- 2.38 
y2 sinh © ( ) 


and furthermore 


Ta= aT, Tat =e âT. (2.39) 
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The ground state |0) with the highest eigenvalue of T satisfies a0) = 0, 
from which one finds (using for example the coordinate representation) 


e 
Eo = 30. (2.40) 
The ground-state energy is Eo = $@ and using (2.39) one finds that the 
excitation energies occur in units of &, for example 
Tat |0) = e~* at T\0) = e— 8/2) “at 0), (2.41) 
Hence, the energy spectrum is given by 
En =(n+ 3) &, (2.42) 


which looks familiar, except that © Æ w. 

We now can take the continuum limit a — 0 in the physical quantities 
E,,. Recalling that w is really aw, and similarly for ©, we see by expanding 
(2.35) in powers of a, i.e. cosh(a®@) = 1 + a?&?/2 + atH4/244--- = 
14+ a?w?/2, that 

© = w + O(a’). (2.43) 


Note that the corrections are O(a”), which is much better than O(a) as 
might be expected naively. This is the reason for the symmetric division 
of the potential in (2.11). 


2.5 Latticization of the scalar field 


We now transcribe these ideas to field theory, taking the scalar field as 
the first example. The dynamical variables generalize as 


q(t) > y(x, t) (2.44) 


(i.e. there is a q for every x). The coordinate representation is formally 
characterized by 


P(x)|¥) = px), (2.45) 
lv) = [[ 12x); (2.46) 
(v'le) = |] oe’) - y), (2.47) 


f w= (2.48) 


x 
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The evolution operator is given by 


(y1|O (tr, t2)lp2) = [pe eS), (2.49) 


where the integral is over all functions y(x, t) with (x, t1,2) = Y1,2(x). 
The theory is specified furthermore by the choice of action S. For the 
standard yt model 


S(p) 


II 


tı 2 
- f dea fe 30da + Fete) o, 

° (2.50) 
where x = (x, 24) and x4 = t. Note that in the imaginary-time formalism 
the symmetry between space and time is manifest, since the metric 
tensor is simply equal to the Kronecker „v. Consequently, we shall not 
distinguish between upper and lower indices u, v, .... One often speaks of 
the Euclidean formalism, since the space-time symmetries of the theory 
consist of Euclidean rotations, reflections and translations. 

The partition function is given by 


Z= f Pees, (2.51) 


where the integral is over all functions periodic in the time direction, 
(x,t + 8) = y(x, t), with @ = T~! the inverse temperature. 

The path integral Z will be given a precise definition with the lattice 
regularization, by a straightforward generalization of the example of 
quantum mechanics with one degree of freedom. Let x, be restricted 
to a four-dimensional hypercubic lattice, 


Euy = Muy My =0,1,...,.N—1, (2.52) 


where a is the lattice distance. The size of the hypercubic box is L = Na 
and its space-time volume is L4. The notation 


N-1 N- 
Ņosa a ee (2.53) 
x m= ma= m 


will be used in this book. For smooth functions f(x) we have in the 
continuum limit 


L 
Erw f d‘x f(x), N—>oœ, a=L/N—>0, Lfixed. (2.54) 
5 0 


We have put « = 0 at the edge of the box. If we want it in the middle 
of the box we can choose m, = —N/2+1,—-N/2+2,...,.N/2. Below we 
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shall choose such a labeling for Fourier modes and we shall assume N 
to be even in the following. 

The scalar field on the lattice is assigned to the sites x, we write yy. 
The part of the action without derivatives is transcribed to the lattice 
as D>, (upi /2 + A~2/4). 

Derivatives can be replaced by differences. We shall use the notation 


1 
OMO = g Petah m= Pr), (2.55) 
1 
ð, Pz = 7 Pe z Px—ap), (2.56) 
where ji is a unit vector in the u direction. For smooth functions f(x), 
o 
Onf(a), fE) + yfe) a0. (2.57) 
Tu 


It is convenient to use periodic boundary conditions (such that the lattice 
has no boundary), which are specified by 


PrtiNat = Pr, (2.58) 
and, for example, 
1 
O4Px,(N—1)a = G(x = Px, (N-1)a)- (2.59) 


With periodic boundary conditions the derivative operators 0, and 0), 
are related by ‘partial summation’ (the analog of partial integration) 


5 Pır OuP2r = — 5 3p Piz Pz- (2.60) 
In matrix notation, 
OnPax = (On)oy Py, (2.61) 
d/, is minus the transpose of ô,, 0), = —Or: 
(Quay = oai — dey) (2.62) 


(Oi Jay = gev g Ôz-añ,y) = — (Ou) yx = — (ON) ay: (2.63) 


After these preliminaries, the path integral will now be defined by 


z= | De eS), (2.64) 


[ve = Hle f) dpr, II = II. (2.65) 
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1 u? À 
s=- EZ + Sunt iet); (2.66) 


c= a/v 2r. (2.67) 


Note that cy is dimensionless. The dimension of y follows from the 
requirement that the action S' is dimensionless. In d space-time dimen- 
sions, 


lo] =a (FP? c= ad, (2.68) 


The factor 1/ /2n is an inessential convention, chosen such that there 
is no additional factor in the expression for the transfer operator (2.74) 
below, which would lead to an additional constant in the Hamiltonian 
(2.80). 

The lattice action was chosen such that for smooth functions f(x), 
S(f) > Scont(f) in the classical continuum limit a — 0. However, it is 
useful to keep in mind that typical field configurations Y, contributing to 
the path integral are not smooth at all on the lattice scale. The previous 
sentence is meant in the following sense. The factor Z~! exp S(p) can be 
interpreted as a normalized probability distribution for an ensemble of 
field configurations Yy. Drawing a typical field configuration y from 
this ensemble, e.g. one generated by a computer with some Monte 
Carlo algorithm, one finds that it varies rather wildly from site to site 
on the lattice. This has the consequence that different discretizations 
(e.g. different discrete differentiation schemes) may lead to different 
answers for certain properties, although this should not be the case for 
physically observable properties. The discussion of continuum behavior 
in the quantum theory is a delicate matter, which involves concepts like 
renormalization, scaling and universality. 


2.6 Transfer operator for the scalar field 


The derivation of the transfer operator for the scalar field on the lattice 
follows the steps made earlier in the example with one degree of freedom. 
For later use we generalize to different lattice spacings for time and space, 
a, and a, respectively. We use the notation x4 = t = naz, Yr = Yn.x; 
with n = 0,1,..., N—land yn, x = Yo,x. Then the action can be written 
as 


Slo) = -a J D Fag (Prti — Pan) = a D Vlen), (2.69) 


2.6 Transfer operator for the scalar field 19 


3 
1 iT À 
Ven) = |32 Pn Dj pnz + Fux + FPnx|- (270) 


x j=l 


The transfer operator Î is defined by its matrix elements 


ps 3 
(~ntilT en) = c~ exp -a > (Pn+1,x — enn 


es [a5 Ven) 5 Vem) 7) 


such that 


3 (II fa) (pn IT lena) «++ (vilT Yo) (2.72) 


=TrT”. (2.73) 


The transfer operator T can be written in the form 
f= iv SD 5V(@)), 274 
= exp| -a5 V(9)| exp ay Lat exp|—ar5V()], ; 
where 7tx is the canonical conjugate operator of x, with the property 


[Px tty] = ta-75y.y. (2.75) 


To check (2.74) we take matrix elements between |y,) and (yn+41| and 
compare with (2.71). Using 


eH BVP) ly) =e HBV) on), (2.76) 
we see that (2.74) is correct provided that 


a2 3 
(yngile 2 Ex x pn) = c exp -a D (Pret = Pn) pa . 


x 


(2.77) 
This relation is just a product over x of relations of the one-degree-of- 
freedom type 
(nile? /§|q2) = y = RTE, (2.78) 
T 


with the identification, for given x, q = ay, p = a? — —i0/0q, and 


|e) = Valq) (such that (p'le) = alq'lq) = ad(q’ — q) = 6(y' — p)). It 
follows that 


C20 eS, (2.79) 
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Q 


Fig. 2.2. Shortest wave length of a lattice field. 


Making the formal continuous-time limit by letting a, — 0 and ex- 
panding T = 1—a,H+---, we find a conventional-looking Hamiltonian! 
on a spatial lattice, 


H = So (482 + 50; PxOj Gx + $n? RZ + GAGS) + OC’). (2.80) 


x 


2.7 Fourier transformation on the lattice 


We record now some frequently used formulas involving the Fourier 
transform. The usual plane waves in a finite volume with periodic 
boundary conditions are given by 


20 
? Pu = Nu T? (2.81) 


etPT 
where the n, are integers. We want to use these functions for (Fourier) 
transformations of variables. On the lattice the z, are restricted to 7, = 
Mpa, mM, = 0,..., N — 1, L = Na. There should not be more p, than 
Zu; we take 


ny, = —N/2+1,-N/2+2,...,N/2. (2.82) 


Indeed, the shortest wave length and largest wave vector are given by 
(cf. figure 2.2) 


N 


N 
Amin = 2a, Pmax = = 3 (2.83) 


TL . 
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Apart from these intuitive arguments, the reason for (2.82) is the fact 


that (in d dimensions, mn = m,n,) 
Ung = N74/2 ¢i2xmn/N = N-22 (Can ees 
is a unitary matrix, 
Uman Uzra = Onn! 


We check this for the one-dimensional case, d = 1: 


N-1 
1 11—rN < 

mn ‘ mee m= =ni 

UmnUmn wd? Ni-r 


. , 
r= ei2a(n—n JANS 


where 


Onn =0, n#n' mod N 


=1, n=n’' mod N. 


We shall use this result in the form 


== lanl > 


(2.84) 


(2.85) 


(2.93) 


where |a,,| is the lattice spacing in the direction (unless stated other- 
wise, |a| = a). With this notation we can write the Fourier transfor- 


mation of variables (‘from position space to momentum space’) and its 


inverse as 
= —ipx 
Pp = ` e` Ppr, 
£ 
Se ipt 
Par = ` € Pp- 
P 


(2.94) 


(2.95) 
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For smooth functions f(p) we have, in the infinite-volume limit L = 
Na —> oœ, 


E Dy, AN (2.96) 


(Ap)? 
(27)4 
-Si ) Noo, a fixed, (2.97) 


io = 


where Ap = 27/Na. 


2.8 Free scalar field 


For A = 0 we get the free scalar field action. For this case the path 
integral can be done easily. Assuming u? = m? > 0, we write 


S=- S (43u v2 OnPn + img?) (2.98) 
= ZY Say PrPy,» (2.99) 
zy 


(2.100) 
It is useful to introduce an external source Jy, which can be chosen as 
we wish. The partition function with an external source is defined as 


= | De ao(s 5 tee. (2.101) 


The transformation of variables 


Pr > Pr + 5 GryJy, (2.102) 
y 


with Gz, minus the inverse of Spy, 
Syne = Ona (2.103) 
brings Z(J) into the form 


Z(J) = Z(0) exp($GayJuJy). (2.104) 
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The integral Z(0) is just a multiple Gaussian integral, 


Z(0) = [Pe exp(—3Gzy Pe%y) 


= ——— = exp(4 Indet G). (2.105) 


There is finite-temperature physics that can be extracted from the 
partition function Z(0), but here we shall not pay attention to it. 

The propagator G can be easily found in ‘momentum space’. First we 
determine the Fourier transform of Szy, using lattice units a = 1, 


zy 
= -D Seem e- 1) +m? on ipa tiqz 
z Lp 
= Sp Ons (2.107) 
—S, = m2 + 52 = 2 cos pp) (2.108) 


II 
3 


H 
24 Y 4sin? (2). (2.109) 
H 


Since Sp,—q4 is diagonal in momentum space, its inverse is given by 


1 
m? + X (2 — 2cos py) 


Gj ag = Gpp, GRE (2.110) 


From this we can restore the lattice distance by using dimensional 
analysis: p > ap, m — am and Gp — a*G(p). This gives 


1 


G(p) = 2.111 
(p) m? + a7? J (2 — 2 cos apy)’ ( ) 
and in the continuum limit a —> 0, 
1 
G(p) = (2.112) 


m? + p? + O(a?) ’ 


which is the usual covariant expression for the scalar field propagator. 
It is instructive to check that the corrections to the continuum form are 
already quite small for ap, < 5. 
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From the form (2.104) we calculate the correlation function of the free 


theory, 
OlnZ 
(Px) = | | =0, (2.113) 
OTe J=0 
OlnZ 
(PaPy) = ats aT ie Cope (2.114) 


Hence, the propagator G is the correlation function of the system (cf. 
problem (v)). 

We now calculate the time dependence of Gry, assuming that the 
temporal extent of the lattice is infinite (zero temperature), 


= “ dpa ip(a—y) 
CE=\=ey = Vic Pi De Pe Ep), (2.115) 
i ” dpa ue 
-Verx | Pa © 2.116 
Get) ue i Qn 2b —2cospy’ cant) 
1 3 Pj 
=1+-| m? X in? 2 dl 
b 1+3 m t24sin 5 | (2.117) 


where we reverted to lattice units. The integral over p4 can be done by 
contour integration. We shall take t > 0. Note that, in lattice units, t is 
an integer and b > 1. With z = exp(ips) we have 


T dpa e'pat 
I= 2.118 
a In 2b — 2cosp4 (2M) 


dz zt 


7 |E 


(2.119) 


where the integration is counter clockwise over the contour |z| = 1, see 
figure 2.3. The denominator has a pole at z = z_ within the unit circle, 


z? — 2bz +1 = (2-24) (2— 22), 


ze=btVRP-1, aael ahoa, 


z- =e™, coshw = b, w =In(b + Ve? =1). (2.120) 


The residue at z = z_ gives 
—wt 


e 
~ Qsinhw’ 


(2.121) 
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oe 
Le Z4 
Fig. 2.3. Integration contour in the complex z = e’?4 plane. The crosses 
indicate the positions of the poles at z = z+. 
and it follows that (w depends on p) 
e’Px—wt 
G(x,t) = - i 2.122 
(st) 2 2sinhw ( ) 


Notice that the pole z = z_ corresponds to a pole in the variable p4 at 
pa = iw. 

In the continuum limit (m —> am, p; —> apj, w > aw, a > 0) we get 
the familiar Lorentz covariant expression, 


w > ym? + p?. (2.123) 


The form (2.122) is a sum of exponentials exp(—wt). For large t the 
exponential with the smallest w, w = m, dominates, 


Gae™, t>o, (2.124) 


and we see that the correlation length of the system is 1/m. 


2.9 Particle interpretation 


The free scalar field is just a collection of harmonic oscillators, which 
are coupled by the gradient term 0;y0,;¢ in the action or Hamiltonian 
(2.80). We can diagonalize the transfer operator explicitly by taking 
similar steps to those for the harmonic oscillator. One then finds (cf. 
problem (iii)) creation and annihilation operators al, and âp, which are 
indexed by the Fourier label p. The ground state |0) has the property 
ap|0) = 0 with energy Eo = D7, wp/2. The elementary excitations |p) = 
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af, |0) are interpreted as particles with momentum p and energy wp. This 
interpretation is guided by the fact that these states are eigenstates of 
the translation operators in space and time, namely, exp(H t) (eigenvalue 
exp|(wp + Eo)t]), and the spatial translation operator Ux (eigenvalue 
exp(—ipx), see problem (vii) for its definition). 

In the continuum limit we recover the relativistic energy-momentum 
relation w(p) = \/m? + p?. The mass (rest energy) of the particles is ev- 
idently m. They have spin zero because they correspond to a scalar field 
under rotations (there are no further quantum numbers to characterize 
their state). They are bosons because the (basis) states are symmetric in 
interchange of labels: |pip2) = âf âf, ||0) = a4, a), ||0) = |pepi). The 
ground state is usually called ‘the vacuum’. 

For interacting fields the above creation and annihilation operators no 
longer commute with the Hamiltonian — they are said to create ‘bare’ 
particles. The ‘dressed’ particle states are the eigenstates of the Hamil- 
tonian, but only the single-particle states have the simple free energy- 
momentum relation w(p) = ym? + p?. Multi-particle states have in 
general interaction energy, unless the particles (i.e. their wavepackets) 
are far apart. 

Using the spectral representation (cf. problem (viii)) 


(ypy) — (¢)?= X |(0|Golp, V)? exp wp, lra — yal + tp(x — y)], 
p,y40 
Wp,y = Ep. — Fo, (2.125) 


the particle properties can still be deduced from the correlation func- 
tions, e.g. by studying their behavior at large time differences, for which 
the states with lowest excitation energies (i.e. the particles) wp dominate. 
Alternatively, one can diagonalize the transfer operator by variational 
methods. 

These methods are very general and also apply to confining theories 
such as QCD. The quantum numbers of the particles excited by the fields 
out of the vacuum match those of the fields chosen in the correlation 
functions. 


2.10 Back to real time 


In (2.22) we analytically continued the lattice distance in the time 
direction a; to imaginary values. If we want to go back to real time 
we have to keep track of as. For instance, the action (2.70) may be 
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rewritten in lattice units as 
S=-E) > bOup2 012 
T 


eee R E 9 


which leads to the correlation function in momentum space 


= £ 
2 m? + $ ;(2 — 2 cos pj) + €2(2 — 2 cos pa) ` (2.127) 


We have to realize that the symbol a; in the Euclidean notation was 
really |az| (cf. below (2.24)) and that |as| = ia, = iļas|exp(—iẹ), p = 
T/2, according to (2.22). Hence, restoring the y dependence of € means 


E — |é(~ie*®). (2.128) 


Rotating back to real time, we keep y infinitesimally positive in order 
to avoid singularities in Gp, yp: 7/2 — €, € > 0 infinitesimal. This gives 


—ilé| 
2.129 
m? + ¥7,(2 — 2cos pj) — |E]? (2 — 2 cos pa) — te’ (2.129) 


where we freely rescaled the infinitesimal e by positive values, 
[—iexp(ie)]? = (—i + €)? = —1 — ie; (2 — 2 cos p4) is also positive. 
In the continuum limit m > am, pj > apj, pa > |€|~ apa, Gp > 
a~*EG(p), a — 0 we obtain the Feynman propagator 
—i 


m? +p? — pi —ie | 


G(p) iGu(p). (2.130) 


In continuum language the rotation to imaginary time is usually called 
a Wick rotation: 


x? — —iz4, p° > —ip4, po — ipa, (2.131) 


where —i is meant to represent the rotation exp(—iv), y: 0 — 7/2 in 
the complex plane. For instance, one continues the Minkowski space 
propagator to the Euclidean-space correlation function 


3 ipx 

Gu(x) = J didi = ak (2.132) 
: dps ap elpe 

if (27)* m?+p?4+ pi 

= iG(a), (2.134) 


(2.133) 
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without encountering the singularities at po = +\/m? + p? F ie. Notice 
that exp(ipz) is invariant under the rotation: ae Putt —> De PaT: 

In (2.130) the timelike momentum is still denoted by p4 instead of po, 
because the p, (and z,„) in lattice units are just dummy indices denoting 
lattice points. The actual values of G in the scaling region |x| >> a are 
the same as in the continuum. 


2.11 Problems 


We use lattice units a = 1 unless indicated otherwise. 


(i) Restoration of rotation invariance 


(ii) 


Consider the free scalar field propagator in two dimensions 


dp etP(2—-y) 
Gry = : 2.135 
H a ET ( ) 


Let x — y — œ along a lattice direction, or along the diagonal: 
x— y= nt, t > œ, n = (1,0) or n = (1,1)/V2. The correlation 
length ¿(n) in direction n is identified by G « exp(—t/&(n)). Use 
the saddle-point technique to show that, along a lattice direction, 


E =w, coshw =1+4m?/2, (2.136) 
whereas along the diagonal 
ETI = V2w', coshw' = 1+ m?/4. (2.137) 


Discuss the cases m < 1 and m > 1. In particular show that in 
the first case 


é'/€ = 1 — m? /48 + O(m’). (2.138) 


In non-lattice units m — am, and we see restoration of rotation 


invariance, £’/€ — 1 as a — 0. Corrections are of order a?m?. 


Real form of the Fourier transform 

Consider for simplicity one spatial dimension. Since Yx is real, 
Pp = P-p- Let Pp = Pp + iG, The real and imaginary parts $y 
and G, satisfy g, = G_, and ¢, = —G_,. The ¢,, p > 0, and 


P-p: P < 0, may be considered independent variables equivalent 
to Yz. Expressing Yy in these variables gives the real form of the 
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Fourier transform, and the matrix O given by 


N N 
1 N 
rr A 
N 2 
| 2 2 
= N sin ( m), nong th j=l; 


where m = 0,..., N — 1, is orthogonal: O OT = 1. 
Similar considerations apply to canonical conjugate mz and 7p. 
Verify that the operators p, and 7p satisfy the commutation 


relations 
2 at = 2 2 at st at a aA 
[Pp Tq] = iðp q> [Pp a] =0, [Pp a] =0, [Pp a] a iôp,q; 
(2.140) 
‘ ice a 4 a2 at 2 2 2 at 
in addition to [Lp Gq = [Pp Pal = [Tp Tq] = [t, Tq] = 0. 
(iii) Creation and annihilation operators 
For a free scalar field show that 
T=e Le m2|6,|?/4 may |p|? /2 ep melepl?/4 
mp =m? + 2(1 — cosp), (2.141) 


where lp]? = BG, etc. Hence, the transfer operator has the 
form T = [ J, Tp- 

Obtain the commutation relations of the creation (âi) and 
annihilation (âp) operators defined by 


z 1 i A zT 
Og =a] TENA [sinh(wp) Pp + im]. (2.142) 


Using the results derived for the harmonic oscillator, show that 
the energy spectrum is given by 


E=LY (Np+4)op coshwp = 1+ 4m2. (2.143) 
P 


where N, is the occupation number of the mode p (recall that in 
our notation L 7, = din» P = 2nn/L). 
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Verify that 


Qe = 2 Sanna (Ot +e Prat), (2.144) 
(iv) Ground-state wave functional 

For the free scalar field, write down the wave function for the 

ground state in the coordinate representation, Vo(y) = (y|0). 
(v) Correlation functions 

We define expectation values 


1 
(Pay mess Pan) = ZO) / Do eS(¢)+Ja Pa Por Pans (2.145) 


and correlation functions (connected expectation values) 


Grien = (Par ‘** Pan)conn = ar zz 37, 82) (2.146) 
Verify that 

Ge = (Px), (2.147) 

Goya. = (Poi Pra) — (Por) (Pra): (2.148) 


Give similar expressions for the three- and four-point functions 
Geyaoxr, ANd Gy, xx32,- Note that (y,) may be non-zero in cases 
of spontaneous symmetry breaking even when J, = 0. 

(vi) Ground-state expectation values of Heisenberg operators 
On an L’ x 8 space-time lattice, verify that 


Tr eT G-tatua) ig, eT (waa) G 


oe (2.149) 


(Pepy) = 


where x4 > y4 and J = 0. 
Let |n) be a complete set of energy eigenstates of the Hamilto- 
nian, 


În) = E,|n). (2.150) 


The ground state |0) has lowest energy, Eo. Show that for 8 — oo 
(zero temperature) 


(prPy) = (O|TGahy|0), (2.151) 


where T is the time ordering ‘operator’ and ¢, is the Heisenberg 
operator 


Penge pa (2.152) 


(vii) 


(viii) 
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Translation operator 
The translation operator Ux may be defined by 


Uxley) = |Px-y)s (2.153) 


with |yy) the factor in the tensor product |p) = [], lyy). This 
operator has the properties 


uf Gy Ur = x-y, (2.154) 
Ul îy Ûx = îx-y, (2.155) 
such that the expectation value of e.g. x in an actively translated 


state |’) = U,|w) behaves in a way to be expected intuitively: 
(Wlkp) = lxh). 


Verify that for periodic boundary conditions the Hamiltonian 
is translation invariant, 


Tt AU, = Å. (2.156) 


Spectral representation 
Let |p, y) be simultaneous eigenvectors of H and Ux (y is some 
label needed to specify the state in addition to p), 


Hp, 7) = Ep alp: 7), Ûxlp, 7) = e7®*|p, 7) (2.157) 


Derive the spectral representation for zero temperature: 


lyzpy) -= X [(Olgolp,)? 


p, y#0 
x exp|—wp,|£4 — yal + ip(x — y)], 
wp,y = Ep — Eo, (2.158) 


where y Æ 0 indicates that the ground state is not included. 


3 
O(n) models 


In this chapter we study scalar field models with O(n) symmetry de- 
scribed by the Euclidean action 


S= - f alone pr + Eup eo + ZA(y*p")"], (3.1) 


where y°(x) = a = 0,... n — 1 is an n-vector in ‘internal space’. The 
action is invariant under O(n), the group of orthogonal transformations 
in n dimensions. For n = 4 this action describes the scalar Higgs sector of 
the Standard Model. It can also be used as an effective low-energy action 
for pions. Since the models are relatively simple they serve as a good 
arena for illustrating scaling and universality, concepts of fundamental 
importance in quantum field theory. 

It turns out that scalar field models (in four dimensions) become 
‘trivial’ in the sense that the interactions disappear very slowly when 
the lattice distance is taken to zero. The interpretation and implication 
of this interesting phenomenon will be also be discussed. 


3.1 Goldstone bosons 


We have seen in section 1.2 that the one-component classical scalar field 
(i.e. n = 1) can be in two different phases, depending on the sign of 
yu”, namely a ‘broken phase’ in which the ground-state value yg # 0, 
and a ‘symmetric phase’ in which Yg = 0. For n > 1 there are also two 
phases and we shall see that in the case of continuous internal symmetry 
the consequence of spontaneous symmetry breaking is the appearance 
of massless particles, called Goldstone bosons. 

f Actually, this is true in space-time dimensions > 3. In one and two space- 


time dimensions spontaneous breaking of a continuous symmetry is not possible 
(Merwin—Wagner theorem, Coleman’s theorem). 
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Fig. 3.1. Shape of U for n = 2 for u? < 0. 


The potential 
U = iwp + 4X")? (3.2) 
has a ‘wine-bottle-bottom’ shape, also called ‘Mexican-hat’ shape, if 
u? <0 (figure 3.1). It is clear that for u? > 0 the ground state is unique 


(Pg = 0) but that for u? < 0 it is infinitely degenerate. The equation 
OU /dp* = 0 for the minima, (u? + A\y”)y* = 0, has the solution 


yt =vbao, v=—p/r (u? <0), (3.3) 


or any O(n) rotation of this vector. To force the system into a definite 
ground state we add a symmetry-breaking term to the action (the same 
could be done in the one-component y4 model), 


AS = fa ep (x), €>0. (3.4) 

The constant € has the dimension of (mass)?. The equation for the 
stationary points now reads 

(u? + Av?) yt = eôao. (3.5) 


With the symmetry breaking (3.4) the ground state has yẹ% pointing in 
the a = 0 direction, 


Pg = Vao, (W +`’ w= e. (3.6) 


Consider now small fluctuations about yg. The equations of motion 
(field equations) read 


(-8? + u? HAPY = eða, O? = V? — GF. (3.7) 
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Linearizing around Y = Yg, writing 


P =v, vy’ =m, k=1,...,n—-1, (3.8) 
we find 
(8 +m?2)o =0, (—0? + m2)m, =0, (3.9) 
with 
m2 = p? + 3dv? = dv? + €/v, (3.10) 
m2 = pw? + dv? = efv. (3.11) 


For u? > 0, v = 0 and Mm? = m2 = p?, whereas for u? < 0, v > 0 and 
the o particle is heavier than the 7 particles. For e — 0 the m particles 
become massless, 


m? x €/v9 +0, vo = Vle=0- (3.12) 


The simple effective O(n) model reproduces the important features 
of Goldstone’s theorem: spontaneous symmetry breaking of a contin- 
uous symmetry leads to massless particles, the Goldstone bosons. For 
small explicit symmetry breaking the Goldstone bosons get a squared 
mass proportional to the strength of the breaking. The massless modes 
correspond to oscillations along the vacuum valley of the ‘Mexican hat’. 

As mentioned earlier, the O(4) model is a reasonable model for the 
effective low-energy interactions of pions amongst themselves. The par- 
ticles tt and 7° are described by the fields m(x). The o field (after 
which the model is named the ø model) corresponds to the very broad o 
resonance around 900 MeV. The model loses its validity at such energies, 
for example the p mesons with mass 770 MeV are completely neglected. 


3.2 O(n) models as spin models 


We continue in the quantum theory. The lattice regularized action will 
be taken as 


S=—S [iauga + impres + fro(vFe2)?]. (3.13) 

£ 
We have changed the notation for the parameters: u? —> mê, \ > ào. 
The subscript 0 indicates that these are ‘bare’ or ‘unrenormalized’ pa- 


rameters that differ from the physical ‘dressed’ or ‘renormalized’ values 
which are measured in experiments. 
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We shall mostly use lattice units, a = 1. Using py% = Pra — Pr 
the action can be rewritten in the form 


S= So oa — > [$(2d + mi + Holo], (3.14) 
op 


x 


where d is the number of space-time dimensions. Another standard 
choice of parameters is obtained by writing 


1-2 
p% = V2K o”, m= are No = as (3.15) 
K 
which brings S into the form 
S= 2 >) obra D lezor + ACESS — D’). (3.16) 
TH x 


The partition function is given by 


Z= (11 the iss) exp S = Jomo) exp (25 bedara): (3.17) 


where we have introduced an integration measure Du(¢), which is the 
product of probability measures du(¢) for a single site, 


Du(¢) = [J dulo), dul) = do exp[—¢? — Alg? —1)?]. (3-18) 


Note that À has to be positive in order that the integrations f du(¢) 
make sense. 

The second form in (3.17) shows Z as the partition function of a 
generalized Ising model, a typical model studied in statistical physics. 
For À — œ the distribution du(¢) peaks at ¢? = 1, 


Sanlo) £9) _ San FCA) 
J duló) San 


where f dQ, is the integral over the unit sphere S” in n dimensions. In 


(3.19) 


particular, for n = 1, 


J dulo) f(@) 1 
J dulo) 2 


Hence, for n = 1 and A — o we get precisely the Ising model in d 
dimensions. For n = 3, d = 3 the model is called the Heisenberg model 
for a ferromagnet. The O(n) models on the lattice are therefore also 
called (generalized) spin models. 


O + FOD]. (3.20) 
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3.3 Phase diagram and critical line 
The spin model aspect makes it plausible that the models can be in a 
broken (ferromagnetic) or in a symmetric (paramagnetic) phase, such 
that in the thermodynamic limit and for zero temperature 


(9$) =v% £0, K> (A), (3.21) 
=0, K<k-(A). (3.22) 


Here «,(A) is the boundary line between the two phases in the \—« plane. 
We can give a mean-field estimate of ke as follows. Consider a site x. 
The probability for ¢% is proportional to du(¢x) exp[2K¢F d2,,(Ot4 a + 
‘—j)1- Assume that we may approximate ¢° at the 2d neighbors of x 
by their average value, >7,,(¢T4, + 2a) > 2dv®. Then the average 


otf 
value of ọṣ can be written as 
a _ J dulo) 6% exp(4ndg’v?) 
(48) = TIA expand gee) Aa 
By consistency we should have (¢2%) = v%, or 
1 o 
yo = FD) gg Di s=andus (3.24) 
I) = f dulo) expl Jad"). (3.25) 


The integral z(J) can be calculated analytically in various limits, nu- 
merically otherwise. The basics are already illustrated by the Ising case 
n=1, A=, 
z(J) = z(0) cosh(J), (3.26) 
v = tanh (4kdv), n=1, à=. (3.27) 
The equation for v can be analyzed graphically, see figure 3.2. Ask N Ke, 
evidently v — 0. Then we can expand 


v = tanh(4ndv) = 4kdv — $ (4kdv)? + ---, (3.28) 
a A (3.29) 
V x(K—Ke), KN Ke (3.30) 
Analysis for arbitrary n and A leads to similar conclusions, 
2(J) = z(0)(L + 6° Ja + 4% JaJa +) (3.31) 
= z(0)|1 + Te JaJa; (3.32) 


2 n 
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Fig. 3.2. Mean-field equation u/4d« = tanhu, u = 4dKv, for n = 1, AX = co. 


0 infinity 0 0 infinity 
broken k 
symmetric 
symmetric 
g 0 0 E 
broken 
broken 
0 infinity infinity 
a ho 


Fig. 3.3. Critical lines in the \-« plane and the m2—o plane (qualitative). 


where we used the notation 


(Fj = ee. (3.33) 
and 
(°6")1 = bap sa (3.34) 
for the one-site averages. So we find 
Ke) = ree = et A= 00, (3.35) 
= a san (3.36) 


The behavior v? œ (k — Ke) is typical for a second-order phase 
transition in the mean-field approximation. The line k = K,(A) is a 
critical line in parameter space where a second-order phase transition 
takes place. Note that in general m2 is negative at the phase boundary 
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(cf. (3.15) and figure 3.3). The critical exponent @ in 
v x (k — Ke)? (3.37) 


differs in general from the mean-field value @ = $. This is the subject of 
the theory of critical phenomena, and indeed, that theory is crucial for 
quantum fields. In four dimensions, however, it turns out that there are 
only small corrections to mean-field behavior. 

We have restricted ourselves here to the region k > 0. For x < 0 
the story more or less repeats itself, we then get an antiferromag- 
netic phase for k < —«,(A). The region with negative k can be 
mapped onto the region of positive x by the transformation ọ% — 
(= Ler ee bea ge. 

It is important that the phase transition is of second order rather than, 
for example, of first order. In a second-order transition the correlation 
length diverges as a critical point is approached. The correlation length £ 
can then be interpreted as the physical length scale and, when physical 
quantities are expressed in terms of €, the details on the scale of the 
lattice distance become irrelevant. The correlation length is defined in 
terms of the long-distance behavior of the correlation function, 


GOB = (b268) — (2) (o8) (3.38) 


x |z — yine leyl, |x — y| > oo. (3.39) 


Here € may in principle depend on the direction we take |x—y] to infinity, 
but the point is that it becomes independent of that direction (a lattice 
detail) as € — oo. In the symmetric phase € is independent of a and (3. 
The exponent 7 is another critical exponent. 

The correlation length is the inverse mass gap, the Compton wave 
length of the lightest particle, in lattice units, 


€ = 1/am. (3.40) 
This can be understood from the spectral representation 
GB = X (0/48 |p1) (pyleg lOe PI- pylra-va, (3.41) 
P,y40 


where |0) is the ground state (vacuum), |py) are states with total 
momentum p, distinguished by other quantum numbers y, and wp, = 
Ep,y — Eo is the difference in energy from the ground state. This 
representation is obtained by writing the path integral in terms of the 
transfer operator and its eigenstates in the limit of zero temperature, 
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using translation invariance (cf. problem (viii) in chapter 2). Expres- 
sion (3.41) is a sum of exponentials exp(—wt), t = |a4 — y4|. For 
large t the exponential with smallest w dominates, G œ exp(—wyint), 
hence € = 1/wmin, with Wmin = m the minimum energy or mass 
gap. 

In the broken phase we expect Goldstone bosons (section 3.1). If these 
are made sufficiently heavy by adding an explicit symmetry-breaking 
term „eyz to the action (cf. equation (3.11)), we can expect two 
mass gaps: Mmo for the components of G°? parallel to v® and m, for the 
components perpendicular to v“. When the explicit symmetry breaking 
is diminished, 2m, becomes less than m, and the o particle becomes 
unstable, ø — 27. Then the large-distance behavior for the ø correlation 
function is controlled by 2m, rather than by the mass m, of the unstable 
particle. Since m, is expected to be zero in absence of explicit symmetry 
breaking, the transverse correlation length will be infinite in this case 
(for infinite volume). 

The region near the phase boundary line where € > 1 is called the 
scaling region. In this region, at large distances |x — y|, the correlation 
function Gz, is expected to become a universal scaling function (inde- 
pendent of lattice details, with 1/m as the only relevant length scale 
rather than a). 
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Expansion of the path-integral expectation value 
1 
(Fp) = z | Des FW), (3.42) 


1 1 1 
So =- D50 Que" + smb? a, (8.43) 


x 
in powers of Ag leads to Feynman diagrams in terms of the free propaga- 
tor and vertex functions. For simplicity we shall deal with the symmetric 


phase, which starts out with m > 0 in the weak-coupling expansion. 
The free propagator is given by 


1 
8 +X,- 2cos pp)’ 


Onal _ ip(x— 
GA = fag X el nS 
Pp 


(3.44) 
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xy a 
Pog = —e— Top (Pp) = 
xo yp a B 
o A 
Va, a FAN Ia, a.,(P P) = Ps 
aN uN. 
Xi (a x OL P & y} A 
Fy = P, O, 


Fig. 3.4. Diagrams for °G, T (2) and Tin- Notice the convention of attaching 
a small circle at the end of external lines that represent propagators; without 
this o the external line does not represent a propagator. 


which is minus the inverse of the free second-order vertex function 
aß Szy (recall (2.99) and (2.108)), which we shall denote here by T(z). 
In momentum space 


Taa(p) = Sap |M + X (2 — 2cosp,) |. (3.45) 
H 


The bare (i.e. lowest-order) vertex functions T(n) are defined by the 
expansion of the action S around the classical minimum y? = vf, 


1 zer ai ai a a 
S(p) = SS To (err =v ) ey! (pas =U w): (3.46) 


n 


Since they correspond to a translationally invariant theory, their Fourier 


transform contains a ô function expressing momentum conservation 
modulo 27 (cf. (2.90)), 


DE i ee Te = Vasa Ot E CAO) 
V1 zx 


In the symmetric phase (v = 0) there is only one interaction vertex 
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function, the four-point function 


Ta = —20(dapdys + day5e5 + 60558) Owaedwy Swe; 
Dea (pı Pe ‘Dn) = —2Xo Saßbyå» (3.48) 
Saßyô = ba8dy6 + dayOB5 + 505084: (3.49) 


The free propagators and vertex functions are illustrated in figure 3.4. 
It can be shown that disconnected subdiagrams without external 
lines (‘vacuum bubbles’) cancel out between the numerator and the 
denominator in the above expectation values. The expectation values 
can be rewritten in terms of vertex functions, which are simpler to study 
because they have fewer diagrams in a given order in Xp. The two- and 
four-point functions can be expressed as 
Ga pr) = Gee =G”, (3.50) 
(yo eel = G12 G34 $ G38 G24 j GHG te Ce (3.51) 
and the vertex functions ['(2) and I'(4) can be identified by writing 
GS-15, (3.52) 
(71234 — GY GZ 638 GU Dyorgrar, (3.53) 
where as usual repeated indices are summed. Notice that T123 is zero in 
the symmetric phase. 


To one-loop order [12 and P1234 are given by the connected diagrams 
in figure 3.5, 


Tiz = Tyo + T1234 °G*4, (3.54) 
T1234 = T1234 + T1256 G55 9G Vsr6r34 
+ two permutations. (3.55) 


In momentum space, we have conservation of momentum modulo 27 at 
each vertex. This may be replaced by ordinary momentum conservation 
because all functions in momentum space have period 27 anyway. We 
find for the two-point vertex function 


Petes (p) = —(ms aa Bares 


1 1 
+ 5 2M0) Sarazazay dasa? > m2 4 j2 (3.56) 


= foaia | ME + P? + Ao(n + 2)I (mo) ], (3.57) 
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| 
+ 


I4 


4 1 4 

1 

+ 
DE XX 
2 2 3 

1 4 1 2 
AXC X-X X 

3 2 4 3 
Fig. 3.5. Diagrams for [12 and [1234 to one-loop order. 


and for the four-point vertex function 


Foiózasai (pıp2p3p4) > — 208 a, ar0304 


+ T 2 aF 
1 
7 ms +2, (1 — cos(l + pi + pa),) 
+ two permutations (3.58) 


= — 208 a, ar0304 + ONE aiaismeugd (igs pı + p2) 


+ two permutations. 


Here 
P=25S"(1-cosl,), (3.59) 
H 


and similarly for p?, and (using the condensed notation ĝ12 = faa etc.) 


$1934 = 012634 + 613024 + 414693, (3.60) 
t1234 = $125683456 = 612634(n + 4) + 2613604 + 2614623. (3.61) 
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l+ p +p, 


Fig. 3.6. Momentum flow. 


The functions J and J are given by 
T dl 1 
(mo) = f anak (3.62) 


dêl 1 
J(mo, p) = A (2r) {m2 F PHm2 ae 25,0 — cos(l + p)p)} 


We assumed an infinite lattice, >, > f d*l/(27)*. The momentum flow 
in the second term in (3.58) is illustrated in figure 3.6 

We are interested in the scaling forms of J and J. Let us therefore 
restore the lattice distance a. The functions J and J have dimensions a~? 
and a, respectively. We are interested in a~?I(amo) and J(amo, ap), for 
a— 0. This suggests expanding in powers of a and keeping only terms 
nonvanishing as a — 0. For IJ we need terms of order a? and a?, for 
J only terms of order a. Consider first J. A straightforward expansion 
1/(a2m2 + P) = So, (—a?m?)"/(i?)"*4 leads to divergences in the loop 
integrals at the origin l = 0. There are various ways to deal with this 
situation. Here we shall give just one. Intuitively we know that the region 
near the origin in momentum space corresponds to continuum physics. 
Let us split the integration region into a ball round the origin with radius 
ô and the rest, with a < 6. The radius 6 is sent to zero, such that, for 
the integrand in the region |l| < 6, we may use the continuum form /? 
for (2. Then 


T=Iy<s+ Lys, (3.63) 


di 1 on ô 1 
i _ = Bd —— 
l< (amo) a (27) a?m? +Ê (27)* | a2me + |? 
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1 | 7 55 (2 | 
= — | 6° — a mi In| — 
1672 g a? må? 


1 
= Igal A mo In ô? + a° m? In(a?m2)| + O(a*, 8°). 
(3.64) 


With symbols like O(a?) we shall mean terms proportional to a? or 


a* Ina”. Note that expressing also l in physical units, l — al, would 
bring a~*Ty<6 into continuum form with a spherical cutoff 6/a. The 
integral I> can be expanded in a? without encountering In(a?m@) 


terms, 
T\)55(amo) = Ti >5(0) + Thys5(0)a* me + O(a*) 
= 1(0) + Tyss(0)a?mG + Olat, 67). (3.65) 
where I’ = 0[/0(a*m@). Instead, we encounter Ind? terms in J/), ;(0). 


However, these cancel out against the Ind? term in (3.64) because the 
complete integral is independent of 6. So we get 


1 
I(amo) = Co — C2a°m? + at ™ In(a?ms), (3.66) 
T 
Cy = 1(0) = 0.154933... (3.67) 
= d'l 1 1 
C2= li —— 4 In ô? 3.68 
2? S (27)4 (Î2)2 167? n oe) 
= 0.0303457..... (3.69) 


The function J can be evaluated in similar fashion. We need 
J(amo, ap) for a > 0. For a = 0 the integral for J is logarithmically 
divergent at the origin. To deal with this we use the same procedure, 


J = Jy<s t+ Js; (3.70) 
dfl 1 
Jes =| , (3.71) 
Hse yes (20)4 [am + P][a?m + (1+ ap)?] 


Juss =f ESEE (53) (3.72) 
nluj>6 (27)4 (12)? 


(Jjj55 can be expanded in powers of a, the term linear in a vanishes). 
With the help of the identity 
1 
[mg + Plla®mg + (C+ ap) 


= F dx ! 
Jo ` fxla?mg +°] + (1 — x)[a2mG + (l+ ap)?]}? 


(3.73) 
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and the transformation of variable l’ = | + (1 — x)ap we get for the 
inner-region integral 


J I j E A : (3.74) 
£ ; 
Wao 4 [a?m +12 + (1 — x)a2p?]? 


Here the domain of integration D is obtained from the ball with radius 6 
by shifting it over (1—x)ap. Replacing D by the original ball with radius 
ô leads to an error of order a, which may be neglected. (The difference 
between the two integration regions has a volume O(apé?), the integrand 
is O(6~*).) Then 


1 2r 1 
J = dx ——— Pdl 
ee [ one, [a2m3 + 12 + z(1 — x)a?p?]? 


1 : 2 2 2 ð? 
1 
= — ; [m ja f da In(a2A) — 1 + O(a), (3.75) 
0 
A=m? +2(1—2)p?. (3.76) 


Combining the term In 6?/16x? with J> as in (3.68) we get 


J(amo, ap) = tee af dx In[a +a(1—2)p*)|+C2 = O(a’). 
(3.77) 
(We expect errors O(a?), i.e. not O(a): a will appear together with the 
external momentum as ap, or as a?°mĝ, and there will not be odd powers 
of p, because of cubic symmetry, including reflections.) 
Summarizing, we have obtained the following continuum forms for the 
vertex functions (in physical units): 


Co 
Tas(p) = —dag T +p + Ao(n + 2) É — Comå 


1 
tiga in(a?m| \ i (3.78) 
Porasasáa (p1p2p3p4) o = 2A sardaa 
1 1 
+ 2Xoterazasas fo: 1672? 16r? 


x | dx Inja? (m + (1 — x)(p1 +p} 


+ two permutations, (3.79) 
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We see that P(g) and I'(4) are, respectively, quadratically and logarith- 
mically divergent as a — 0. 


3.5 Renormalization 


Perturbative renormalization theory tells us that, when we rescale the 
correlation functions G by a suitable factor Z~”"/? 
terms of a suitable renormalized mass parameter mp and renormalized 


and express them in 


coupling constant AR, the result is finite as a — 0. The renormalized 
ee ) = Z-"/2G@™) are the correlation functions of renormalized fields 
yr = Z~'/2y. From (3.53) we see that the renormalized vertex functions 
are then given by 


TE) = ZT n). (3.80) 


The wave function renormalization constant Z and the renormalized 
mass parameter mp may be defined by the first two terms of the 
expansion 


Dag(p) = -27 (mh + p° + O(p*)) baa. (3.81) 


Since the one-loop diagram for I'(2) is momentum independent, the order 
à contribution to Z vanishes in the O(n) model, 


Z=1+0()°). (3.82) 


For mg we find from (3.78) 


m = må + Ao(n +2)| Coa? — Come + mó In(a?me) |. (3.83) 


1 
1672 
A renormalized coupling constant AR may be defined in terms of T(4) at 
zero momentum, by writing 

TÈ asazaa (0,0,0,0) = —2\R Sayaz2a304° (3.84) 
From the result (3.79) for the four-point function, using (3.82) and 
t1234 + t1324 + t1423 = (Nn + 8) 81234, (3.85) 


we find 


AR = ào t ARE a PHS (a?) +c], (3.86) 


16r 1 
c= aa (ce aa) (3.87) 
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To express the correlation functions in terms of mr and AR we consider 
AR as an expansion parameter and invert (3.83), (3.86), 


1 
me = m2 — AR(n + 2) | Coa’? — Com? + Ie IR In(a?mz) 
+ O(A2), (3.88) 
Veen Cre Coad epee o(a 3.89 
0 = AR— R gga MO MR) + c] + (AR): (3.89) 


Inserting these relations into (3.78), (3.79) gives the renormalized vertex 


functions 
TR, (p) = —dae(mpz +p?) + O(AR), (3.90) 
DE oa (pip2p3pa) a —2ARSaraz0304 = DEE gases 
1 1 2 Y= 2 
x J dz In m + x( z) (pı + p2) 
167? Jo m 
+ two permutations + O(A} ), (3.91) 


which are indeed independent of the lattice spacing a. Notice that the 
constants Co, Cı and Ch are absent: all reference to the lattice has 
disappeared from the renormalized vertex functions. 

To this order the mass m of the particles is equal to mp. The mass m 
is given by the value of —p? where T2) is zero and G®) has a pole. In 
higher orders the mass m will be different from the renormalized mass 
parameter mR: m = mpR(1 + O(AR)). 

The O(n) tensor structure in (3.84) is the general form of P(4) at 
a symmetry point where (pı + pe)? = (pi + ps)? = (pı + pa)? = p’. 
We can therefore also define a ‘running renormalized coupling’ \(j1) at 
momentum scale by 


TÈ aasa, (P1P2P3P4) = —2A(H)Sayagoz04, Symmetry point u, (3.92) 
which gives 


£ 8f rt 
NM) = wH {| dx In{a*mg + z(1 — x)a? p27] +e), (3.93) 


Expressing the running coupling in terms of AR and mp leads to 


8 1 
Alu) ae aes f dxIn[1 +e(1 — x) py? /m2] + OAR) 
= ÀR, =0, (3.94) 


Hie 
ype TA [In( ju? m2.) — 2], px? > må. (3.95) 
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The running coupling indicates the strength of the interactions at 
momentum scale u. Expressing the vertex function (3.91) in terms of 
this running coupling shows that, at large momenta, terms of the type 
A2 In[(p1 + p2)?/m2] are replaced by \?(j) In[(p1 + pe)?/p?]. So, on 
choosing u? equal to values of (p; + p;)” that typically occur in a given 
situation, the logarithms are generically not large and the strength of 
the four-point vertex on this momentum scale is expressed by A(x). 


3.6 Renormalization-group beta functions 


The renormalized quantities do not depend explicitly on the lattice 
distance, all dependence on a is absorbed by the relations between mo, 
ào and mr, AR. Thus it seems that we can take the continuum limit 
a — 0 in the renormalized quantities. Changing a while keeping mp and 
Ar fixed implies that mo and Ay must be chosen to depend on a, as given 
by (3.88) and (3.89). We see that a?m? decreases and becomes negative 
as a decreases, even in the symmetric phase. This we found earlier in the 
mean-field approximation. However, the bare Ao increases as a decreases 
and beyond a certain value we can no longer trust perturbation theory 
in Ao. Neither can we trust (3.89) if a becomes too small, since then the 
coefficient of Az blows up. 

Let us look at the problem in another way. Consider what happens 
to AR as we approach the phase boundary at fixed Xo. In (3.86) we may 
replace to this order Mmo by mR, 


+8 
An = do+ BAAS [In(a?m) + d + O(N8). (3.96) 


We see that Ap decreases as a decreases, but when the logarithm becomes 
too large the perturbative relation breaks down. We can extract more 
information by differentiating with respect to a and writing the result 
in terms of AR, 


BROR) = E a se = lar = 


Oa Oamr | y 
= BN + O13) (3.97) 
= BAR + BAR to (3.98) 
n+8 
py = gn (3.99) 


The function r(Àr) is one of the renormalization-group functions 
introduced by Callan and by Symanzik. For a clear derivation of the 
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Callan—-Symanzik equations in our context see [20]. They are dimen- 
sionless functions which may be expressed in terms of renormalized 
vertex functions and are given by renormalized perturbation theory as 
a series J` k Garp: This means that the higher-order terms of the form 
A*lIn(amg)|! can be rearranged in terms of powers of Agr with coefficients 
that do not depend any more on In(amgR). This is the justification for 
rewriting (3.97) in terms of Ar. 
Integration of OAR /Ot = —G1A% gives 


~ IHAA 


where À; is an integration constant, Az = Ao + O(A2). As a —> 0, t > co 
and we see that Ag approaches zero. The approximation of using only 
the lowest-order approximation to the beta function is therefore self- 
consistent. 

Let us try the beta-function trick on Ao to see whether we can 
determine how it depends on a if we keep AR fixed. From (3.89) we 
find 


AR t= —[In(ampR) + c/2], (3.100) 


Or 
e 3 = —Bo(Ao) = — Gràs + siaa (3.101) 
WIA 
R 
Note the change of sign compared with (3.98). Integrating this equation 
gives 
© 1- Abit 
where Az = AR + O(AR). We see that Ap blows up at the ‘Landau pole’ 
t = 1/261, but, of course, before reaching this value the first-order 
approximation to 39(Ao) breaks down. 
Consider next the beta function B(A) for the running coupling A(x) 
on momentum scale u. From (3.95) we see that, for large u > mpg, 
OX 
; ay | 
l AR, MR 
again with the same universal coefficient for the first-order term in its 
expansion. The solution is similar to that for Ao, 
A3 
1 — 3; In(u/mR) 


The effective coupling \ increases with momentum scale u. To see if it 


ào (3.102) 


= B(A) = BA? +, p> Mp, (3.103) 


Y= 


(3.104) 


can become arbitrarily large we need to go beyond the weak-coupling 
expansion. 
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Bo Bo 


AA hy 


(a) (b) 


Fig. 3.7. Two possible shapes of 6o(ào). The arrows denote the flow of Ao for 
increasing t = — ln(ampr ) + constant. 


We end this section by speculating about different shapes of the beta 
function 6o for the bare coupling constant. Two typical possibilities are 
shown in figure 3.7. In case (a) there is a fixed point A* that attracts 
the flow of ào for increasing ‘time’ t. Near \* we can linearize 


—* = —A(ào — A*); (3.105) 
Ao — A* = Cexp(-At), to, (3.106) 


where C is an integration constant. The large-t behavior can be rewritten 
in the form 
1 
f= œ (à* — ào)”, v= 1/A, (3.107) 


amR 


which shows that the critical exponent v is determined by the slope of 
the beta function at the fixed point. Since ¢ can go to infinity without a 
problem, a continuum limit a — 0 is possible for case (a). 
In case (b) the beta function does not have a zero, apart from the 
origin Ag = 0. Supposing a behavior 
OXo 


pe = Mo Ao 7 co, a>0, A>), (3.108) 


leads to the asymptotic solution 
Np OP = —A(a — 1)(t — ti), (3.109) 


where we assumed a > 1. In this case Ap becomes infinite in a finite 
‘time’ t = tı. Since Ag = œ is the largest value Ap can take, t cannot go 
beyond tı, a cannot go to zero and a continuum limit is not possible. 


3.7 Hopping expansion 51 


A similar discussion can be given for the running coupling À. Cases 
(a) and (b) also illustrate possible behaviors of the running coupling for 
large momentum scales u. In case (a) the running coupling approaches 
A* as u — œo, whereas in case (b) À goes to infinity on some large but 
finite momentum scale u1. 

A fixed point like A* is called ultraviolet stable as it attracts the 
running coupling when u — oo, while the fixed point at the origin is 
called infrared stable as it attracts the running coupling for u — 0. Case 
(a) is like the situation in three Euclidean dimensions (with a reflection 
about the horizontal axis), whereas we shall see in the following that in 
four dimensions the situation is like case (b). 

The main conclusion in this section is that AR — 0 as we approach 
the phase boundary at fixed sufficiently small Ap. To see whether we can 
avoid a noninteracting theory in the continuum limit, we need to be able 
to investigate large ào. This can be done with the hopping expansion 
and with numerical simulations. 


3.7 Hopping expansion 


Consider the partition function in the form 
Z= | Duh Jeperos), (3.110) 
zu 


where Dus(¢) = ] [„ du(¢z) is the product of one-site measures defined in 
(3.18). Expansion in & (hopping expansion) leads to products of one-site 
integrals of the form 


| Puls) = 20 = ( J TO (3.111) 


J Duo) 8265 = boyot), (3.112) 
Jomo) Pr oy b2 =0, (3.113) 
J DMO) RNE = ZP) (3.114) 


etc., where # sites is the total number of lattice sites. Odd powers of @ 
vanish in the one-site average 


(Eh = | ance EO / f duo) (3.115) 
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Fig. 3.8. Diagrams in the expansion of exp(2k >7,,, Or dr+;)- 


= 0 + 


(a) (b) (c) (d) 


Fig. 3.9. The diagrams of figure 3.8 after integration over ¢. The fat dot 
denotes the four-point vertex ya. 


Before integration over ¢, each term in the expansion can be represented 
by a dimer diagram ‘on the lattice’, as illustrated in figure 3.8. The dots 
indicate the fields ¢. The integration over ¢ leads to diagrams as shown 


in figure 3.9. 

The one-site integrals can be treated as a mini field theory, with 
propagators g®? and vertex functions Yo,...04; Yara; +»: For instance, 
Yo~ 5 can be defined by 

(pg?) = 9, (3.116) 
(PEJ = gP + G27 gq + 9% g?7 + g, (3.117) 
gee = ge~ gP g” g?’ Yat piyi s’, (3.118) 


analogously to (3.53). By O(n) symmetry we have 


o g? 
g° = iag g= E (3.119) 
2x2 
aByd = ((ġ ) Ji 12 
g SaBsy Pane (3.120) 


n? (PPh Žž n? 
abys = SaBdy V4, Va = n+2 (¢2)4 (p2)2? 


(3.121) 


where Sagsy = Sagdys +--+: has been defined in (3.49). For small A, 
ya x À, whereas for \ > 00, y4 > —2n*/(n + 2). 

As usual, one expects that disconnected diagrams cancel out in ex- 
pressions for the vertex functions, and that the two-point function, 
Gay = (#207), can be expressed as a sum of connected diagrams. It 
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x 


Fig. 3.10. Random-walk contribution to the propagator. 


is instructive to make an approximation for the two-point function in 
which the vertex functions 74), y6), ---, are neglected at first. This 
leads to the random-walk approximation 


G2? = bag 5 (2K) g t! (H")sy + ‘interactions’, (3.122) 
L=0 


illustrated in figure 3.10. Here ‘interactions’ denote the neglected con- 


tributions proportional to 74), (6), ---, and we introduced the hopping 
matrix 
Huv = > (Out p—vo + Sota): (3.123) 
H 


Applying this matrix e.g. to the vector ðv s gives a non-zero answer only 
for u’s that are nearest neighbors of x, i.e. all sites that can be reached 
from x in ‘one step’. Applying H once more corresponds to making one 
more step in all possible directions, etc. In this way a random walk 
is built up by successive application of H. Each link in the expansion 
contributes a factor 2, and each site a factor g. In momentum space we 
get 


™ g 


n (27)4 
L 
“us d*p g 
= Oa Fae a aia ip(a—y) 3 125 
of (2n)4° 1—2xgH(p)’ Sone 
where 
H(p) = X e-?* Hao = > 2cospy. (3.126) 
x u 


In the random-walk approximation the two-point correlation function 
has the free-field form. For small momenta we identify the mass param- 
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Fig. 3.11. Four random walks correlated by the one site y4. 


eter mp and the wavefunction-renormalization constant Zg, 


Z 
GL (p) = ôa 2 3.127 
(p) B me +p? + O(p*) ( ) 
Zo = (2K), m = (2g) — 2d. (3.128) 


This Z, corresponds to Z, = 1 (cf. (3.15)). When mr — 0 we enter 
the scaling region. In the random-walk approximation this occurs at 
k = ke = 1/4gd, which is the mean-field value (3.36). This is not so 
surprising as the mean-field approximation is good for d — oo, when 
also the random-walk approximation is expected to be good, because 
the chance of self-intersections in the walk, where y4), 76), --.come 
into play, goes to zero. Notice that «xe is also the radius of convergence 
of the expansion (3.124). 

Within the random-walk approximation we have the estimate for the 
renormalized coupling (cf. (3.80)) as illustrated in figure 3.11, 


BON Sg is 2c At 12 
2ÀR Y4 42’ (3 9) 
AR > Ao; A 0, (3.130) 
2d\? n? 32 
= = = 4. .131 
(=) oo ee A> co, d=4,n=4. (3.131) 


This indicates already that Ap is not infinite at À = oo. 

The partition function and expectation values can be expressed as a 
systematic expansion in «. This is called the hopping expansion because 
the random-walk picture suggests propagation of particles by ‘hopping’ 
from one site to the next. By the analogy of « with the inverse tempera- 
ture in the Ising model, the expansion is known in statistical physics as 
the high-temperature expansion, or, with increasing sophistication, the 
linked-cluster expansion. Using computers to help with the algebra, the 
expansion can be carried out to high orders (see e.g. [22] and references 
therein). 
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A good property of the hopping expansion is that it has a non-zero 
radius of convergence, for any fixed A € (0,00). This is in contrast to 
the weak-coupling expansion, which is an asymptotic expansion (as is 
typical for saddle-point expansions) with zero radius of convergence (see 
for example [13]). An expansion f(x) = 772.9 fkr" is called asymptotic 
if 


N 
ro = fia"| = 0G"), (3.132) 
k=0 


For fixed finite N the sum gives an accurate approximation to f(x), for 
sufficiently small x. The expansion need not converge as N — œ and 
for a given x there is an optimum N beyond which the approximation 
becomes worse. 


3.8 Liischer—Weisz solution 


Using the hopping expansion in combination with the Callan—Symanzik 
renormalization-group equations, Lüscher and Weisz showed how the 
O(n) models in four dimensions can be solved to a good approximation 
(20, 21, 22, 23]. The coefficients of the hopping series were calculated 
to 14th order and the Callan-Symanzik beta functions were used to 
three-loop order. The cases n = 1 [20, 21] and n = 4 [23] were worked 
out in detail. The interested reader is urged to study these lucid papers 
which contain a lot of information on field theory. We shall review the 
highlights for the O(4) model. 

The critical ke(A) is estimated from the radius of convergence of the 
hopping expansion to be monotonically increasing from Ke = z at A= 0 
to Ke = 0.30411(6) at A = oo. An important aspect of the results is the 
carefully estimated errors in various quantities. For simplicity, we shall 
not quote the errors anymore in the following. Along the line k = 0.98 ke 
in the «A plane the hopping expansion still converges well, with the 
mass parameter mp decreasing from 0.40 to 0.28 and the renormalized 
coupling AR increasing from 0 to 3.2 as A increases from 0 to oo. At a 
slightly smaller x < re such that mp = 0.5, AR = 4.3 for À = œ. 

Remarkably, AR = 3.2 may be considered as relatively weak coupling. 
Let us rewrite the beta function 

OAR 


mr ~— = Gr(AR) = BIAR + LÀR + °° (3.133) 
OmR 
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in terms of a natural variable \ = BAR, 


ð ; 3 
mR =) 4 f2 53 pani (3.134) 
OmR 1 
The results 
n+8 9n + 42 
= — = —-—. .1 
Bı S72 ’ Bo (872)2 $ (3 35) 


give 62/82 ~ —0.54. Then Àr = 3.2 means À ~ 0.41 and the two-loop 
term in (3.134) is only about 20% of the one-loop term. This indicates 
that renormalized perturbation theory may be applicable for these cou- 
plings. The next (three-loop) term in the series is again positive and 
Lüscher and Weisz reason that the true beta function in this coupling 
region may be between the two- and three-loop values. 

A basic assumption made in order to proceed is that renormalized 
perturbation theory is valid for sufficiently small Ag, even if the bare À 
is infinite. This may seem daring if one thinks of deriving renormalized 
perturbation theory from the bare weak-coupling expansion. However, 
it appears natural from the point of view of Wilson’s renormalization 
theory in terms of an effective action with an effective cutoff, or from the 
point of view of effective actions, or Schwinger’s Source Theory, which 
uses unitarity to obtain higher-order approximations in an expansion in 
a physical coupling parameter (e.g. Ar). 

Using the beta function calculated in renormalized perturbation the- 
ory, Lüscher and Weisz integrate the Callan-Symanzik equations toward 
the critical point mp = 0. (The variable «x is traded for mp.) As we 
have seen in (3.100) this leads to the conclusion that the renormalized 
coupling vanishes at the phase boundary, which is thus established even 
for bare coupling A = œ (!). 

The integration is done numerically, using (3.133). Sufficiently deep 
in the scaling region we may integrate by expansion, 


OAR 


ce BRAR), (3.136) 
àR dr 
em 1 be 
= i de |z - Fr +00), (3.138) 
1 Bo 


ge gt In(G1AR) +InCy + O(AR). (3.139) 
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Here C is an integration constant, which becomes dependent on the 
bare À once the solution is matched to the hopping expansion. (Part 
of the integration constant is written as — (82/8?) ln 61.) Notice that 
knowledge of (2 is needed in order to be able to define C1 (A) as AR > 0. 
Eq. (3.139) can also be written as 


mr = C1 (biàr) E/T eT PA] + O(AR)], (3.140) 


which shows that mpr depends non-analytically on Agr for AR —> 0. 
Lüscher and Weisz show that similarly 


Z = C[1 + O(àr)], (3.141) 
Ke — K = Czm (Ar)? [1 + OAr)], (3.142) 


where 6, is a Callan-Symanzik coefficient similar to the 8’s. 
From these equations follow the scalings laws, T = 1 — K/K_. — 0: 


mpr > Carl? | In 7|% (3.143) 
2 

àr —|Inz|7, (3.144) 
By 

Z => Os, (3.145) 


We recognize that the behavior (3.144) follows from (3.100). Note that 
(3.143) shows that the correlation-length critical exponent v has almost 
the mean-field value v = i: it is modified only by a power of ln 7. 

In the scaling limit all information about the renormalized coupling 
coming from the hopping expansion is contained in C(A), which in- 
creases monotonically with decreasing A. For small bare coupling C1 
can be calculated with the weak-coupling expansion. In fact, inserting 
the expansion (3.86) for AR into (3.140) and expanding in ào leads 
to 


= 5 + Fe (8120) = 5 + O(o). (3.146) 
For infinite bare coupling Lüscher and Weisz find C1 (00) = exp(1.5). The 
fact that C1(A) decreases as À increases corresponds to the intuition that 
for given mR, the renormalized coupling increases with A. Conversely, 
for given Ar, the smallest lattice spacing (smallest mp) is obtained with 
the largest A, i.e. A = œœ. 

The hopping expansion holds in the region of the phase diagram 


In C(A) 


connected to the line x = 0, i.e. the symmetric phase. Lüscher and 
Weisz extended these results into the physically relevant broken phase, 
where relations similar to (3.140)—(3.145) were obtained with coefficients 


58 O(n) models 


C’ (the Callan—Symanzik coefficients are the same in both phases). They 
considered the critical theory at k = ke and used perturbation theory 
in K — Ke, or equivalently Mp, to connect the symmetric and broken 
phases. This is done again using renormalized perturbation theory with 
the results 


CL(A) = 1.435C4(A), Ch.g(A) = C2a(). (3.147) 


Another definition was chosen for the renormalized coupling in the 
broken phase, which is very convenient: 


2 
An = 58, tp = Zr w= Zo), (3.148) 
R 
where Z, is the wave-function renormalization constant of the Goldstone 
bosons. This choice is identical in form to the classical relation between 
the coupling, mass and vacuum expectation value (cf. (3.10)). The 
renormalized coupling in the broken phase cannot be defined at zero 
momentum, as in the symmetric phase, because the massless Goldstone 
bosons would lead to infrared divergences (in absence of explicit symme- 
try breaking). Using Z, in the definition of vg allows the identification 
of vg with the pion decay constant f, in the application of the O(4) 
model to low-energy pion physics, or with the electroweak scale of 246 
GeV in the application to the Standard Model. 

The renormalization-group equations were numerically integrated 
again in the broken phase, this time for increasing mp, until the renor- 
malized AR became too large and the perturbative beta function could 
no longer be trusted. We mention here the result AR < 3.5 for mp < 0.5, 
at à = oo. Hence, also in the broken phase the renormalized coupling is 
relatively small even at the edge of the scaling region, taken somewhat 
arbitrarily to be at mpr = 0.5, and the renormalized coupling goes to 
zero in the continuum limit mr —> 0. 

Figure 3.12 shows lines of constant renormalized coupling with varying 
K/Ke for the case n = 1 [21]. For a given AR we can go deeper into the 
scaling region, i.e. approach the critical line k/ke = 1 by increasing 
the bare coupling A. This behavior was also found in the weak-coupling 
expansion, but the results there became invalid as \ grew too big. Here 
we see that the behavior continues for large À and that the line A = 
oo is reached before reaching the critical line. The critical line can be 
approached arbitrarily closely only for arbitrarily small renormalized 
coupling. It follows that the beta function of the model has to correspond 
to case (b) in figure 3.7. 
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Fig. 3.12. Lines of constant renormalized coupling for the case n = 1 deter- 
mined by Lüscher and Weisz. The lines are labeled by the value of gr = 6Ar. 
The bare coupling A increases from 0 to oo as the LW parameter À goes from 
0 to 1. From [21]. 


For the O(4) model, the figure corresponding to 3.12 is similar, except 
that the values of AR at a given amp are smaller [23]. The first beta- 
function coefficient increases with n, so one expects the renormalization 
effects to be larger than for n = 1. 

Let us recall here another well-known criterion for a coupling being 
small or large: the unitarity bound. This is the value of the renormalized 
coupling at which the lowest-order approximation to the elastic scatter- 
ing amplitude T becomes larger than a bound deduced from the unitarity 
of the scattering matrix S. In a partial wave state of definite angular 
momentum (e.g. the s-wave) the scattering matrix is finite dimensional, 
its eigenvalues are phase factors S = exp(i2d), with 6 the standard 
phase shifts. Since the lowest-order (Born) approximation is real and 
T = (S —1)/i = 2exp(id) sind has a real part € (—1,1), one requires 
the Born approximation for |T| to be smaller than 1. This gives an 
upper bound on Ar: the unitarity bound. The maximum values of the 
renormalized coupling at mp = 0.5 turn out to be smaller than the 
unitarity bound (in the broken phase the maximum Ap is only about 
two thirds of this bound). 

Summarizing, the results show that the O(n) models (in particular 
the cases n = 1 and 4) in four dimensions are ‘trivial’: the renormalized 
coupling vanishes in the continuum limit. Since we want of course an 
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interacting model we cannot take the lattice distance to zero. The model 
is to be interpreted as an effective model that is valid at momenta much 
smaller than the cutoff m (a/a in physical units). For not too large 
renormalized coupling the cutoff can be huge and lattice artifacts very 
small. At the scale of the cutoff the model loses its validity, and in 
realistic applications new physical input is needed. Where this happens 
depends on the circumstances. The relevance of these results for the 
Standard Model will be discussed later. 


3.9 Numerical simulation 


With numerical simulations we get non-perturbative results albeit on 
finite lattices. Simulations provide furthermore a valuable kind of insight 
into the properties of the systems, which is complementary to expansions 
in some parameter. 

The lattice is usually taken of the form N3 x N;,, with N = 4,6,8,..., 
and N; of the same order. For simplicity we shall assume that N; = N in 
the following. For the O(4) model sizes 104-164 are already very useful. 
Expectation values 


(0) = 3 f Do elso 0(0) (3.149) 


are evaluated by producing a set of field configurations {¢%},j, j = 
1,..., K, which is distributed according to the weight factor exp S(¢), 
giving the approximate result 


K 
(0) x0 = : X O(ġ;), (3.150) 


with a statistical error x 1/V K. The ensemble is generated with a 
stochastic process, e.g. using a Metropolis or a Langevin algorithm. We 
shall give only a brief description of the Monte Carlo methods and the 
analysis of the results. Monte Carlo methods are described in more detail 
in [4, 6, 10]. 


For example, a Langevin simulation produces a sequence $f, n = 
1,2,..., by the rule 
OS(bn 
Pent = Orn +4 (Pn) + V26 NG ns (3.151) 


Ipin 
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where 77, are Gaussian pseudo-random numbers with unit variance and 
zero mean, 


(Nien) = 0, Ce ia! at) T baa! bax! Onn’; (3.152) 


and 6 is a step size related to the Langevin time t by t = ôn. It can 
be shown that as t — oo, the ¢’s become distributed according to the 
desired exp S(¢), up to terms of order ô (cf. problem (viii)). Using a 
small 6 such as 0.01, the system reaches equilibrium after some time, in 
units related to the mass gap of the model, and configurations ¢; may 
be recorded every At = 1, say. The finite 6 produces a systematic error, 
which can be reduced by taking 6 sufficiently small, or by using several 
6’s and extrapolating to ô = 0. The configurations j and j7+1 are usually 
correlated, such that the true statistical error is larger than the naive 
standard deviation 


K 

L Y` (olg) — OY (3.153) 
j=1 

but there are methods to take care of this. 

The Metropolis algorithm is often preferred over the Langevin one, 
since it does not suffer from systematic step-size errors x ô and it is 
often more efficient. Research into efficient algorithms is fascinating and 
requires good insight into the nature of the system under investigation. 
New algorithms are being reported every year in the ‘Lattice proceed- 
ings’. 

Since the lattices are finite, we have to take into account systematic 
errors due to scaling (O(a)) violations and finite-size (L) effects (L = 
Na). It is important to determine these systematic errors and check that 
they accord with theoretical scaling and finite-size formulas. We can then 
attempt to extrapolate to infinite volume and zero lattice spacing. 

Typical observables O for the O(n) models are the average ‘magnetiza- 
tion’ 6% = >, ¢%/N*, the average ‘energy’ —S/N*, which reduces to the 
average ‘link’ 53, dr a /4N4 in the limit A — oo, and products like 
poh giving correlation functions upon averaging. The free energy F = 
— ln Z itself cannot be obtained directly by Monte Carlo methods, but 
may be reconstructed, e.g. by integrating OF'/Ok = —2(X r, $2 Pata) 

The correlation function G3? = (636%) — (42) (9f) is used to de- 
termine the masses of particles. With periodic boundary conditions it 
depends only on the difference x — y. For example, in the symmetric 
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phase the spectral representation can be written as 


S eGo = > |(019* |p, 9)? [emeent + e7“ 0], (3.154) 
x Y 


where finite-temperature (finite N+) corrections of the form œ 
(p’7'|¢%|py) have been neglected. Choosing zero momentum p, one may 
fit the propagator data for large t and N, — t to 


Roost |m(t~ 3) |, R= |(0}6"|00)/*exp(—m), (3.155) 


where m = Win is the mass of the particle with the quantum numbers of 
o“. It is assumed that the contributions of the next energy levels w’ with 
the same quantum numbers (such as three particle intermediate states), 
which have relative size exp|—(w’ — m)t], can be neglected for sufficiently 
large times. Alternatively, one can try to determine the renormalized 
mass and wave-function renormalization constant in momentum space 
from eq. (3.81), but this does not give the particle mass directly. Only 
when the particle is weakly coupled is map œ~ m. The higher-order 
correlation functions (such as the four-point functions) require in general 
much better statistics than do the propagators. 

For illustration we show first some early results in the symmetric 
phase. Figure 3.13 shows the particle mass and the renormalized coupling 
gr = 6AR as functions of the spatial size N in a simulation at infinite bare 
coupling [24]. We see that the interactions cause the finite-volume mass 
to increase over the infinite-volume value (the linear extent in physical 
units, Lm, changes by roughly a factor of two). The results for the 
coupling constant roughly agree within the errors with those obtained 
by Lüscher and Weisz using the hopping expansion. Figure 3.14 shows 
a result [25] for the dressed propagator (correlation function) analyzed 
in momentum space. The fact that the propagator resembles so closely 
a free propagator, apart from renormalization, is an indication that the 
effective interactions are not very strong, despite the large bare coupling. 

The broken phase is physically more interesting. Although there is 
rigorously no phase transition in a finite volume, the difference between 
the symmetric- and broken-phase regions in parameter space is clear 
in the simulations. The phase boundary is somewhat smeared out by 
finite-volume effects. In the broken phase of the O(n) model for n > 1, 
there is a preferred direction, along (6%) = v% # 0, and one con- 
siders the longitudinal and transverse modes Gy = v~2v%v8G°? and 
Gr = (bag — v~20%v9)G°? /(n — 1). The latter correspond to the Gold- 
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Fig. 3.13. Finite-size dependence of m and gr = 6Ar in a simulation in the 
symmetric phase (L = N, A = œœ). The full circles correspond to a finite-size 
dependence expected from renormalized perturbation theory. From [24]. 


stone bosons. The ø particle can decay into the 7 particles, which leads 
to complications in the analysis of the numerical data. The Goldstone 
bosons lead to strong finite-size effects. Finite-size effects depend on the 
range of the interactions, the correlation length, which is infinite for the 
Goldstone bosons. However, the finite size also gives a non-zero mass 
to the Goldstone bosons. These effects have to be taken into account in 
the analysis of the simulation results. The theoretical analysis is based 
on effective actions, using ‘chiral perturbation theory’ or ‘renormalized 
perturbation theory’. 

Consider the magnetization observable ¢* = >>, ¢%/N*. An im- 
pression of its typical distribution is illustrated in figure 3.15. The 
difference between the symmetric and broken phase is clear, yet the 
figure suggests correctly that the angular average leads to (¢*%) = 0 also 
in the broken-phase region. In a finite volume there is no spontaneous 
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Fig. 3.14. Dressed propagator in momentum space plotted as a function of 
>, 4sin? (p, /2), at mo = —24.6, Ao = 100. From [25]. 
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Fig. 3.15. Qualitative illustration of the probability distribution of é% at finite 
volume for n = 2 in the symmetric phase (left) and the broken phase (right). 


symmetry breaking. To formulate a precise definition of v“, we introduce 
an explicit symmetry-breaking term into the action, which ‘pulls’ the 


spins along a direction, say 0, 


AS =e) 9, (3.156) 
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and define 
v“ = lim lim (49), (3.157) 


e0 L> F 


where the order of the limits is crucial. To understand this somewhat 


better, one introduces the constrained effective potential Vg (¢), which is 
obtained by integrating over all field configurations with the constraint 


p= Eggi, 
exp(—L*V,(¢)) = | Do exp[S(¢)] ð (« = ait) ; (3-158) 


such that 
Z= fes exp[—L*V,(¢)], (3.159) 


and 
ax =! d'o exp[—L*Vi(9)] 6° 
fare exp[—L4V,(¢4)] ` 


The fact that the effective potential comes with a factor L4 is easily 
understood from the lowest-order approximation in A — 0, which is 
obtained by simply inserting the constant $° for $% in the classical 
action, 


(3.160) 


S(¢) = —L*V,(é) = —N4[(1 — 8x) 62 + (G2 — 1)? — ef], (3.161) 


where we used the form (3.16) of the action in lattice units. In this 
classical approximation the constraint effective potential is independent 
of L. The exact constraint effective potential is only weakly dependent 
on L, for sufficiently large L, and as L increases the integrals in (3.160) 
are accurately given by the saddle-point approximation, i.e. by the sum 
over the minima of V;,(). In absence of the e term there is a continuum 
of saddle points and (¢*) = 0 even in the broken phase. A unique saddle 
point is obtained, however, for non-zero e. If we let € go to zero after the 
infinite-volume limit, (¢%) remains non-zero. For more information on 
the constraint effective potential, see e.g. [26]. 

This technique of introducing explicit symmetry breaking is used in 
simulations [27] as shown in figure 3.16. A simpler estimate of the 
infinite-volume value v of the magnetization is obtained with the ‘ 
tation method’, in which the magnetization of each individual configu- 
ration is rotated to a standard direction before averaging. The resulting 
(|d|) can be fitted to a form v + constant x N~?. 


ro- 
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Fig. 3.16. Plots of (¢*) as a function of j = € in the O(4) model for various 
lattice sizes. The data are fitted to the theoretical behavior (curves) and 
extrapolated to infinite-volume and e€ = 0, giving the full circle in the upper 
left-hand corner. From [27]. 
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Fig. 3.17. Results on mo /F = mo /vr as a function of the correlation length 
1/mo, for the ‘standard (usual) action’ (lower data) and a ‘Symanzik-improved 
action’ (upper data). The crosses are results of Liischer and Weisz obtained 
with the hopping expansion. The bare coupling A = oo. The curves are 
interpolations based on renormalized perturbation theory. From [28]. 
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As a last example we show in figure 3.17 results on the renormalized 
coupling /2AR = mR/vR [28]. Data are shown for the action considered 
here (the ‘standard action’) and for a ‘Symanzik-improved action’. We 
see that the data for the standard action agree with the results obtained 
with the hopping expansion in the previous section, within errors. The 
Symanzik-improved action has next-to-nearest-neighbor couplings such 
that the O(a?) errors are eliminated in the classical continuum limit. 
It is not clear a priori that this leads to better scaling in the quantum 
theory, because the scalar field configurations that contribute to the path 
integral are not smooth on the lattice scale, but it is interesting that the 
different regularization leads to somewhat larger renormalized couplings 
for a given correlation length. 

In conclusion, the numerical simulations have led to accurate results 
which fully support the theoretical understanding that the O(n) models 
are ‘trivial’. 


3.10 Real-space renormalization group and universality 


One of the cornerstones of quantum field theory is universality: the 
physical properties emerging in the scaling region are to a large extent 
independent of the details of formulating the theory on the scale of the 
cutoff. The physics of the O(n) models is expected to be independent 
of the lattice shape, the addition of next-nearest-neighbor couplings, 
next-next-nearest-neighbor couplings, ..., or higher-order terms (¢7)*, 
k = 3,4,... (of course, in its Ising limit or non-linear sigma limit where 
$? = 1 such higher-order terms no longer play a role). More precisely, the 
physical outcome of the models falls into universality classes, depending 
on the symmetries of the system and the dimensionality of space-time. 
Our understanding of universality comes from the renormalization group 
à la Wilson [29, 30] (‘block spinning’, see e.g. [11]), and from the weak- 
coupling expansion. We shall sketch the ideas using the one-component 
scalar field as an example, starting with the block spinning approach 
used in the theory of critical phenomena. 

In the real-space renormalization-group method one imagines inte- 
grating out the degrees of freedom with wave lengths of order of the 
lattice distance and expressing the result in terms of an effective action 
for the remaining variables. On iterating this procedure one obtains the 
effective action describing the theory at physical (> a) distance scales. 
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Let z be the average of ¢, over a region of linear size s around 7, 


oz = X Bz sr (3.162) 


The averaging function B(Z, x) is concentrated near sites 7 on a coarser 
lattice that are a distance s apart in units of the original lattice. We could 
simply take values Z, = 2x, with By z = 2 hi dztp,2 (‘blocking’), or a 
smoother Gaussian average B = z >, exp(—(x — £)?/2s), with suitable 
normalization factors z. The effective action $ is defined by 


e50) = J Do eS) [e(a 59 Bob) (3.163) 


and it satisfies 


[pac = f pees. (3.164) 


After a few iterations the effective action has many types of terms, so 
one is led to consider general actions of the form 


S(¢) = X KaOa(¢). (3.165) 


Here O, denotes terms of the schematic form (0,,¢0,.¢)*, (¢)*, ...(k = 
1,2,...). The new effective action can then again be written in the form 


5$) = X KaOa(¢). (3.166) 


The scale factor z in the definition of the averaging function B is chosen 
such that the coefficient of 0,006 is equal to Z, in lattice units of 
the coarse 7 lattice, in order that the new coefficients Ka do not run 
away after many iterations. Because of the locality of the averaging 
function one expects the action S to be local too, i.e. the range of the 
couplings in S$ is effectively finite, and one expects the dependence of 
the coefficients Ka on Ka to be analytic. One iteration thus constitutes 
a renormalization-group transformation 


Keres (3.167) 

We can still calculate correlation functions and quantities of physical 
interest with the new fields ¢. For these the highest-momentum contribu- 
tions are suppressed by the averaging, as can be seen by expressing them 
in terms of the original fields ¢, but contributions from physical momenta 
which are low compared to the cutoff are unaffected. In particular the 
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correlation length in units of the original lattice distance is unchanged. 
However, in units of the g lattice distance the correlation length is 
smaller by a factor 1/s. Each iteration the correlation length is shortened 
by a factor 1/s and when it is of order one we imagine stopping the 
iterations. We can then still extract the physics on the momentum scales 
of order of the mass scale. If we want to discuss scales ten times higher, 
we can stop iterating when the correlation length is still of order ten. 

In the infinite dimensional space of coupling constants Ka there is a 
hypersurface where the correlation length is infinite, the critical surface. 
We want to start our iterations very close to the critical surface because 
we want a large correlation length on the original lattice, which means 
that we are able to do many iterations before the correlation length is 
of order unity. If there is a fixed point K*, 


Ta(K*) = K, (3.168) 


then we can perform many iterations near such a point without changing 
the Ka very much. At such a fixed point the correlation length does not 
change, so it is either zero or infinite. We are of course particularly 
interested in fixed points in the critical surface. Linearizing about such 
a critical fixed point (on the critical surface), 


Ka — K} = Map(Kg — KS), Mop =|3Ta/3Kp]g g., (3-169) 


it follows that the eigenvalues À; of Mag determine the attractive (A; < 
1) or repulsive (A; > 1) directions of the ‘flow’. These directions are given 
by the corresponding eigenvectors e&, which determine the combinations 
ef Oa. 

One expects only a few repulsive eigenvalues, called ‘relevant’, while 
most of them are attractive and called ‘irrelevant’. Eigenvalues A; = 1 
are called marginal. Further away from the fixed point the attractive and 
repulsive directions will smoothly deform into attractive and repulsive 
curves. The marginal directions will also turn into either attractive or 
repulsive curves. 

Let us start the iteration somewhere on the critical surface. Then 
the flow stays on the surface. Suppose that the flow on the surface is 
attracted to a critical fixed point K*. Next let us start very close to 
the critical surface. Then the flow will at first still be attracted to K*, 
but, since with each iteration the correlation length decreases by a factor 
1/s, the flow moves away from the critical surface and eventually turns 
away from the fixed point. Hence the critical fixed point has at least one 
relevant direction away from the critical surface. 
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Suppose there is only one such relevant direction (and its opposite 
on the other side of the critical surface). Then, after many iterations 
the flow just follows the flow-line through this relevant direction. The 
physics is then completely determined by the flow-line through the 
relevant direction: the physical trajectory (also called the renormalized 
trajectory). To the relevant direction there corresponds the only free 
parameter we end up with: the ratio cutoff/mass, A/m (where A = 7/a). 
This ratio is determined by the initial distance to the critical surface, 
or equivalently, by the number of iterations and the final distance to 
the critical surface where we stop the iterations. However, the mass just 
sets the dimensional scale of the theory and there is no physical free 
parameter at all under these circumstances. All the physical properties 
(e.g. the renormalized vertex functions and the renormalized coupling 
Ar) are fixed by the properties of the physical trajectory. On the other 
hand, each additional relevant direction offers the possibility of an 
additional free physical parameter, which may be tuned by choosing 
appropriate initial conditions. 

Many years of investigation have led to the picture that there is only 
one type of critical fixed point in the O(n) symmetric models, which 
has only one relevant direction corresponding to the mass as described 
above, and one marginal but attractive direction corresponding to the 
renormalized coupling. This means that eventually the renormalized 
coupling will vanish after an infinite number of iterations (triviality). 
This is the reason that the fixed point is called ‘Gaussian’, for the 
corresponding effective action is quadratic. However, because the renor- 
malized coupling is marginal and therefore changes very slowly near the 
critical point, it can still be substantially different from zero even after 
very many iterations (very large A/m ratios). With a given number of 
iterations we can imagine maximizing the renormalized coupling over 
all possible initial actions parameterized by Ka, giving an upper bound 
on the renormalized coupling. Within its upper bound the renormalized 
coupling is then still a free parameter in the models. The situation is 
illustrated in figure 3.18. 

For the massless theory the correlation length is infinite, so we start 
on the critical surface. The flow is attracted to K*, which determines 
the physics outcome. The marginally attractive direction corresponds in 
the massless case to the running renormalized coupling \(j:) at some 
physical momentum scale u. Each iteration the maximum momentum 
scale is lowered by a factor 1/s and, after many iterations, the ratio 
(maximum momentum scale) /cutoff is very small. We stop the iteration 
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Fig. 3.18. Renormalization group-flow in ¢4 theory. The line C represents the 
‘canonical surface’ of actions of the standard form S$ = 2x} ,, dx¢a+a — 


[e2 + \(¢2 —1)?]. The line P represents the physical trajectory. Direction 
1 is an irrelevant direction, direction 2 represents the marginal direction 
corresponding to the renormalized coupling. Shown are two flows starting from 
a point in C, one near the critical surface and on this surface. 


when the maximum momentum scale is of order u. For a given number 
of iterations the running coupling can still vary within its upper bound. 
As the number of iterations goes to infinity, u has to go to zero and 
A(u) — 0 because the flow along the marginal direction is attracted 
to zero coupling. So the massless theory can be defined by taking the 
number of iterations (x A/j) large but finite, and A(u) > 0 as u — 0. 

The critical fixed points of the real-space renormalization-group trans- 
formation give a very attractive explanation of universality. 


3.11 Universality at weak coupling 


To formulate a general action at weak coupling we start with the form 
(3.16) and first make a scale transformation ¢ = ¢’/VA, which brings 
the action into the form 


ORES DESDE 02-82-17]. (8.170) 
x u 


We see that À appears as a natural expansion parameter for a saddle- 
point expansion, while the other coefficients in the action are of order 
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one in lattice units. A natural generalization is given by 


TA a 2 Pr Pota tk pD by Prato (3.171) 


HvV 


E Paa th Dor Paat Y vap |, 
k=1 


which still has the symmetry ¢ — —@. The coefficients in this expression 
are supposed to be of order 1. 

The parameter A enters in the same place as Planck’s constant A when 
we introduced the path-integral quantization method, before we set it 
equal to 1. It can be shown that the expansion in powers of fh corresponds 
to an expansion in the number of loops in Feynman diagrams. For this 
reason the weak-coupling expansion is called the semiclassical expansion. 

For convenience in the following we shall use the original continuum- 
motivated parameterization (3.13) with the field y = /V/2k and rewrite 
(3.171) in the form 


1 
S= -E Dfi + auto upe + e+ uapa | 


1 
T 5 pavcsayen + àozð p70 uZ + er 2 N Za ; 


T 


(3.172) 


where y’ = V/Aoy. Here again the coefficients z, . . ., and uzg are supposed 
to be dimensionless numbers of order unity, with the exception of ug 
which becomes m%, = O(Ao) at the phase boundary (this is special to 
the continuum parameterization). It is instructive to rewrite the generic 
action (3.172) in physical units, 


1 
S=- z E P a? do z0.07 0% + 


+5 Naat) (3.173) 
k 


where now pps = (Yz+a, — Px)/a and X, contains a factor a*. The 
higher-dimensional operators are accompanied by powers of the lattice 
distance a such that the action is dimensionless. 

In the classical continuum limit a — 0 we end up with just the y* 


theory, with uz chosen such that m? = 2u.a~? remains finite. In other 
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Fig. 3.19. Contribution of the bare six-point vertex to Ti). 


words, the bare two- and four-point vertex functions take their usual 
continuum limits and the higher-order bare vertex functions vanish. In 
non-trivial orders of the semiclassical expansion, the powers of a in the 
bare vertex functions can be compensated by the divergences in the loop 
diagrams. For example, consider the effect of the term — >>, Agusa? y$ 
on the four-point vertex at one-loop order as given by the diagram in 
figure 3.19. The bare vertex function in momentum space is —6! \Zuga? 
and the contribution to [4 is given by 

n/a qa] 1 


— 36! AG a = —46!AGugC 
aes —n/a (27)* mg + a-? X (2 — 2cosal,,) a noe 


(3.174) 
in the limit a — 0 (the constant Co was defined in (3.67)). 

By looking at more examples one may convince oneself that the higher- 
order bare vertex functions just lead to new expressions for the vertex 
functions in terms of the coefficients in the action, which have, however, 
the same momentum dependence as before. All lattice artifacts end up 
in constants like Co, and in the relation between AR and ma to Ao and 
ms, such that the renormalized vertex functions, once expressed in terms 
of the renormalized coupling AR and renormalized mass parameter mp, 
are universal, order by order in perturbation theory. 

There is one aspect worth mentioning: the effect of the lattice symme- 
tries. Consider the two-point vertex function in one-loop order, which has 
the form I'(z)(p) = a~? f(ap,amo) on dimensional grounds. For a —> 0 
this takes the form a~?(ra*mé + Tva*pypv) + logarithms. We have 
seen in section 3.4 how the logarithms emerge from the integration over 
the loop variable near the origin in momentum space where the lattice 
expressions take their classical continuum form: the terms containing 
logarithms are covariant under continuous rotations. What about the 
polynomial Ty, ppp? Its coefficient 7,,, depends on lattice details, the 
loop integrations over the cosines near the edge of the Brillouin zone 
in momentum space. Here the lattice symmetries come to help. The 
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polynomial has to be invariant under the cubic rotations 
RY). tp > To, Le > —Tp, Lusty, ` Lp (3.175) 
and axis reversals 
I’): Ds Fey tiap is (3.176) 


There is only one such polynomial: p? = p? + --- + p3. So the lat- 
tice symmetries and dimensional effects are important in order to get 
covariant renormalized vertex functions. Dimensional analysis showed 
that the above polynomial is at most of second order and even in 
Pu — —Pp because of axis-reversal symmetry. Note that there is more 
than one fourth-order polynomial TkAuvPrPAPupy that is invariant under 
the lattice symmetries. Such polynomials go together with dimensional 
couplings, such as cutoff effects x a?. The polynomials are called contact 
terms, because they correspond in position space to Dirac delta functions 
and derivatives thereof. 

If we destroy the space-time symmetry of the lattice, e.g. by having 
different couplings in the space and time directions, then we may have 
to tune the couplings in the action to regain covariance in the scaling 
region. 


3.12 Triviality and the Standard Model 


Arguments that scalar field models are trivial in the sense that they be- 
come non-interacting when the regularization is removed were first given 
by Wilson, using his formulation of the renormalization group [29, 30]. 
The arguments imply that triviality should hold within a universality 
class of bare actions, e.g. next-to-nearest-neighbor couplings, .... In the 
previous sections we reviewed some calculations and numerical simula- 
tions leading to accurate determination of the renormalized coupling in 
the O(4) model in the broken phase. The O(4) model may be identified 
with the scalar Higgs sector of the Standard Model, and we shall now 
review the implications and applications of triviality. 

First we review how the O(4) model is embedded in the Standard 
Model. The action for the Higgs field is given by 


oe J dela De tmerre ah (3.177) 


>. 1 ; T 
Due= (a in 5Bp igoW* E) o (3.178) 
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where Tẹ are the Pauli matrices, p = (Yu, pa)! is the complex Higgs 
doublet and B,,, and W¥ are the U(1) x SU(2) electroweak gauge fields. 
Setting the gauge couplings to zero, the action becomes equivalent to 
the O(4) model, 


Sig=0 = . la pt Ou + meet y + Alyt y)?] (3.179) 
ee or + Mo yaye + Agape’), 
g 2 4 
p E +ip'), ~a= Aig — ip’). (3.180) 


The Higgs field enters also in Yukawa couplings with the fermions. In 
terms of a matrix field ¢ defined by 


= va Pa a 3.181 
? —Pu Pa ( ) 
= ° +ipkh, = pV, V € SU(2), p>0, (3.182) 


the Yukawa couplings to the quarks can be expressed as 
Sy =- | dia Geg lPróys + Puoho (3.183) 


Here PL rR = (1 F 45)/2 are the projectors on the left- and right-handed 
fermion fields and the summation is over the QCD colors c and gener- 
ations g. The Yukawa couplings y are diagonal in SU(2) doublet space, 
Y = Yu(1+73)/2+ ya(1—73)/2. The Yukawa couplings to the leptons are 
similar (in the massless neutrino limit the right-handed neutrino fields 


decouple). 
If we insert the vacuum expectation value of the scalar field 
1 /0 
= — ; 3.184 
=. a 
g=vti, (3.185) 


in the action, we find the masses of the vector bosons W and Z and 
the photon A, from the terms quadratic in the gauge fields, and the 
masses of the fermions from the Yukawa couplings. Choosing renormal- 
ization conditions such that the ‘tree-graph’ relations remain valid after 
renormalization, we have 


miy = 193,08, m= Lor +o) ma=0, (3.186) 


Mf =YRf UR, My = ZAR UR, (3.187) 
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where f denotes the fermion. From experiment we know 
ug = 246 GeV, gır = 0.34, gor = 0.64. (3.188) 


The electroweak gauge couplings are effectively quite small (recall the 
typical factors of g?/z? that occur in perturbative expansions). The 
Yukawa couplings are generally much smaller, as follows from (3.187) 
and the fact that the fermion masses are generally small (< 5 GeV) 
on the electroweak scale. Even the much heavier top quark, which has 
a mass of about 175 GeV has a Yukawa coupling y œ~ 0.71, which is 
not very large either. The (running) QCD gauge coupling of the strong 
interactions is also relatively small on the electroweak scale of 100 GeV: 
gsr © 1.2. 

To discuss the implications of triviality of the O(4) model, let us 
assume for the moment that all the gauge and Yukawa couplings can 
be treated as perturbations on scales vg or higher. Furthermore, assume 
that the Higgs mass is non-zero (we shall comment on these assump- 
tions below). It then follows from the triviality of the O(4) model that 
the Standard Model itself must be ‘trivial’. Because a non-zero Higgs 
mass implies AR # 0, the triviality leads to the conclusion that the 
regularization cannot be removed completely. Consequently the model 
must lose its validity on the regularization scale. New physical input is 
required on this momentum or equivalent distance scale. 

It would obviously be very interesting if we could predict at which scale 
new physics has to come into play. To some extent this can be done as 
follows. If the Higgs mass is not too large such that AR = m#,/2up is in 
the perturbative domain, we can use eq. (3.140) to calculate the cutoff 
A =7/a in the lattice regularization, 


A = myC(G1:AR)®/% exp(1/G1Ar) [1 + O(Ar)], (3.189) 


where C = m/C1 (ào). The constant Cı is minimal, hence A maximal, 
for infinite bare coupling ào. We shall assume this in the following, with 
C (co) = 6.4 (the value obtained by Lüscher and Weisz). As an example, 
my = 100 GeV gives år = 0.083 and A = 7 x 1038 GeV. This value for A 
is far beyond the Planck mass O(10!°) GeV for which gravity cannot be 
neglected. Certainly new physics comes into play at the Planck scale, so 
effectively the regulator scale for my = 100 GeV may be considered to 
be irrelevantly high. On the other hand, when my increases, A decreases. 
When Ag becomes too large eq. (3.189) can no longer be trusted, but 
we still have non-perturbative results for AR and the corresponding 
A/my anyhow. For example, for my = 615 GeV (my/up = 2.5) figure 
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3.17 shows that 1/amy œ~ 3; hence A ~ 37my = 5800 GeV, for 
the standard action. For the Symanzik-improved action this would be 
A ~ 8300 GeV. 

So we can compute a cutoff scale A from knowledge of the Higgs 
mass, but this A is clearly regularization dependent (the dependence 
of C in (3.189) on Xo also indicates a regularization dependence, cf. c 
in eq. (3.146)). For values of my deep in the scaling regime A is very 
sensitive to changes in my, but at the edge of the scaling region, e.g. for 
A/my 7% 6, this dependence is greatly reduced. 

This supports the idea of establishing an upper bound on the Higgs 
mass: given a criterion for allowed scaling violations, there is an upper 
bound on my [31]. For example, requiring A/my > 2m (amy < $), we 
get an upper bound on my from results like figure 3.17. This should 
then be maximized over all possible regularizations. Figure 3.17 shows 
that the standard and Symanzik-improved actions give the bounds 
my/vR £ 2.7 and 3, respectively. A way to search through regularization 
space systematically has been advocated especially by Neuberger [32]. To 
order 1/A? all possible regularizations (including ones formulated in the 
continuum) can be represented by a three-parameter action on the F4 
lattice, which has more rotational symmetry than does the hypercubic 
lattice. It is believed that the results of this program will not lead to 
drastic changes in the above result my/vp < 3. 

The Pauli—Villars regularization in the continuum appears to give 
much larger A’s than the lattice [33]. The problem with relating various 
regularization schemes lies in the fact that it is not immediately clear 
what the physical implications of a requirement like A/my > 27 are. One 
may correlate A to regularization artifacts (mimicking ‘new physics’) in 
physical quantities, such as the scattering amplitude for the Goldstone 
bosons. Requiring, in a given regularization, that such an amplitude 
differs by less than 5%, say, from the value obtained in renormalized 
perturbation theory, would determine A and the corresponding upper 
bound on my in that regularization. The significance of such criteria is 
unclear, however. 

At this point it is useful to recall one example in which nature (QCD) 
introduces ‘new physics’. The O(4) model may also be interpreted as 
giving an effective description of the three pions, which are Goldstone 
bosons with masses around 140 MeV due to explicit symmetry break- 
ing. The expectation value vpr is equal to the pion decay constant, 
UR = fr = 93 MeV. The analog of the Higgs particle is the very 
broad ø resonance around 900 MeV. The low-energy pion physics is 
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approximately described by the O(4) model. However, since Mmo /vr ~ 10 
is far above the upper bounds found above, the cutoff needed in this 
application of the O(4) model is very low, probably even below m,, and 
the model is not expected to describe physics at the o scale. Indeed, 
there is ‘new physics’ in the form of the well-known p resonance with a 
mass of 770 MeV and width of about 150 MeV. 

Let us now discuss the assumptions of neglecting the effect of the gauge 
and Yukawa couplings. The gauge couplings g2,3 are asymptotically free 
and their effective size is even smaller on the scale of the cutoff. So it 
seems reasonable that their inclusion will not cause large deviations from 
the above results. The U(1) coupling gı is not asymptotically free and 
its effective strength grows with the momentum scale. However, its size 
on the Planck scale is still small. If we accept not putting the cutoff 
beyond the Planck scale anyway, then also the gauge coupling gı may 
be expected to have little influence. The same can be said about the 
Yukawa couplings, which are also not asymptotically free (possibly with 
the exception of the top-quark coupling). 

These expectations have been studied in some detail. An important 
result based on O(4) Ward identities is that relations like my = g3u;,/4 
are still valid to first order in g3 on treating the Higgs self-coupling 
non-perturbatively [31, 34]. This may be seen as justifying a definition 
of the gr such that (3.186) is exact. 

Of course, it is desirable to verify the above expectations non-pertur- 
batively. A lattice formulation of the Standard Model is difficult because 
of problems with fermions on a lattice (cf. section 8.4). However, lattice 
formulations of gauge-Higgs systems and to a certain extent Yukawa 
models are possible and have been much studied over the years. The 
lattice formulation of gauge-Higgs systems has interesting aspects having 
to do with the gauge-invariant formulation of the Higgs phenomenon, 
presentation and discussion of which here would lead too far [35]. 

It turns out that the Yukawa couplings are also ‘trivial’ and that the 
maximum renormalized coupling is also relatively weak, see for example 
[36]. Numerical simulations have set upper bounds on the masses of 
possible hitherto undiscovered generations of heavy fermions (including 
heavy neutrinos), as well as the influence of such generations on the 
Higgs-mass bound. 

Finally, the assumption made above, namely that my Æ 0, is justified 
by theoretical arguments for a lower bound on my, which are based 
on the effect that the fermions and gauge bosons induce on the Higgs 
self-couplings (for reviews, see [37, 38]). 


(i) 


(iii) 
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Siz-point vertex 

Determine the Feynman diagrams for the six-point vertex func- 
tion in the y* theory in the one-loop approximation. For one 
of these diagrams, write down the corresponding mathematical 
expression in lattice units (a = 1) and in physical units (a Æ 1). 
Show that it converges in the limit a — 0, to the expression one 
would write down directly in the continuum. 

Renormalized coupling for mass zero 

In the massless O(n) model Ag is ill defined. In this case A(x) is 
still a good renormalized coupling. Give the renormalized four- 
point vertex function PÈ ....,(p1-++p4) in terms of Alu). 

Critical k and mo at weak coupling 

What are the critical values of the bare mass m2, (in lattice units) 
and the hopping parameter Ke to first order in Ag in the weak- 
coupling expansion? 

Minimal subtraction 

To obtain renormalized vertex functions in the weak-coupling ex- 
pansion, wavefunction, mass, and coupling-constant renormaliza- 
tions are needed. Here we concentrate on the latter. We substitute 
the bare Ao for a series in terms of a renormalized A (not to be 
confused with the A in the lattice parameterization (3.15)), 


ào = AZA (à, nap), 


Zy(A, nap) = 14+ 5 5 Znkà”(Inap)" 


n=1k=0 


NO ZAA) (n ap)". (3.190) 
k=0 


II 


Terms vanishing as a — 0 have been neglected, order by order 
in perturbation theory. From the point of view of obtaining finite 
renormalized vertex functions we can be quite liberal and allow 
any choice of the coefficients Z,, leading to a series in X for 
physical quantities for which the a dependence cancels out. 

The renormalized A depends on a physical scale u but not on 
a, it is a ‘running coupling’, whereas Ag is supposed to depend on 
a but not on u. Introducing a reference mass p1, we write 


Ao(t) = A(s)Z(A(s),s—t), t= —ln(am), s = In(p/p1). 
(3.191) 
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From 0 = dAo/ds we find 


o o 
(Zei) AZ (A, s — t) = 0, (3.192) 
where 
On 
paz. (3.193) 


Using the above expansion for Z, in terms of powers (ln au)! = 
(t — s)*, show that 


(kK +1)Z,(A) + B ZAZA) =0, k=0,1,2,..., (3.194) 


and hence that the 8 function is given by 


Zı(à) 
alAZo(A))/3A 


In a minimal subtraction scheme one does not ‘subtract’? more 


BA)=-— (3.195) 


than is necessary to cancel out the ln(ap)’s, and one chooses 
Zo(A) = 1. Notice that there is a whole class of minimal subtrac- 
tion schemes: we may replace In(ay) by In(ayz) + c, with c some 
numerical constant, since such a c is equivalent to a redefinition 
of u. It follows that the beta function in a minimal subtraction 
scheme can be read off from the coefficients of the terms involving 
only a single power of In ap: 


BOA) = —Z1 (A). (3.196) 


Show that in minimal subtraction the beta function 89(AQ) for 
Xo is identical to B(Ao). 

Assuming that the beta function is given, solve eq. (3.192) with 
the boundary condition Z)(A,0) = Zo(A) = 1. 
Mass for small k 
The hopping result (3.128) shows that the mass parameter mR 
is infinite for x = 0. For small « we see from (3.122) that 
Gry « (2gk) 2» = exp(—mzy|x — y|), where Lz, is the mini- 
mal number of steps between x and y. We can identify a mass 
Mey = —In(2gk) (Loy/|x — y|). For small K, compare mz, for x, y 
along a lattice direction and along a lattice diagonal with the 
results of problem (i) in chapter 2. Compare also with equations 
(2.117), (2.120) and (2.122), for the case that xz and y are along 
a timelike direction in the lattice. 
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(vi) An example of a divergent expansion 
Instructive examples of convergent and divergent expansions, in 
k and A, are given by 


z(k, A) = ie do exp(—K@? — Ad") (3.197) 
B = > Mer 1/4) d1/2)k (3.198) 
k=0 f 
= T Sca AKT2)E. (3.199) 
k=0 


Verify. 

(vii) A dimension-six four-point vertex 
Show that the dimension-six term — >>, a?A920,(p20,,92 in the 
general action (3.173) corresponds to the vertex function 


"T (pi: ++ pa) = —80°`oz(—i) K} (p1 + po) Kj. (ps + pa) 
+ two permutations, (3.200) 
1 F 
K,,(p) = = (er — 1). (3.201) 
ia 


In the classical continuum limit this vertex vanishes but in 
one-loop order it contributes to the two-point function T(p) (cf. 
figure 3.5). Show that this contribution is given by 


+402 [2a7? + p’ (Co — 4) + O(a”)], (3.202) 


where Co is given in (3.67) and we used (27)~4 f7 dl ae =a 
independent of u = 1,..., 4. 

(viii) Langevin equation and Fokker—Planck Hamiltonian 
Consider a probability distribution P(¢) for the field ¢,. One 
Langevin time step changes ¢ into ¢’ according to 


aS() 

Opr 
This corresponds to P(@) — P’(¢). The new P’(¢) may be 
determined as follows. Let O(@) be an arbitrary observable, with 
average value f Dé P(¢)O(¢). After a Langevin time step the 
new average value is f Do P(¢)(O(¢'(¢))),, where (---),, denotes 
the average over the Gaussian random numbers ng. By definition 
this new average value is equal to f Do P’(¢)O(¢), i.e. 


J DOPO = f DOPAO) (8209 


$l, = Pa + V26 Na +Ô 


(3.203) 
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By expansion in vô, show that 


(O(¢'))n = Od o Ol $) ƏSH) | a o 082), 


pr Opr Obx 
(3.205) 
and consequently that 
P'— P o o Os 
5 2, Ib: Eo A . ome 


The partial differential operator in ¢-space, Hyp, is called the 
Fokker—Planck Hamiltonian. Using 


Oe oie dd) Oe os 
2 eS/2 Lopa 2 
6° ~° \d6, +286) ene) 
show that P defined by P = e5/?P satisfies 
D oe 
csi ae =f a (3.209) 


iS 1 ðS o 1 ðS 

7 ae; 2 pr) Ipe 2 bx)" 

Show that H is a Hermitian positive semidefinite operator, which 
has one eigenvalue equal to zero with eigenvector exp(S/2). Give 
arguments showing that, as 6 — 0 and the number n of iterations 


goes to infinity, with t = nd — co, P will tend to the desired 
distribution exp S. 


A 
Gauge field on the lattice 


Gauge invariance is formulated in position space (as opposed to momen- 
tum space), which makes the lattice very well suited as a regulator for 
gauge theories. In this chapter we shall first review the classical QED and 
QCD actions, then put these theories on the lattice and define gauge- 
invariant path integrals. Subsequently a natural quantum-mechanical 
Hilbert-space interpretation will be given. Gauge-invariant couplings to 
external sources will be shown to correspond to Wilson loops. 


4.1 QED action 
The QED action for electrons is given by 


S= fa L(x), (4.1) 
L(x) = —3 Fur (£) F" (x) — b(x)7"[8, + ieA (E) v(x) — mp(z)Y(z), 
(4.2) 
where 7 is the electron field, A, the photon field and 
Fyv(«) = 0, Ar (£) — Op Ap(£) (4.3) 


is the electromagnetic field-strength tensor. The y” are Dirac matrices 
(cf. appendix D) acting on the 7’s, e is the elementary charge (e > 0) 
and m is the electron mass. It can be useful to absorb the coupling 
constant e in the vector potential: 


Ay > PAs (4.4) 
e 
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Then £ takes the form 


1 wel i ga 
L= “geat mE" = wy" (Ou = iqA,)w rs mpy, (4.5) 
q= -—1, for the electron, (4.6) 


in which the function of e as a coupling constant (characterizing the 
strength of the interaction) is separated from the charge q, which char- 
acterizes the behavior under gauge transformations. 

The action is invariant under gauge transformations, 


W (a) = ya), P(e) = ga), (4.7) 
A! (2) = Ap (2) + A,w(2), (4.8) 
SC, 4%, A) = S(9', W, A’), (4.9) 


where w(x) is real. The phase factors 
Q(z) = 20) (4.10) 


form a group, for each x: the gauge group U (1). We may rewrite (4.7) 
and (4.8) entirely in terms of Q(x), 


P(x) = QA(x)V(2), Y'(2) = (z) (x), (4.11) 


A (2) = Ay(z) + iQ(2)0,0" (2). (4.12) 
The covariant derivative 
Dy = 0, —iAuq (4.13) 
has the property that D „y(x) transforms just like y(x) under gauge 
transformations: 
Dit’ (x) = [Oy — igA,, (x) |b" (x) = Q(z) Dv (a), (4.14) 


such that Yyy D y = Y” Diy’. 

Above we have interpreted the gauge transformations as belonging to 
the group U(1). We may also interpret (4.10) as a unitary representation 
of the group (under addition) of real numbers, R: 


wlr) + 4, w(x) € R. (4.15) 
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Another unitary representation of R could be 
w => eT (4.16) 
where T is a real number. For the group U (1), however, the mapping 
Q = e > D(Q) =e? (4.17) 


is a representation only if T is an integer. If T is not an integer, D(Q) = 
QT is not single valued as a function of Q. Even if we restrict e.g. w € 
iwT unique, the product rule would be violated 
for some Q’s. (For example, for T = E, QQ = Qz with w12 = 0.97, 


w3 = 1.8m — 2r = —0.2 m would result in e%17 e%2T = e097 £ etwsT 
e Ola) 


[-7r, 7T] to make 2 > e 


If the gauge group were necessarily U(1), charge would have to be 
quantized. Suppose there are fields wv, transforming with the represen- 
tations T = q, = integer: 


(x) = D"(x)br(x),  D"(x) = Q(x)”. (4.18) 
Then we have to use a corresponding covariant derivative D}, 
Di, = On — iqr Ap (2), (4.19) 


such that the action density 


4e? 


L= Epp FH” = 5 Pry” Di Yr = 5 MrYrYr (4.20) 
is U(1)-gauge invariant. It follows that the charges eq, are a multiple 
of the fundamental unit e, which is called charge quantization. If the 
gauge group were R, there would be no need for charge quantization. In 
Grand Unified Theories the gauge group of electromagnetism is a U(1) 
group which is embedded as a subgroup in the Grand Unified gauge 
group. This could provide the explanation for the quantization of charge 
observed in nature. 


4.2 QCD action 
The QCD action has the form 


S=- J dtz (cew +y Dub + me) . (4.21) 
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The gauge group is SU(3), the group of unitary 3 x 3 matrices with 
determinant equal to 1. An element of SU(3) can be written as 


Q = exp(iw*t,), (4.22) 


where the tg, k = 1,..., 8, are a complete set of Hermitian traceless 3 x 
3 matrices. Then QT! = QÝ and 


Trt, = 0 > det Q = exp(Tr n Q) = 1. (4.23) 


The t, are the generators of the group in the defining representation. 
A standard choice for these matrices is patterned after the SU(2) spin 


matrices lop in terms of the Pauli matrices 


0 1 0 —i 1 0 
a=($ ae vo=({ a o=; an (4.24) 


namely, 
tk = 5Ak, (4.25) 
with 
Ok 0 1 1 0 0 
Àp = O}, kK=1,2,8, Ag=—=] 0 1 0 i 
0 00 v3 0 0 -2 
0 0 1 0 0 -i 
As={0 0 OF, AZs=] 0 0 0 |, 
1 0 0 0 0 
0 0 0 0 0 
AXo={0 0 1}, Av=]{0 0 = (4.26) 
0 1 0 0 2 0 


These A’s are the well-known Gell-Mann matrices. They have the prop- 
erties 


Tr (txts) = ôk, (4.27) 


[tk ti] = ifkimtm, (4.28) 


where the fim are the real structure constants of SU (3), totally anti- 
symmetric in k,l and m (cf. appendix A.1). 
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The quark fields y and w are in the defining representation of SU (3). 
They carry three discrete indices, 


=h cea A, Dirac index; 
wet: a =1,2,3 (or red, white, blue), color index; (4.29) 
f =1,..., ne (or u, d, s, c, b, t), flavor index. 


The gauge transformations and the covariant derivative D, act on a, the 
Dirac gamma matrices act on a and the diagonal mass matrix m acts 
on f, 


m = diag(Mu, Md, Ms,- -). (4.30) 


We shall now explain the covariant derivative D,, and the gauge-field 
term G””G „v. It is instructive to assume for the moment that the ~ 
fields transform under some arbitrary unitary irreducible representation 
of the color group SU(3), not necessarily the defining representation. 
For notational convenience we shall still denote the matrices by Q; they 
can be written as 


Q = erT, (4.31) 
with Tẹ the generators in the chosen representation, which satisfy 


[Th Tı] = ifkim Im, (4.32) 


Tr (TkT) = P Ôk- (4.33) 
For the defining representation p = $, for the adjoint representation 
p = 3 (an expression for p is given in (A.47) in appendix A.2). 
We assume that D, has a form similar to (4.13). However, here it is 
a matrix, 


Duab = babOn z iG iD) dhs or D, = On = iG. (4.34) 


The matrix gauge field G,,(x) should transform such that, under the 
gauge transformation 


p(x) = Aa)P(2), Y (z) = Ya)" (x), (4.35) 
D,2 transforms just like a, 
Di! (a) = Q(x) Dyh(x) = A(x)D, [01 (x) p'(2)]. (4.36) 


Treating ô, as an operator gives the requirement 


Di = ODO, (4.37) 
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or more explicitly 


On — iG, = Qð, — iG,,)Q" 
= QƏ, +d, —iNG,Q". (4.38) 


It follows that G, has to transform as 
Gl, = OGM + iN". (4.39) 


Note that this reduces to (4.12) for an Abelian group. 

What is the general form of G(x)? How to parameterize this matrix 
field? Suppose G, = 0. Then Gi, = 109,,Q", so the parameterization 
of G, must at least incorporate the general form of iQ, Qt. We shall 
now show that the latter can be written as a linear superposition of the 
generators Tm. We write 


: _, O 
ið = iQ ggr One = S,0,w", (4.40) 
where 
Sie: (4.41) 
Ow 
Let w +e be a small deviation of w and consider 
ð 
Uw) w + e) = Uw) Aw) + SOK (w) + Ole?) 
= 1 — ie Sk(w) + O(e°). (4.42) 


The left-hand side of this equation is only a small deviation of the unit 
matrix, so it is possible to write it as 1 — ipm(w,€)Tm, where Ym is of 
order £, 80 Ym(w, €) = Skm(w)e*. Hence, $;(w) can be written as 


Sklw) = Skm(w)Tm- (4.43) 


It will be shown in appendix A.2 (eq. (A.43)) that the coefficients Sim (w) 
are independent of the representation chosen for Q. It follows from (4.41) 
and (4.43) that the Ansatz 


G(x) = G"(x)Tin (4.44) 


incorporates the general form of 109,01. Furthermore, since the gener- 
ators Tm transform under the adjoint representation of the group (cf. 
appendix A.2) 


OT» = Rpt Tn, (4.45) 
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the form (4.44) is preserved under the gauge transformation (4.39): 
QGP Tm + 120,01 = (GH RA + Senp”) Tr, 

GP = Rane + Sind", (4.46) 
where we used Rt = RT. The Rnm, Snm and w* are real, so we may 
take (4.44) as the parameterization of G(x) with real fields G (£x). 
Note that the transformation law for G (x) depends only on the group 
(its adjoint representation), not on the particular representation chosen 
for Q. 

The gauge-field G, transforms inhomogeneously under the gauge 


group. The field tensor Guy is constructed out of G, such that it 
transforms homogeneously, 


C= QG ao" (4.47) 
Analogously to the electrodynamic case (4.3), Guy can be written as 
Guy = DpG, — DLG, = b Gy — OG, — lGa, Gal. (4.48) 
Using operator notation, this can also be written as 
Gus = (Du, Dr). (4.49) 
Indeed, using (4.37) we have 


[Di D)] = Di,D!, — (u > v) = OD, D, 9} — (wo v) = O[D,, D,], 
(4.50) 
which verifies the transformation rule (4.47). The matrix field G,,,(2) 
can be written in terms of G; (x), using (4.44) and (4.32): 


Guv = Gre (4.51) 


According to (4.45) and (4.47), GE; transforms in the adjoint represen- 
tation of the group. The combination 


1 
Gi, GHY = = Tr (Guu G*”) (4.53) 
p 


is gauge invariant (p has been defined in (4.33)). Notice that the right- 
hand side does not depend on the representation chosen for 2. 
The action (4.21) can now be written in more detail, 


1 . ee eo: z 
S= - f aal Fach, G + Gy" (Oy — Tn) b+ dime . (4.54) 


90 Gauge field on the lattice 


Since Groat contains terms of higher order than quadratic in G7”, 
the non-Abelian gauge field is self-coupled. The coupling to the ~ field 
is completely determined by the generators Tm, i.e. by the representation 
Q under which the w’s transform. For the quark fields, Q is the defining 
representation Tm > tm. 


4.3 Lattice gauge field 


We shall mimic the steps leading to the QCD action (4.54) with lattice 
derivatives,! except for choosing to work in Euclidean space-time. The 
QCD action has a straightforward generalization to SU(n) gauge groups 
with n 4 3. We shall assume the gauge group G = U(1) or SU(n). The 
case of the non-compact group G = R will be discussed later. 

Let the fermion field Yy be associated with the sites x, = m,a of the 
lattice, analogously to the scalar field. Under local gauge transformations 
it transforms as 


where as before Q, is an irreducible representation of the gauge group 
G. Since the lattice derivative 


One E (vetap Ta Wx)/a (4.56) 


contains w both at x and at «+ aji, we try a covariant derivative of the 
form 
1 tis 
Due = g Vrai E Pzr) zx (Cysts T CuxPr+ap)- (4.57) 
Here Cus and Cy are supposed to compensate for the lack of gauge 
covariance of the lattice derivative, analogously to the matrix gauge 
potential G(x). The covariant derivative has to satisfy 


D V, T Qs Dpue, (4.58) 


or 


1 a I 1 
z Vatan = A) = (Cue Pe F CunPetap) 


= Qe [Z (ato Cee EE A eer (4.59) 


1 re 
= Roan -o — (Guat, + Cua, operon) | 
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Comparing coefficients of w/, and Pitan gives 


Čo = O02, (4.60) 
A a 
Cie =C t A (2,01, 4, 1) (4.61) 
= 2g Cue an + Qai. (4.62) 
It is consistent to set 
Ci=0: (4.63) 


For Cx we then find the transformation rule (4.62), which resembles the 
transformation behavior of the continuum gauge potentials quite closely. 
By analogy with the continuum theory we try for the field strength the 
form 


Cuve = DiCve z Dy Cpa 
1 ; 
= g (Curtan a Cvr) = tCuaCr,e+ap = (u bi v). (4.64) 
We find that C,,2 indeed transforms homogeneously, 


Cpu = QC prr (4.65) 


Vax a+afitav? 


and consequently Tr (CuvsChvs) is gauge invariant ((4.62) implies that 
C vg cannot be Hermitian in general). 

The question is now that of how to parameterize the matrix Cz in a 
way consistent with the transformation rule (4.62). This can be answered 
by looking at the case Cuz = 0, as in the continuum in the previous 


section. Then 
l i 
Cl, = Qzið, Q} = — (220% taa — (4.66) 


which suggests that we write 
Cus = (Ups -1), (4.67) 


where U,, is a unitary matrix of the same form as Qg, ie. it is a 
group element in the same representation of the gauge group G. This 
parameterization of Cx is indeed consistent with the transformation 
rule (4.62), since it gives 
z t 
Urz = QU p24 ap (4.68) 


To connect with the gauge potentials G} (x) in the continuum we write 


Upo =e Gu, Gua = OFT (4.69) 
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and identify 
k k 
Gia = Gi (2). (4.70) 


More precisely, let GE (x) be smooth gauge potentials in the continuum 
which we evaluate at the lattice points x, = m,a. Then aG,(x) — 0 as 
a — 0, and by construction 


Cua — G(x), Cuve > Gunl®)s (4.71) 


where G,,,(x) is the continuum form (4.48). 
A possible lattice-regulated gauge-theory action is now given by 


i= = a, 
SSE X, (eu = Po Yu Di epr) ate Vey 


1 
+ ipa iiih (4.72) 


with p the representation-dependent constant defined in (4.33). Evi- 
dently, upon inserting Ye = V(x), Ye = P(x) and GE, = G{(x) with 
smooth functions y(x), (x) and G(x), this action reduces to the 
continuum form (4.54) in the limit a — 0. The action (4.72) is not yet 
satisfactory in its fermion part: it describes too many fermions in the 
scaling region — this is the notorious phenomenon of ‘fermion doubling’. 
We shall come back to this in a later chapter. 

The transformation property (4.68) can be written in a more sugges- 
tive form by using the notation 


Oy ptaa = Oya Ue+aji,x = Ut (4.73) 
because then 
U, y = Oy GSO Pep: (4.74) 


This notation suggests that it is natural to think of Uz z+añ as belonging 
to the link (x, «+ aj) of the lattice, rather than having four Uiz, . . ., Use 
belonging to the site x, as illustrated in figure 4.1. 

In fact, there is a better way of associating Uz, with the continuum 
gauge field G,,(x): by identifying Uz, with the parallel transporter from 
y to x along the link (x,y). The parallel transporter U(Cz,) along a 
path Cry from y to x is defined by the path-ordered product (in the 
continuum) 


U (Czy) = P exp : (4.75) 


—i J diy, Gy(2) 


cy 
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x x+Îû x+ûÂ x 


Fig. 4.1. Illustration of Ups and Uls- 


where P denotes the path ordering. The path-ordered product can 
be defined by dividing the path into N segments (Zn, zn + dzn), n = 
0,..., N — 1, and taking the ordered product, 


Zn4+1 
-- -exp -f dzy Gy(2)| 


n 


U(Cry)= lim exp -iy dz, Gu(z) 


N—oo 
ZN-1 


“+s exp j- a dzy Gy(2)| 
= lim [1 — i dzou Gu(zo)|---[L—idzn-1pGy(zn_-1)]. (4.76) 


N—-oo 


Under a gauge transformation G’, (z) = Q(z)G,,(z)Q"(z) + Q(z)id,,2*(z) 
we have 
1— i dznpG, (Zn) = Un [T (zn) —tdznp G u(n) (zn) 
+ dznu uQ (zn)] (4.77) 
= Un) [1 — i dzny Gy(%n)]O" (zn41) + O(d2?), 


such that all the Q’s cancel out in U (Cry) except at the end points, 
U' (Coy) = Q(x)U (Cay) Nİ (y). (4.78) 


Hence, U(C,,) parallel transports vectors under the gauge group at y 
to vectors at x along the path Czy. It is known that this way of associ- 
ating Ur, with the continuum gauge field via U(Cz,) leads to smaller 
discretization errors in the action than does use of (4.69) and (4.70). For 
our lattice theory, however, the basic variables are the Uz 2+aa = Une, 
one for each link (x, x + aĝ). 

Expressing everything in terms of Uz,.+a, simplifies things and makes 
the transformation properties more transparent: 


1 
Dube = g Uzatan Vatan = Wx), (4.79) 


(7 
Cuve = Ga Ua. anVa+af,e+aptar ane Us,e+00Uc+a0,a+ap+a0), 
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x+  x+U+V 


x x+ 
(a) (b) (c) 


Fig. 4.2. Illustration of the terms in the action Tr Uyve (a), be xara (b) 
and {r+aaU jae (c). 


1 


Tr (Cure C jive) = z3 Tr (2 — Uwe — Ut,.), 


Vex 


Uva = Ula = Uz } apUz aĝ, xr+aĝû+4 aol, tafit aba taps tab a: 


We see in (4.79) how the covariant derivative involves parallel transport. 
The action can be written as 


= 5 5, (PauU nabetan = Porap nO ieVe)s (4.80) 
zu 
which is illustrated in figure 4.2. The arrows representing U, and 
U Ae are chosen such that they flow from 7 to w, which conforms to 
a convention for the Feynman rules in the weak-coupling expansion. 
We continue with the theory without fermions. The elementary square 
of a hypercubic lattice is called a plaquette. It may be denoted by p 
(p = (a, u,v; u < v) and the product of the U’s around p is denoted by 
U,. The gauge-field part of the action can then be written as 


S(U) = Ea 5 Re Tr U, + constant, (4.81) 
IP 

in lattice units (a = 1). This action depends on the representation of the 
gauge group chosen for the U’s, which in our derivation was dictated by 
the representation carried by w and 7. This is in contrast to the classical 
action which is independent of the group representation, as we saw in 

the previous section (below (4.46)). 
To make the representation dependence explicit, we will from now 
on assume U to be in the defining representation of the gauge group. 
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Supposing that (4.81) refers to representation D” (U), we replace p > pr 
and Tr Up — Xr(Up), with Xr the character (trace) in the representation 
r. A more general lattice action may involve a sum over representations 


T, 


a Re xr(Up) 
S(U) = 22 ay (4.82) 
y-(U) = Tr [D"(U)], (4.83) 


which reduces to the classical gauge-field action in the classical contin- 
uum limit, with 


1 Br Pr 
g SO ae dr = Xr(1), (4.84) 


where d, is the dimension of representation r. For example, in an action 
containing both the fundamental irrep f and the adjoint irrep a of the 
gauge group SU (n), we have df = n, pf = 1/2, pa = n, da = n? — 1 (cf. 
appendices A.1 and A.2), and 


1/9? = By /2n + Ban/(n? — 1). (4.85) 


The simplest lattice formulation of QCD has a plaquette action with only 
the fundamental representation. It is usually called the Wilson action 
[39]. 


4.4 Gauge-invariant lattice path integral 


We continue with a pure gauge theory (i.e. containing only gauge fields). 
The dynamical variables U,,z are in the fundamental representation of 
the gauge group G and the system is described by the gauge-invariant 
action S(U). If the gauge group is compact we can define a lattice path 
integral by 


Z= J Pu exisv)), DU = | | ye. (4.86) 


zu 
Here dU for a given link is a volume element in group space. For a 
compact group the total volume of group space is finite and therefore Z 
is well defined for a finite lattice. We want Z to be gauge invariant, so 
we want the integration measure DU to satisfy 

DU = DU?, UR, O00 30) (4.87) 


x+aĝ' 
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On a given link with link variable U, gauge transformations U” = QU at 
are combinations of left and right translations in group space: 
U’ =QU, left, (4.88) 
U’ =UQ, right. (4.89) 
A measure that is invariant under such translations in group space is 


well known: the Hurewicz or Haar measure. It can be written in a form 
familiar from general relativity, 


dU = vy/det g | | da”, (4.90) 
k 


where the a* are coordinates on group space, U = U (a), and gpi is a 
metric on this space, of the form 


1 OU Out 1 
gkl p (2 a) P 2 ( ) 
The normalization constant v will be chosen such that 
fw =a (4.92) 


The metric (4.91) is covariant under coordinate transformations a* = 


fE (a), 
N ða™ ða” 
Ikt = Imn Bok Bol” 


(4.93) 


The Jacobian factors of coordinate transformations cancel out in (4.90), 
such that dU’ = dU. Since left and right translations are special cases 
of coordinate transformations, e.g. U = Q'U’ corresponds to U (a) = 
QİU(a’), the measure is again invariant, dU’ = dU, or 


d(QU) = d(UQ) = dU. (4.94) 


The above may be illustrated by the exponential parameterization. 
For the one-dimensional group U(1) we have 


7d 
U =exp(ia), gm =1, fu-f S =i (4.95) 
Be 2i 
For the (n? — 1)-dimensional group SU (n) we have 


U = exp(ia*t,), Jkl = SkmSim; (4.96) 


where we used (4.41), (4.43) and 0U?/da* = —Ut 0U/da* Ut, which 
follows from differentiating UU +—=1. An explicit form for Sym is given 
in (A.43) in appendix A.2. 
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This completes the definition of the partition function Z. We shall 
introduce gauge-invariant observables later. One such object we know 
already: the plaquette field TrU, 2, or more simply TrU,. It is a 
composite field in QCD, which will later be seen to describe ‘bound 
states of glue’ — glueballs. Expectation values are defined as usual, for 
example 


(Tr Up Tr Up) z- | pu exp|S(U)] Tr U, Tr Up. (4.97) 


We stress at this point that gauge fixing (which is familiar in the formal 
continuum approach) is not necessary with the non-perturbative lattice 
regulator, for a compact gauge group. The need for gauge fixing shows 
up again when we attempt to make a weak-coupling expansion. 


4.5 Compact and non-compact Abelian gauge theory 


Let us write the formulas obtained so far more explicitly for U(1): 


Una = exp(—iaApax), (4.98) 
Uwe = exp[—ta(Apae + Avetapa — Austas — Avz)| (4.99) 
= exp(—ia? Five), (4.100) 

Eye oO, — Apes (4.101) 
s= Er cH 22 — 2 cos(a? Fava )], (4.102) 


fo- S= (4.103) 


Gauge transformations 2 = exp(iw,) are linear for the gauge potentials, 


Pe is (4.104) 
GA, = GAys + Weta — Wr, mod(2r), (4.105) 
except for the mod(27r). 
We used the fundamental representation in S. The more general form 
(4.82) is a sum over irreps r = integer, with D”(U) = exp(—iraA) = 
Xr(U), dy = 1, and p, = r?, which takes the form of a Fourier series: 


1 
=z 5 5 B, cos(ra? F vz) + constant, (4.106) 


zuv r 


-= 5y B.r? (4.107) 
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We could for example choose the 8, such that 


S= “7 S~[Fiv, mod(2m/a?)]. (4.108) 


LPL 


The above is called the compact U(1) gauge theory. It is clear that 
there is also a non-compact version of the Abelian gauge theory, with 
gauge transformations ws € R acting on A,x as in (4.105), but without 
the mod(2z), GA ie = dÅ x + Wr+añù — Wr, With Fy, as in (4.101), and 
the simple action 


1 
S(A) = “a De eee (4.109) 


zuv 


In this case the gauge-invariant measure is given by 


fpa = m d(aAyx): (4.110) 


However, the path integral 
Z= [pa exp[S'(A)] (4.111) 


is ill defined because it is divergent. The reason is that f DA con- 
tains also an integration over all gauge transformations, which are 
unrestrained by the gauge-invariant weight exp S(A). As a consequence 
Z is proportional to the volume of the gauge group f DQ. For the 
non-compact group G = R this is [Į [, ees dw, which is infinite. On the 
other hand, this divergence formally cancels out in expectation values of 
gauge-invariant observables and e.g. Monte Carlo computations based 
on (4.111) still make sense. 

To define (4.111) for the non-compact formulation, gauge fixing is 
needed. A suitable partition function is now given by 


Z= | DA exp 


S(A) — ay S(O Aye)? |, (4.112) 
zu 


where 0}, = -ð is the backward derivative, 0, Aye = (Apx—Apx—aa)/@- 
See problem 5(i) for more details. 
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4.6 Hilbert space and transfer operator 


We shall show here that the path integral 


- (Tl) eSU) (4.113) 


can be expressed as the trace of a positive Hermitian transfer operator 
T in Hilbert space, 


Z=TrT, (4.114) 


where N is the number of time slices, thus providing the quantum- 
mechanical interpretation. 

This Hilbert space is set up in the coordinate representation. The 
coordinates are Um, m = 1,2,3, corresponding to the spatial link 
variables. A state |W) has a wavefunction Y(U) = (U|w) depending on 
the Umx. The basis states |U} are eigenstates of operators (Ûmx)ab, where 


a and b denote the matrix elements (a,b = 1, ..., n for SU(n)): 
aaa U= Uara: (4.115) 
In a parameterization U = U(a) with real parameters a* one may 


think of the usual coordinate representation for Hermitian operators a": 


é*\a) = ala), Uap = U(a)as, and |U) = op The Hermitian conjugate 
matrix UÝ corresponds to the operator UL, = = U% (a). We continue with 
the notation |U) for the basis states. The basis is orthonormal and 
complete 


(UU) = |] 60, U (4.116) 


x,m 


- /(U a |U) (UI, (4.117) 
such that 


(d1| #2) -J(I dnx) Yi (U)v2(U). (4.118) 


The delta function ô(U’, U) corresponds to the measure dU such that 
J dU 5(U,U") = 1, which can of course be made explicit in a parameter- 
ization U (a). 
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After this specification of Hilbert space the trace in Z = Tr TN can 
be written more explicitly as 


where n indicates the U variables in time slice n. Notice that the timelike 
link variables U4xn are not indicated explicitly in (4.119); these are 
hidden in T. 

We now have to work the path integral (4.113) into the form (4.119). 
It is useful for later to allow for different lattice spacings in time and 
space, a, and a. Using a notation in which the x, are in lattice units 
(i.e. x and z4 = n become integers), but keeping the a’s, the pure- 
gauge part of the action (4.80), X zuu Tt Uj«/2g’pa*, takes the form 
aay Seale; 2 Re Tr Usjxn/g?a? + wae; 2Re Tr Uijxn/g?a7] (p = 1/2 
in the fundamental representation), or 


2f[a at 
S= (E Eremon + #5 remu), (4.120) 


g2 
a 
g t Pt Ps 


N-1 


Tr?’ = II 


n=0 


(4.119) 


| 


where ps and p, are spacelike and timelike plaquettes, Up, = Uijxn, 
Up, = Usjxn. All the lattice-distance dependence is in the ratio a;/a. 
This dependence is really a coupling-constant dependence, one coupling 
g’a/a; for the timelike plaquettes and another g?a;/a for the spacelike 
plaquettes. Inspection of (4.113) with action (4.120) shows that T can 
be identified in the form 


m 1 W R 1 z 
Pag ae eT aW (4.121) 
A —?2 K 
Ŵ = Fa XO Re lr Û,,, (4.122) 
Ps 


with the operator fî *% given by the matrix elements 


x 2 
(U"|Tre|U) = I] [anes] 3" Re Tr (UmseUax+mUt,Ul,) J 


(4.123) 
The way the U4x enter in (4.123) can be viewed as a gauge transforma- 
tion on Um», 


UL = Um»! (4.124) 


atm? 


with Q, = U, Ds Equivalently we can view this as a gauge transforma- 
tion on Uj x. There is an integral over all such gauge transformations. 
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We can write this in operator notation as follows. Define the gauge- 
transformation operator D(Q) by 


DDU) = jU}. (4.125) 
Then 
(U|D(Q) p) = (Uh) = Y(U’). (4.126) 


This operator is a unitary representation of the gauge group of time- 
independent gauge transformations in Hilbert space. Define furthermore 


Po by 
= J (11 2o) DO). (4.127) 


It follows that 7%, can be written as 
Te = TP = PoT x, (4.128) 


with Tx given by 


(U\TK|U) = lI exp E Re Tr Cm) (4.129) 


The operator Py is the projector onto the gauge-invariant subspace of 
Hilbert space. This follows from the fact that D(Q) is a representation 
of the gauge group, 


D(Q,)D(Q) = D(Q,Q), (4.130) 
D(Q4)Po - { (Tl, ) bee 19) = J (Tae. D(Q,Q) 

= Ê (4.131) 

= PyD(), (4.132) 

Ê? = Py. (4.133) 


We used the invariance of the integration measure in group space and 
the normalization f dQ, = 1. It follows that a state |y} of the form 
lp) = Pold) is gauge invariant, D(Q)|) = |Y). It also follows easily by 
taking matrix elements that Py commutes with W. 

We shall show in the next section that Ty is a positive operator. It 
can therefore be written in the from 


Te =e **, (4.134) 
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with K a Hermitian operator. 
Summarizing, the path integral leads naturally to a quantum-mech- 
anical Hilbert space and a transfer operator 


renee ids ee or ira es i 
T = Pye 20 eK oe guW — eT 3nW eak e zW Ô, (4.135) 


which is positive and defines therefore a Hermitian Hamiltonian H : 


T = Pye = eu py. (4.136) 


We recognize a kinetic part (K) and potential part (W), analogously to 
the example of the scalar field. The form (4.129) for the matrix elements 
of Tx shows a plaquette in the temporal gauge Us, = 1. The path integral 
has automatically provided the supplementary condition that has to be 
imposed in this ‘gauge’: physical states must be gauge invariant (i.e. 
invariant under time-independent gauge transformations), 


|phys) = Po|phys), D(Q)|phys) = |phys). (4.137) 


In the continuum this corresponds to the ‘Gauss law’ condition (cf. 
appendix B). 


4.7 The kinetic-energy operator 


As we can see from its definition (4.129), the kinetic-energy transfer op- 
erator Tx is a product of uncoupled link operators. So let us concentrate 
on a single link (x, x+) and simple states |Y} for which Y(U) depends 
only on Umx. To simplify the notation we write U = Umx. Then the 
single-link kinetic transfer operator is given by 


(U'|T1|U) = exp[x Re Tr (UU")], (4.138) 
k= a ; (4.139) 
Gat 


where the subscript 1 reminds us of the fact that we are dealing with a 
single link. 

Realizing that ReTr(UU") may be taken as the distance between 
the points U and U’ in group space, we note that (4.138) is analogous 
to the expression (2.15) in quantum mechanics, which also involved a 
translation in the coordinates. So we may expect to gain understanding 
here too by introducing translation operators. Left and right translations 
L(V) and R(V) can be defined by 


L(V)|U) = IVtu), (4.140) 
R(V)|U) = |UV). (4.141) 
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By comparing matrix elements we see that Tx can be written as 


Te = jw exp[« Re Tr V] L(V), (4.142) 
= / dV exp[kRe Tr V] R(V). (4.143) 


The eigenstates of the translation operators can be found among the 
eigenstates of the Laplacian on group space, as summarized in appendix 
A.3 (eq. (A.76)). The eigenfunctions are the finite-dimensional unitary 
irreducible representations (irreps) D? „(U) of the group, 

U > Dy, (U) = (U|rmn). (4.144) 


Here r labels the irreps and m and n label the matrix elements. These 
unitary matrices form a complete orthogonal set of basis functions, 


J PEDE o DEO) = bi E (4.145) 


dr’ 


where d, is the dimension of the representation (D"(U) is a d, x d, 
matrix). A function (U) can be expanded as 


Y(U) = (Ul) = X. Yrmndr Dinn (U), (4.147) 


rmn 


with the inversion 
Yrmn = (rmn|p)} = fw Dinn (UY Y(U). (4.148) 
The action of Ty on |Y} now follows from 


(U|TKi\b) = | dV exp(kReTrV) (U|L(V)|W) (4.149) 


= 5 Prmndr / dV exp(k Re Tr V) D"(VU) mn 


rmn 
Using the group-representation property D”(VU) = D"(V)D" (U), the 
integral in the above expression, i.e. the complex conjugate of 


Crmn = J N Diny exp(k Re Tr V), (4.150) 


is the coefficient for the expansion of the exponential in irreps, 


exp(« Re Tr V) = X. drcrmn Dian (V), (4.151) 


rmn 
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as follows from the orthogonality of the irreps. A change of variables 
V — V1 in (4.150) shows that Crmn = Cxnm- Making a transformation 
of variables V — WVW', with arbitrary group element W, gives the 
relation 


Crmn De m (W)crmn A): (4.152) 
Using Schur’s lemma it follows that Crmn can be written in the form 
Crmn = Cr Omns (4.153) 


with real c,. Returning to (4.149) we get 


rmn 


Every irrep r is just multiplied by the number cr. The irrep states |rmn) 
are eigenstates of Tx, with eigenvalue cr, 


TK1|rmn) = cr |rmn). (4.155) 


The relation (4.153) holds generally for expansion coefficients of func- 
tions on the group which are invariant under V — WVW', ice. class 
functions. These have a character expansion, 


exp(« Re Tr V) a crXr(V (4.156) 

with 
Xr(V) = Te D"(V) = Dr, (V) (4.157) 
the character in the representation r. The characters are orthonormal, 
fa Xr(V)* Xs (V) = drs, (4.158) 


as follows from (4.145). Writing 


E| eV, (4.159) 


drCr = fa exp| Z x(V) + 5 


where f is the fundamental (defining) representation, we can show that 
the c, are positive. Expansion of the right-hand side of (4.159) in powers 
of k leads to 


ca oT > Ha k)! [wv pV) Ex VN E XV)". 
n=0 Š k=0 `” 6 
(4.160) 
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Reducing the tensor product representation D"! --. D"! to irreducible 
components, we see that 


[Wx Voxel) = n(r1,.. Trk) (4.161) 


is the number of times the singlet irrep occurs. Since « is positive the cr 
are positive. 

It follows that the eigenvalues of Tki are positive, i.e. Tee is a positive 
operator. The full kinetic transfer operator Te: being the product of 
single-link operators Tees is also positive. 


4.8 Hamiltonian for continuous time 


In the Hamiltonian approach to lattice gauge-theory time is kept contin- 
uous while space is replaced by a lattice. Taking the formal limit a, — 0 
we get the appropriate Hamiltonian from 


T = Py exp [-ael + O(a?)|. (4.162) 


Some work is required for Tx as a — 0 since it depends explicitly on 
a/a, through « = 2a/g?a;. Consider again the form (4.142) for one link, 


Tk = [wv exp[k Re Tr V] L(V). (4.163) 


Since k — co as a; — 0 we can evaluate this expression with the saddle- 
point method. The highest saddle point is at V = 1. It is convenient to 
use the exponential parameterization, 


V =exp(ia*t,), (4.164) 
Re Tr V = dy — tata* + O(a4), (4.165) 
dV = | | dar [1 + O(0?)], (4.166) 

k 
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where we have written the left translator Ê in terms of its generators 
X;(L) (cf. appendix A.3). Gaussian integration over a” gives 


A la 

Tgı = constant x (1 ——X?+.. i (4.168) 
K 

R? = Xp (L)Xp(L) = Xx(R)Xx(R), (4.169) 


constant = / | | dex expl«(dy — a? /4). (4.170) 
k 
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Here the constant could have been avoided by changing the measure in 
the path integral by an overall constant. 
The Hamiltonian can be written as 


H=K+W (4.171) 


2 
g A 
= 72 X? + =) Re Tr (1 — Ôp.) | + constant, 


Ps 


where the ls denote the spatial links and ps the spatial plaquettes. In 
the coordinate representation U — U and X? becomes the covariant 
Laplacian on group space. The above Hamiltonian is known as the 
Kogut—Susskind Hamiltonian [40]. 

It is good to keep in mind that, with continuous time and a lattice in 
space, the symmetry between time and space is broken. It is necessary 
to renormalize the velocity of light, which amounts to introducing dif- 
ferent couplings gj, and gj, for the kinetic and potential terms in the 
Hamiltonian (4.171). 

The formal continuum limit a — 0, Une = exp(—-iaGyz) > 1 -— 
iaG,(x)+- -- leads to the formal continuum Hamiltonian in the temporal 


gauge: 

1 
H= fè: (S IPI? + [iF = pee G E+} 5B i) 

4g 

(4.172) 

where 
nee ae p= The Hy. k=1,2,3 (4.173) 
k 5G? ’ ge RUN. ’ 7 ama abate) d 
GP, = 1G, — OmGP + frqrGiG",, (4.174) 


and the conventional ‘electric’ and ‘magnetic’ fields are given by 


(4.175) 


1 
EP = -gI}, B? = gC m 
In the continuum the canonical quantization in the temporal gauge is 
often lacking in text books, because it is less suited for weak-coupling 
perturbation theory. A brief exposition is given in appendix B. 
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4.9 Wilson loop and Polyakov line 


In the classical Maxwell theory an external current J” enters in the 
weight factor in the real-time path integral as 


eS _, eSti f dia JHA, (4.176) 


For a line current along a path z” (r), 


= J ae oo) S@=i@), (4.177) 


the phase exp(i f JA,,) takes the form 


exp f l dz" A,(2)| l (4.178) 


where the integral is along the path specified by z(r). The current is 
‘conserved’ (i.e. ©, J” = 0) for a closed path or a never-ending path. In 
classical electrodynamics one thinks of z2” (7) as the trajectory of a point 
charge. Then dz“/dr is timelike. For a positive static point charge at 
the origin the phase is 


exp [ | dz? Ao(0, a| ; (4.179) 


We may however choose the external current as we like and use also 
spacelike dz/dr. For a line current running along the coordinate 3-axis 
the phase is 


epli [ ae? Aa(0,0,24,0)]. (4.180) 

The Euclidean form is obtained from the Minkowski form by the 

substitution J? = —iJy, dz? = —idz,, Ag = iAy. The phase remains 
a phase, 


(4.181) 


4 
exp pe dz,A 
p=1 


The source affects the places where the time components enter in the 
action and we have to take a second look at the derivation of the transfer 
operator. Consider therefore first in the compact U(1) theory the path 


integral 
n= DU exp 


(4.182) 


)+ aoe Sie 
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C 


Fig. 4.3. A contour C specifying a line current or Wilson loop. 


1 

S(U) = re 2 Uve: (4.183) 
Ung = exp(—i Aux), (4.184) 

Uve = expli(Apr+o — Aur Angi Aye): (4.185) 


We have written the source term in conventional Euclidean form as a 
real-looking addition to S(U), but the current J„ is purely imaginary. 
For a line current of unit strength over a closed contour C as illustrated 
in figure 4.3 we have 


Jax =—i for links (x, x + ĝ) € C 
= +i for links (x + ĝ, x) € C 


=0 otherwise. (4.186) 
This current is ‘conserved’, 
3, Jye = X (Jye — Juang) =0, (4.187) 
H 


and the integrand of the path integral is gauge invariant. The phase 
factor associated with the current can be written in another way, 


exp (= Jaren) =] [v =u), (4.188) 
£u leC 

where l denotes a directed link, U; = Ups for l = (x,x + jt). Such a 
product U(C) of U’s around a loop C is called a Wilson loop [39]. It is 
gauge invariant. The simplest Wilson loop is the plaquette U pve- 

The Wilson-loop form of the interaction with an external line source 
generalizes easily to non-Abelian gauge theories. For a source in irrep r 
we have 


Tr D'(U(C)) = xr(U(C)), (4.189) 


with D’(U(C)) the ordered product of the link matrices D"(U;) along 
the loop C. Denoting the links l by the pair of neighbors (x,y), we have 
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for example in the fundamental representation 
U(C) = Tr (Us 2.U ny03 Urpi). (4.190) 


The gauge invariance is obvious: the gauge transformations cancel out 
pairwise in the product along the closed loop. 

Consider now the derivation of the transfer operator. For the parts 
of C where it runs in spacelike directions it represents an operator in 
Hilbert space through U; —> U; as before. What about the timelike links? 
Suppose that between two time slices there are only two such links, say 
the links (y, y + 4) and (z+ Â, z). Then, for these time slices, (4.123) is 
modified to 


(UPI) = J f att expt +] Dian (Cay) Dy (Uh (4.191) 


where exp|---] is the same as in (4.123) and the indices m,n, p,q hook 
up to the other D”’s of the Wilson loop. We see that the operator Po 
defined in (4.127) is replaced by 


Po > | TL ave DV) Din Vy) DV) (4.192) 


where we used the notation Q} = Vx = Usx, dQ = dV. The gauge- 
transformation operator D(V) is the product of operators D(Vx) at sites 
x. With the notation 


piz / dV Diyn (Va) DV), (4.193) 


the right-hand side of (4.192) can be written as 


P a pre, (4.194) 
with 
Ê = |] 2~* (4.195) 
xfZY,Z 


the projector onto the gauge-invariant subspace except at y and z. 
The irrep 7 is the Hermitian conjugate of the irrep r. The operator 
Êx projects onto the subspace transforming at x in the irrep r in the 
following way. Let |skl) be an irrep state for some link (u, v), 


(U|skl) = Dj(U), U = aw: (4.196) 
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Fig. 4.4. A rectangular timelike Wilson loop. 


then, for x = u, 
UI rlen) = f AV Diy V)DiVO) = 8r Diu (U), 
2 psu ,[snl) = |sml); (4.197) 
similarly, for x = v, 


Sl (UIP |skm) = J dV D? „(V) Dèn (UV?) = ô»s Di, (U), 


m 


XO Psy |skm) = |skn). (4.198) 


m 


The Ê” are Hermitian projectors in the following sense: 


(Pre yra ps, (4.199) 
D e eee (4.200) 


n 


Consider next a Wilson loop of the form shown in figure 4.4. In 
the U(1) case this corresponds to two charges that are static at times 
between tı and t2, a charge +1 at z and a charge —1 at y: 


Ja(x, x4) = —ilôx y — Oxals ty < £4 < t2. (4.201) 


In the SU (n) case the interpretation is evidently that we have a source in 
irrep 7 at y and a source in irrep r at z. If r is the defining representation 
of the gauge group SU(3) we say that we have a static quark at z and 
an antiquark at y. The path-integral average of this Wilson loop 


-2 / DU exp[S(U)] x-(U(C)), (4.202) 
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Z= J DU exp[S(U)] = Tr ÎN, (4.203) 

can be expressed as 
W(C) = Tr [EN DEO) (P)! Pe Dral) AZ]. (4201) 


Here C is the rectangular loop shown in figure 4.4, t = tg — tı, Û is the 
operator corresponding to the product of U’s at time tı and similarly 
for Ut at to, and Î' is the transfer operator with P% (cf. (4.195)). In 
the zero-temperature limit N — oo, the trace in (4.204) is replaced 
by the expectation value in the ground state |0), T'|0) = exp(—Eo) |0). 
Inserting intermediate states |n), which are eigenstates of T” Prz Pry 
with eigenvalues exp(— E! ), gives the representation 


W(C) =~ Rye En-ot, N= 00, (4.205) 


n 


where R, and E’, depend on y and z. For large times t the lowest energy 
level EG will dominate. This is the energy of the ground state |0 rmn) 
in that sector of Hilbert space which corresponds to the static sources 
at y and z. By definition, the difference Ej — Eo is the potential V: 


Ww(C) se Ro en, V= v"(y, z), Ro = Roly, 2), (4.206) 
Ro = X$ O|Diun(U*)[0' rmn) (0! rmn| Din (Ô)10). 


mn 


Hence, we have found a formula for the static potential (e.g. for a quark— 
antiquark pair) in terms of the expectation value of a Wilson loop. 
Another interesting quantity is the Polyakov line [41], which is a string 
of U’s closed by periodic boundary conditions in the Euclidean time 
direction. (In case of closure by periodic boundary conditions in the 
spatial direction, this is often called a Wilson line.) For example, the 
situation illustrated in figure 4.5 corresponds to a single static quark, a 
source which is always switched on. The expectation value W(L) of the 
Polyakov line operator at x, e.g. in the defining representation 


Tr U(L) = Tr (Uax,oU4x,1 ++» U4x,N-1); (4.207) 


can be written as 
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Fig. 4.5. A Polyakov line. 


It is the free energy of a static quark at inverse temperature N. For 
temperature going to zero it behaves as 


W(L) xe, Noo, (4.209) 


with e the self-energy of a static quark. 


4.10 Problems 

(i) The case SU(2) 

(a) Work out the metric gx: = 2 Tr [(OU/da;) (OUT /Aa;)] using 

the exponential parameterization U = exp(ia*7,/2). 

(b) Determine the normalization constant v in 

dU = vy/det g da; daz daz such that f dU = 1. 

(c) Find the characters y;(U) = Tr D/(U) as a function of a” 
j= 51,3,...). 
d) Check the orthogonality relation f dU xj(U)x%,(U) = 653". 
e) Verify for a one-link state that ı (U|, (L) |b); = Xg (L)yı (U). 
f) Verify that X2(L) = X2(R). 
(ii) Two-dimensional SU(n) gauge-field theory 

Consider two-dimensional SU(n) gauge theory with action 


PSs ee eS 


S= 5 L(U,), (4.210) 
L(U) = ap Fr Rex (U), (4.211) 
XO Aree = 1 (4.212) 


and periodic boundary conditions in space. In ordinary units g has 
the dimension of mass (in two dimensions), such that in lattice 
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units g —> 0 in the continuum limit. The transfer operator is given 
by 


T= fk, Tk =|[Tx, (4.213) 

l 
where l, 1 = 0, ..., N — 1 labels the spatial links (2,2 + 1), 
x = 0,..., N — 1. Since there is only one space direction, the link 


variables in the spatial direction may be denoted by Uy. Consider 
the wavefunction 


Vtrmny (U) = | | Pin. (Us), (4.214) 


which is just a product of irreps rz, at each zx. 
(a) Show that 


Poir m,n} (U) = (U|Pold) (4.215) 
= d ò Tr [D (Uo) D™ (U1) --- D1 (Un-1)] 
X Õrorı n Ory —ir9 Ônomı Onyme an On~—1mo- 


Hence, the gauge-invariant component is non-zero only if all irreps 
are equal, say r, and it is a Wilson line in the spatial direction. 
(b) Show that the energy spectrum of the system is given by 


E, = -N [m ao + m(&2)], (4.216) 
where 
fa et x,(U) 
(xr)1 = Fat eb) (4.217) 


(c) Show for g — 0, using a saddle-point expansion about U = 1, 
that 


on 4 103g” + O(g), (4.218) 
dr 

where C3 is the value of the quadratic Casimir operator in the 
representation r. This result holds independently of the detailed 
choice of «p’s, as long as they satisfy the constraint (4.212), 

(d) Restoring the lattice spacing a, L = Na, deduce from the 
result above that, in the continuum limit, the energy spectrum 
takes the universal form 


E, — Eo = 49°C3L. (4.219) 
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(iii) Glueball masses and string tension 


Simple glueball operators may be defined in terms of the plaquette 
field TrU,, where p = (x,m,n) denotes a spacelike plaquette. 
When this operator acts on the ground state (vacuum state) 
it creates a state with the quantum numbers of the plaque- 
tte. Similarly, a string state may be created by the operator 
Oxy = Thee U;, where the links / belong to an open contour from 
x to y. The string state defined this way is not gauge invariant at 
x and y; it has to be interpreted as a state with external sources 
at these points. 

Using the transfer-operator formalism, derive to leading order 
a strong-coupling formula for the glueball mass corresponding to 
the plaquette, and for the string mass corresponding to Ux. y. 
Use lattice units a = a; = 1. Note that the potential-energy 
factors exp(—a,W/2) in the transfer operator may be neglected 
to leading order in 1/g?. 


5 
U(1) and SU(n) gauge theory 


In this chapter we make a first exploration of U(1) and SU(n) ‘pure 
gauge theories’ (i.e. without electrons or quarks etc.), the static potential 
and the glueball masses. 


5.1 Potential at weak coupling 


According to (4.206) the static potential V(r) in a gauge theory is given 
by the formula 
1 

V(r) =- Jim 7 ln W (r,t), (5.1) 
where W (r,t) is a rectangular r x t Wilson loop in a lattice of infinite 
extent in the time direction (figure 5.1). We shall first evaluate this 
formula for free gauge fields and then give the results of the first non- 
trivial order in the weak-coupling expansion. This will illustrate that 
(5.1) indeed gives the familiar Coulomb potential plus corrections. 


Ly > 
| 


Íz < 


<— f — 


Fig. 5.1. A rectangular Wilson loop for the evaluation of the potential. 
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First we consider the compact U(1) gauge theory (4.182), in which the 
external source J (x) specified in (4.186) serves to introduce the Wilson 
loop. In this case (5.1) can be rewritten as 


Vj Sia in| Fay: (5.2) 


The weak-coupling expansion can be obtained by substituting U,,(x) = 
exp|—igaA,,(x)] into the action, 


1 1 
S=-S (Fuel = Geel +), 63) 
LEV 
Puve oa Op Ave z Auz, (5.4) 


and expanding the path integral in the gauge coupling g. The first term 
in (5.3) is the usual free Maxwell action (non-compact U (1) theory). The 
other terms are interaction terms special to the compact U (1) theory. 

As usual, gauge fixing is necessary in the weak-coupling expansion. 
This can be done on the lattice in the same way as in the continuum 
formulation. We shall not go into details here (cf. problem (i)), and just 
state that the free part of S (the part quadratic in A,,) leads in the 
Feynman gauge to the propagator 

2 


a 
D v =06 v , 
wu (p) = bu >. (2 — 2cos ap,) 
1 
= Ou, ap—0. (5.5) 
P 
This is similar to the boson propagator (2.111). In position space 
n/a dt 2 
P ip(æ— a 
Dyy(a — y) = DY = by IP iple) 
pv (& — y) zy wy a Om € E, (2 — 2cosap,) 
1 


(x — y)?’ /a? > œ. (5.6) 


The large-x behavior of D u(x) corresponds to the small-p behavior of 
D (p). This can be shown with the help of the saddle-point method for 
evaluating the large-x behavior. 

To leading order in g?, Z(J) is given by 


Z(J) = e79 Lay Tu) Dpo(@—v) Joy) Z(0), (5.7) 


and 
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Fig. 5.2. Diagram illustrating 49° SIDI. 


(a) (b) (c) (d) (e) 


Fig. 5.3. Typical contributing diagrams. 


This expression leads to the diagram in figure 5.2. With the currents J 
flowing according to figure 5.1, the following types of contributions can 
be distinguished (figure 5.3). Diagram (d) is a self-energy contribution, 


t/2 

1 1, £558 

57 DIDI = 59 (i) D D44(0, z4 — ya), (5.9) 
(d) La,ysa=—t/2 


where the times tı and tz in figure 5.1 have been taken as +t/2. We 
may first sum over y4. For t > oo this summation converges at large y4 
and becomes independent of x4. The summation over y4 sets p4 in the 
Fourier representation for D to zero (cf. (2.90)), 


Ts 1a © 
59 IDJ ~-3gt $, Dul, z4- ya) 


(d) Ya =— o0 
T/a 4 2 
= -3t f d"p eipa(ta—ya) Q 
2 ata n) (2 — 2.cos apy) 


1 i. d°p a? 
= 59. 
2 —n/a (2m) ae — 2cos ap;) 


= —59°tv(0), (5.10) 
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1 2 3 


Fig. 5.4. Vertices in the compact U (1) theory. 


where 


n/a d f 2 
u(x) = / Pep, _* (5.11) 
—n/a (277) ja 2 — 2 cos apj) 


is the lattice-regularized Coulomb potential. Its numerical value at the 
origin is given by 
av(0) = 0.253... (5.12) 
The contribution of type (e) is given by 
y XŅOJDJ~ zi) f 
w a a me 


where we assumed r/a >> 1 such that the asymptotic form (5.6) is valid 
and the summations over x4 and y4 may be replaced by integrations. 
Proceeding as for diagram (d) we get 


t/2 1 
dx, d \ 
jo 4 Yt an2 (x4 — ya)? +r] 


(5.13) 


1, l» -e 1 
= DJ ~ =g°t d 
2" 27 mear Lo | Anea- ya) t rA 
Te on! oll 
= —g°t——. 5.14 
94 Arr ( ) 


From these example calculations it is clear that the diagrams of types 
(a), (b) and (c) do not grow linearly with t. Remembering that there are 
two contributions of types (d) and (e) (related by interchanging x and 
y) we find for the potential to order g? 


V(x) = 9?[u(0) — v(x)], (5.15) 


as expected. 

Let us now briefly consider higher-order corrections in the compact 
U(1) theory. The series (5.3) for S leads to interaction vertices of the 
type shown in figure 5.4, which are proportional to (ag)"~?. Their effect 
vanishes in the continuum limit, unless the powers of a are compensated 
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Fig. 5.5. A self-energy diagram in the compact U(1) theory. 


1 


by powers of a~* coming from divergent loop diagrams. An example 


of this is the self-energy diagram figure 5.5, which leads to a ‘vacuum- 
polarization tensor’ (cf. problem (ii)) 


Ilp) = —49° (SP? — papo) + O(a”), (5.16) 


and a modified propagator 


Diy = pôu + O(a") + Tyr (p), (5.17) 
Dp) = 29 uu + terms x PuPv, (5.18) 
Z(9?) = [L— 49° + Ol ~. (5.19) 


The terms x p py do not contribute to the Wilson loop because of gauge 
invariance, as expressed by ‘current conservation’ On ux = 0. Further 
analysis leads to the conclusion that there are no other effects of the 
self-interaction in the weak-coupling-expansion continuum limit. Note 
that Z(g?) is finite, i.e. it does not diverge as a > 0. 

We conclude that in the compact U(1) theory the potential is given 
by 


1 
V(r) = Ce re + constant + O(a”), > 00, (5.20) 
TT 
which is just a Coulomb potential. To make contact with the free 
Maxwell theory we identify the fine-structure constant a, 
e _ 9 Z(g") 
= — = +. 5.21 
es 4r An ( ) 
The compact U (1) theory is equivalent to the free Maxwell field at weak 
coupling. 
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Fig. 5.6. Gluon self-energy contribution to the Wilson loop. 


We now turn to the SU(n) gauge theory. A calculation to order 
gł gives in this case the result for the magnitude of the force, F(r), 
neglecting O(a?): 


F(r) = vn) = er fo + aus Im(5) + | + ovo"). 
(5.22) 


Here C% is the value of the quadratic Casimir operator in the representa- 
tion of the Wilson loop and c is a numerical constant which depends on 
lattice details. Some aspects of the calculation are described in [43]. The 
logarithm in (5.22) comes from the Feynman gauge self-energy contri- 
bution shown in figure 5.6, which is not present in the U(1) theory. The 
formula (5.22) exhibits the typical divergencies occuring in perturbation 


theory. It diverges logarithmically as a — 0. This problem is resolved 
by expressing physically measurable quantities in terms of each other. 
Here we shall choose an intuitive definition of a renormalized coupling 
constant gr at some reference length scale d, by writing 


= C29 
— 4rd’ 
This gr is defined independently of perturbation theory. Its expansion 
in g? follows from (5.22), 


F(d) (5.23) 


lin d? 
PaSa as 
which may be inverted, 

lin d? 

Ea CORC 


The original parameter g in the action has to depend on a if we want to 
get a gr independent of a. This dependence is here known incompletely: 
we cannot take the limit a — 0 in (5.25) because then the coefficient of 
gh blows up (and similarly for the higher-order coefficients). The limit 
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a — 0 will be discussed in the following sections. Insertion into (5.22) 
leads to the form 


lin 4 r? 


1 
P) = aOR ah) 620) 


from which all dependence on a has disappeared to this order in gr. The 
renormalizability of QCD implies that all divergences can be removed in 
this way to all orders in perturbation theory. 


5.2 Asymptotic freedom 


The perturbative form (5.26) is useless for r — 0 or r — ov, since then 
the logarithm blows up. It is useful only for r of order d, the distance 
scale used in the definition of the renormalized coupling constant gr. So 
let us take d = r from now on. Then gr = gr(r). We can extract 
more information from the weak-coupling expansion by considering 
renormalization-group beta functions, defined by 


6) 
Pr(gr) = =r apg (5.27) 


B(g) = —a Sy (5.28) 


It is assumed here that gr can be considered to depend only on r and 
not on a — its dependence on a is compensated by the dependence on a 
of g. Then the r- and a-dependence on the right-hand side of (5.27) and 
(5.28) can be converted into a gg- and g-dependence, respectively, using 
(5.25) and (5.24), giving 


lin 3 
Br(gr) = ~ 4872 GR (5.29) 
lin 35 
POS ye ae bs (5.30) 
Actually the first two terms in the expansions 
B(g) = b19? — Bog? Bog’ ae (5.31) 
Br (gr) = —Brigk — Progr — Br3gk — °° (5.32) 


of the two beta functions are equal. The argument for this is as follows. 
Let 


gr = Fi(t,g), (5.33) 


z) E E (5.34) 
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Make a scale transformation a — Aa, r — Ar, which does not affect 
t, and differentiate with respect to A, setting A = 1 afterwards. Then 
0/0 = a ð/ða = r O/Or, and 


Ogr _ = (34) _ OF 


—Br(gr) = Dr ~ Og \ON Dg B(g). (5.35) 


Inserting the expansions for 6(g) and 


gr = g + F(t)? + Ridge +, (5.36) 
g= g- Filt) +>, (5.37) 


gives 


—-Br(g) = [1 + 3F19? + O(g*)][Gig? + Bog? + O(9")] 
= [1+ 3Figk + O(gR)IIF19% — 301 Figk + BogR + OCR) 
= Bigh BoGp O(g). (5.38) 


Any coupling constant related to g by a series of the type (5.36) has the 
same beta function, so we may take the coefficient G2 from calculations 
in the continuum using dimensional regularization, { 


_ 102 lln 
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The remarkable fact in these formulas is that the beta functions are 
negative in a neighborhood of the origin, implying that the couplings 
become smaller as the length scale decreases. This property is called 
asymptotic freedom. As we shall see, it implies that g — 0 in the 
continuum limit. We come back to this in a later section. It suggests 
furthermore that perturbation theory in the renormalized coupling gr 
becomes reliable at short distances, provided that a ‘running gr’ can be 
used at the appropriate length or momentum scale. In the case of the 
potential V(r) there is only one relevant length scale, r, and we can use 
the r-dependence of gr(r) to our advantage, as will now be shown. 

The precise dependence of gg (r) for small r follows by integrating the 
differential equation (5.27), 


b2 bl, A= (5.39) 


Ogr = 

Olnr — —Br(gr); 
l gR dx 
mae r(x) 


f Other authors write 6o,1 for our (1,2. 
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a a 


1 hs 
= In gr + constant + O(g}). 5.40 
28; a B? g (9R) ( ) 
The integration constant can be partially combined with Inr to form a 
dimensionless quantity ln(rAvy) in a way that has become standard: 


1 a 
Big +a 
Note the ‘In @, convention’. Note also that Ay can be defined precisely 


only if the 8z term is taken into account — the O(g) term no longer 
involves a constant term. This formula can be inverted so as to give gr 


II 


—In(r?A2,) = 


In(G19%) + O(gR)- (5.41) 


as a function of r, 


Bigh = 5 — Goggins + O(m), (5.42) 
s = —In(r? Az). (5.43) 


Inserting this into the force formula (5.23) for d = r gives 


C2 By 
Arr? s+ (82/62)s-! Ins + O(s~? Ins)" 


F(r) = (5.44) 

So the short-distance behavior of the potential can be reliably com- 
puted (‘renormalization-group improved’) in QCD by means of the weak- 
coupling expansion. However, this expansion tells us nothing about the 
long-distance behavior, because gr(r) increases as r increases, making 
the first few terms of the weak-coupling expansion irrelevant in this 
regime. 

A second important implication of asymptotic freedom is the appli- 
cation of the renormalization-group equation to the bare coupling g. 
Integration of (5.28) leads to the analog of (5.41) for the bare coupling, 


1 & 

+ eos 
Ag Bf 
where we introduced the ‘lattice lambda scale’ Ag. The analog of (5.42), 


—In(a?A?) = In( Sig?) + O(9?), (5.45) 


ig? = 1/|In(a*Az)|, (5.46) 


shows that the bare coupling vanishes in the continuum limit a — 0. This 
means that the critical point of the theory (the one that is physically 
relevant, in case there is more than one) is known: it is g = 0. 
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The inverse of (5.45) can be written as 
1 
A = (Gig?) ee" + OCG?) (5.47) 
a 


This equation is sometimes accompanied by the phrase ‘dimensional 
transmutation’: the pure gauge theory has no dimensional parameters 
(such as mass terms) in its classical action and we may think of trans- 
forming the bare coupling g into the dimensional lambda scale via the 
arbitrary regularization scale 1/a. As we shall see later, all physical 
quantities with a dimension are proportional to the appropriate power 
of Ay (as in (1.4)). 

The Ay and Ay are examples of the QCD lambda scales which set the 
physical scale of the theory. They are all proportional and their ratios 
can be calculated in one-loop perturbation theory. Let us see how this is 
done for the ratio Ay/Ay. The one-loop relation (5.25) can be rewritten 
as 


1 1 d? 
ag agh b(a) +e] FOUR) ad 


Inserting this relation into (5.47) and letting a and d go to zero with 
d/a fixed, such that g and gr go to zero, gives 


Ee? = g _. 2 
Ai = zp (619R) P2/61 e-1/P19R[1 + O(GR)] (5.49) 
=A es. (5.50) 


Hence the ratio is determined by the constant c, which depends on the 
details of the regularization. 

A comparison of lambda scales on the lattice and in the continuum 
was done some time ago [45, 46, 47]. The relation with the popular 
MS-bar scheme (modified minimal subtraction scheme) in dimensional 
renormalization is 


Axs = exp[(1/16n — 0.0849780 n) / 31] (5.51) 
L 


= 19.82, SU(2) (5.52) 
= 28.81, SU(3). (5.53) 
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A calculation [48] of the constant c in the MS-bar scheme then gave the 
relation to the potential scheme Ay, (y = 0.57 - -- is Eulers’s constant) 


ty = exp[y — 1 — (1/16n — 0.095884 n) / 61] (5.54) 
L 
= 20.78, for SU(2) (5.55) 
= 30.19 for SU(3). (5.56) 


5.3 Strong-coupling expansion 


The strong-coupling expansion is an expansion in powers of 1/g?. It has 
the advantage over the weak-coupling expansion that it has a non-zero 
radius of convergence. A lot of effort has been put into using it as a 
method of computation, similarly to the high-temperature or hopping 
expansion for scalar field theories, see e.g. [6, 44]. One has to be able to 
match on to coupling values where the theory exhibits continuum be- 
havior. This turns out to be difficult for gauge theories. However, a very 
important aspect of the strong-coupling expansion is that it gives insight 
into the qualitative behavior of the theory, such as confinement and the 
particle spectrum. There are sophisticated methods for organizing the 
strong-coupling expansion, but here we give only a minimal outline of 
the basic ideas. 

We start again with the compact U(1) theory. Let p be the plaquette 
(a, U,V), u <v. We write the compact U(1) action in the form 


S = 5° L(Up) + constant, (5.57) 
L(U,) = zal, +U%), (5.58) 
aU Getler (5.59) 


In the path integral we expand exp S in powers of 1/g?. First consider 


Co 


l U, + Už)| = A vas Ur US" 5.60 
exp 272l pt p) A Sa 2g2 pp * (5. ) 
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Since UX = Us we put m = n + k and sum over n and k, k = 


p 
0,+1,+2,..., which gives 


SE) + (Up 4 WdE meas) 


=0 n= 


Co 


1 1 2n+k 
k —k fee adn 
+- + (U$ +U; Dane) bese, (5.61) 


Recognizing the modified Bessel function Tp, 


Co 


Tr(a) = =e (n+ k) wana (s ey ee) 


we find 
ee y (3 =) Uf. (5.63) 
gy 
k=- 


This is actually an expansion of exp L(U,) in irreducible representations 
of the group U(1), labeled by the integer k. It is useful to extract an 
overall factor, 


Lp) = Fav, (5.64) 
ax (1/9) = ne , (5.65) 
FUJ) = Io(1/¢?). (5.66) 


The coefficients ap are of order (1/g7)*. 
Consider now the expansion of the partition function Z = f DU exp S. 
Using (5.57) and (5.64) we get a sum of products of U$’s, 


= fee (coefficient) | | UF. (5.67) 


Each US is a product UfUSU; "U7" of the four link variables U;,..., U4 
of the plaquette p, raised to the power k. A given link variable belongs 
to 2d plaquettes (in d dimensions). For each link there is an integration 
J dU over the group manifold, which for the group U(1) is simply given 
by 


20 
ri do wi 
fwv PE ie 505 (5.68) 


5.8 Strong-coupling expansion 127 


(a) (b) (c) 


Fig. 5.7. Simple diagrams contributing to the partition function. The hatched 
area in (b) belongs to the closed surface. Diagram (c) is disconnected. 


Fig. 5.8. Conservation of flux in three dimensions: k +l +m = 0. 


where r is an integer. Hence the group integration projects out the trivial 
(r = 0) representation. Now r is the sum of the k’s belonging to the 
plaquettes impinging on the link under consideration. It follows that, 
after integration, the non-vanishing terms in (5.67) can be represented by 
diagrams consisting of plaquettes forming closed surfaces, as in figure 5.7. 
We can interpret this as follows. Each plaquette carries an amount of 
electric or magnetic flux (depending on its being timelike or spacelike; 
recall that it corresponds to a miniature line current), labeled by k. 
The integration over the link variables enforces conservation of flux, as 
illustrated in figure 5.8. If the surface is not closed, then f dU” = 0 along 
each link of its boundary. 
Diagram (a) in figure 5.7 represents the leading contribution to Z, 


1 


Z = fY{1/2 1 | 3 


Vd(d-1)(d— 2) X (ar)? +|, (5.69) 
` k0 


where V is the number of lattice sites, Vd(d — 1)/2 is the number of 
plaquettes, Vd(d — 1)(d — 2)/3! is the number of ways the cube can be 
embedded in the d-dimensional hypercubic lattice (d > 3) and 6 is the 
number of faces of the cube. 
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The expansion can be arranged as an expansion for ln Z containing 
only connected diagrams, called polymers. 

For a general gauge theory the derivation of the strong-coupling 
expansion is similar. One writes 


L(Up) = -E Rexa (U), (5.70) 


where x¢(Up) is the character of U, in the fundamental representation. 
Recall (we encountered this before in section 4.7) that these characters 
are orthonormal, 


T PEA LAA (5.71) 


and complete for class functions F(U) (which satisfy F(U) = 
F(VUV~—+)). Next exp L is written as a character expansion, 


er) = f+ fX drarxr(Up), (5.72) 
r#0 
where r = 0 denotes the trivial representation Up — 1 and d, = xXr(1) 
is the dimension of the representation r. The expansion coefficients are 
given by 


pa fae, (5.73) 
faU t0 
drar = faUt) ` (5.74) 


For the group U(1), r = 0,+1,+2,..., 8 = 1/g?, Xr(U) = exp(ir6) 
and we recover (5.65) from the integral representation of the Bessel 
functions 


ee - I 40 cos(k0) e? °°°. (5.75) 
For the group SU (n), xt(1) = n and 
B = 20/9. (5.76) 
The leading -dependence of ap(8) is easily found, 
f(8) = fa (8/20) (xe +x¢ ) 
=1+4+0(6"), (5.77) 


nat(8) = P | an Bm Oatad) yz 
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Fig. 5.9. A small Wilson loop with compensating plaquettes. 


É 
E +0(6"), n>2 (5.78) 
S OG), n=2. (5.79) 


For SU (2) the characters are real. In terms of g?, 
ee a oF ae (5.81) 


Up to group-theoretical complications (which can be formidable) the 
strong-coupling expansion for general gauge groups follows that of the 
U(1) case. The graphs are the same, but the coefficients differ. 


5.4 Potential at strong coupling 


We now turn to the expectation value of the rectangular Wilson loop 
(U(C)), from which the potential can be calculated. The links on the 
curve C contain explicit factors of U that have to be compensated by 
plaquettes from the expansion of exp S, otherwise the integration over U 
gives zero. Figure 5.9 shows a simple example. The contribution of this 
diagram is (the Wilson loop is taken in the fundamental representation 
of U(1)) 


[a1 (1/9)]*, (5.82) 
which is the leading contribution for this curve C. Recall that a, is given 
by 

i a es SS Me (5.83) 
a = = vee, : 
WIT RA) 2G? 2 2G? 


In higher orders disconnected diagrams appear. It can be shown, 
however, that disconnected diagrams may be discarded: they cancel out 
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+ + 


Fig. 5.10. Leading diagrams for a large Wilson loop. 


between the numerator and denominator of (U(C)). The expansion can 
be rewritten as a sum of connected diagrams. Figure 5.10 illustrates the 
leading terms for a large Wilson loop, 


W(r,t) = at + 2(d— 2) Aaf+4 +..., (5.84) 


where A is the area of the loop, in lattice units A = rt. Boundary correc- 
tions are also in the ---. The higher orders correspond to ‘decorations’ 
of the minimal surface. 

The potential V(r) follows now from (5.1) and A = rt, 


1 
V(r) = z ln W (r,t) 
= —|lna, +2(d — 2)aĵ +- --]r. (5.85) 
For r — œ, A — œ and the boundary corrections become negligible. 
Hence, the potential is linearly confining at large distances, 
V(r) Sor, r—> oœ, ; 
o= -lna —2(d—2)ap+---. (5.87) 
At strong coupling the compact U (1) theory is confining. 
For other gauge theories the calculation of the leading contribution to 


a Wilson loop in the fundamental representation goes similarly. A useful 
formula here is 


J u uvxwiv) = VW), (5.88) 
which follows from 
j 1 
Í dU Dron (U )Dhin (U)* = Orr! Omm! Onn! d.’ (5.89) 


seen earlier in (4.145). The use of this formula is illustrated in figure 5.11. 
Successive integration in the simple Wilson-loop example in figure 5.9 is 
illustrated in figure 5.12. Each arrow in figure 5.12 denotes the result of 
‘integrating out a link’. The equality signs symbolize UUt = 1. Note 
that the factors d, in (5.88) cancel out with those in (5.72). Hence 
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Fig. 5.11. Integration of a link variable. 


Fig. 5.12. Integrating the leading contribution to a 2 x 2 Wilson loop. 


the numerical value of the diagram is d,a,(3)*, for a Wilson loop in 
representation r. 

Another way to see this is as follows: in figure 5.9 there are nņ = 12 
links, np = 4 plaquettes and ns = 9 sites. Integrating over each link 
gives a factor d; ™ by (5.89) and contracting the Kronecker deltas at 
each site gives a factor d?s. Each plaquette has a factor d;? by (5.72). 
For a simple surface without handles, the Euler number is 


—n +ns+np=l1 


=> leading contribution = (d) ™ t” [d,a,(@)]"" = dpar(B)"". (5.90) 


For a Wilson loop in the fundamental representation of the SU (n) 
theory the first few terms in the expansion for the string tension 


o = —ln a(b) — 2(d — 2Ja( 8) +. (5.91) 
are similar to the U(1) result (5.87). In higher orders the ap(8) corre- 


sponding to other irreps enter. The final result may then be re-expressed 
by expansion in powers of 1/ng?. 
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(a) (b) 


Fig. 5.13. Flux lines for sources in the fundamental (a) and the adjoint (b) 
representation. 


5.5 Confinement versus screening 


In the previous section we saw that the U(1) and SU(n) potentials are 
confining in the strong-coupling region. From the derivation we can see 
that this is true for external charges (Wilson loops) in the fundamental 
representation of any compact gauge group. However, external charges in 
the adjoint representation of SU(n) are not confined. This is because the 
charges in the adjoint representation can be screened by the gauge field. 
A adjoint source is like a quark—antiquark pair, as illustrated intuitively 
in figure 5.13. We now show how this happens at strong coupling. 

Let U denote the fundamental representation (as before) and R the 
adjoint representation. The latter can be constructed from U and U', 


Ry = 2 Tr (U't,Ut)), (5.92) 


where the tọ are the generators in the fundamental representation. Since 
R is an irrep, 


J dU Ra(U) =0. (5.93) 
To compensate the R’s on the links of the adjoint Wilson loop 
Tr R(C) = Tr [| [R (5.94) 
lec 


by the plaquettes from the expansion of exp S, we may draw a Wilson 
surface and find in the same way as in the previous section the seemingly 
leading contribution 


daaa(b)Î, da =n? —1, (5.95) 


with A the minimal surface spanned by C. However, there is a more 
economical possibility for large A, illustrated in figure 5.14. The tube 
of plaquettes is able to screen the adjoint loop. To evaluate this con- 
tribution we unfold the tube as in figure 5.15. The links in the interior 


5.5 Confinement versus screening 133 


(a) (b) 


Fig. 5.14. Diagram contributing to a Wilson loop in the adjoint representation; 
(b) is a close up of a piece of the circumference in (a). The wavy line indicates 
the adjoint representation. 


SA AVAS ROR TARAR IAAT 


Fig. 5.15. Unfolding the tube of plaquettes. The horizontal and vertical bound- 
aries are to be identified. 
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Fig. 5.16. Integrating out the interior. 


can be integrated out as in figure 5.12, as illustrated in figure 5.16. 
The first step gives a factor dgag(3)%” with N, the number of plaquettes 
(dp = n). The second step gives an additional factor 1/ds. There remains 
the integration over the links of the Wilson loop, which leads to integrals 
of the type (for n > 3) (cf. (A.93) in appendix A.4) 


1 
fw UUR Ra = 2t) ti) n> 2, (5.96) 


as illustrated in figure 5.17. So we get a trace of the form 
2d7' (tr)g (t1) 2dy* (tr)? (tm) (tx)? = 1, (5.97) 
since 2 Tr (tktk) = n? — 1 = da. This leads to a factor 
as(B)*”, (5.98) 


where P is the perimeter of the (large) adjoint loop in lattice units: 
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Po. 4 GF P 
a b b c a 


Fig. 5.17. Link variables on the adjoint loop. 


P = 2(r + t), and the factor 4 in the exponent reflects the fact that 
there are four plaquettes per unit length. 

The leading contributions of the perimeter and area type in the SU (n) 
theory are given by 


Walr, t) ~ (n? — 1) (aa) +--+ 2(d — 1)(d — 2) (ap) + ---, (5.99) 


which by (5.1) leads to a potential 


V(r) =oerr, r< PUSI 
Ceff 

E e A (5.100) 

Ceff 

with 
Cet = — ln aa +-->, (5.101) 
V(co) = —8lnaf +-->, (5.102) 
af = (ng?) t es K 
2 
da = — —(ng?) 2 +--. (5.103) 
n? —1 


(This behavior of aa follows easily from (5.74) and (5.96).) 

At large distances the potential approaches a constant. The sharp 
crossover from linear to constant behavior (at r ~ 4) is an artifact of 
our simplistic strong-coupling calculation. Still, the calculation suggests 
that there is an intermediate region where the potential is approximately 
linear with some effective string tension og, although strictly speaking 
the string tension, defined by ø = V(r)/r, r — co, vanishes for adjoint 
sources. 

To decide whether static charges in an irreducible representation r can 
be screened by the gauge field, we consider the generalization of (5.96), 


I= f dU Din (U) Dinn (U)* De), (5.104) 
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where s denotes the irreps of the two screening plaquettes. If the integral 
I is zero, the source cannot be screened, and vice-versa. Let Z, denote 
an element of the center of SU (n), i.e. Zg E€ SU(n) commutes with all 
group elements and it is represented in the fundamental representation 
as a multiple of the identity matrix, 


(Zp)g = eth?"/" 88, kk =0,1,....n—1. (5.105) 


Irreps r can be constructed from a tensor product UQ@U---U@Ut---@ 
Ut, say p times U and q times Ut, so r can be assigned an integer 
v(r) = p—q mod n, from the way it transforms under U > ZU: 


DZ ee Dr (U). (5.106) 


The integer v(r) is called the n-ality of the representation (triality for 
n = 3). Making the change of variables U > ZU in (5.104) gives 


I = ei ()2n/n 7 (5.107) 


and we conclude that J = 0 if the n-ality v(r) 4 0. Sources with non-zero 
n-ality are confined; sources with zero n-ality are not confined. In QCD, 
static quarks have non-zero triality and are confined. 


5.6 Glueballs 


The particles of the pure gauge theory are called glueballs. They may 
be interpreted as bound states of gluons. Gluons appear as a sort of 
photons in the weak-coupling expansion and, because of asymptotic 
freedom, they manifest themselves as effective particle-like excitations 
at high energies. However, gluons do not exist as free particles because 
of confinement, as we shall see. 

Masses of particles can be calculated from the long-distance behavior 
of suitable fields. These are gauge-invariant fields constructed out of the 
link variables U„x, such as Wilson loops, with the quantum numbers of 
the particles being studied. The transfer-matrix formalism shows that 
an arbitrary state can be created out of the vacuum by application of 
a suitable combination of spacelike Wilson loops. The simplest of these 
is the plaquette field Tr Umnz, m,n = 1,2,3. The plaquette—plaquette 
expectation value (4.97) can be calculated easily at strong coupling. The 
relevant diagrams consist of tubes of plaquettes, as in figure 5.18. Since 
there are four plaquettes per unit of time, the glueball mass is given 
by m = —4lna¢(B) +--+. The higher-order corrections correspond to 
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Fig. 5.18. The leading strong-coupling diagram for the plaquette—plaquette 
correlator. Time runs horizontally. 


diagrams decorating the basic tube of figure 5.18, which will also cause 
the tube to perform random walks. 

The plaquette can be decomposed into operators with definite quan- 
tum numbers under the symmetry group of the lattice, and such oper- 
ators can in turn be embedded into representations of the continuum 
rotation group of spin zero, one and two. To be more precise, the 
quantum numbers JP? (J = spin, P = parity, C = charge-conjugation 
parity) excited by the plaquette are OTT, 1*7 and 2**, which may 
be called scalar (S), axial vector (A) and tensor (T). The description 
of glueballs with other quantum numbers requires more complicated 
Wilson loops. The terms in the strong-coupling series 


m;=—4Inut+ Sombu®, j=59,A,T, u= a(8), (5.108) 
k 


have been calculated to order u® for gauge groups SU (2) and SU(3) 
[91, 92]. See [10] for details. 

Since the strong-coupling diagrams are independent of the (compact) 
gauge group (but their numerical values are not), also the U (1) and e.g. 
Z(n) gauge theories} have a particle content at strong coupling similar 
to that of glueballs. 


5.7 Coulomb phase, confinement phase 


We have seen that all gauge theories with a compact gauge group such as 
U(1), SU(n) and Z(n) have the property of confinement at strong cou- 
pling, and the emerging particles are ‘glueballs’. On the other hand, we 
have also given arguments, for U(1) and SU(n), that the weak-coupling 
expansion on the lattice gives the usual universal results for renormalized 
quantities found with perturbation theory in the continuum. 

In particular the compact U(1) theory at weak coupling is not con- 
fining and it contains no glueballs but simply the photons of the free 


{ Z(n) is the discrete group consisting of the center elements (5.105) of SU (n). 
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confinement Coulomb 
| (a) 
0 B infinity 


confinement 
| | (b) 
0 B infinity 


Fig. 5.19. Phase diagram of the compact U (1) gauge theory (a) and the SU (n) 
gauge theory, n = 2,3 (b). 


Maxwell theory. The physics of the compact U(1) theory is clearly 
different in the weak- and strong-coupling regions. This can be un- 
derstood from the fact that there is a phase transition as a function 
of the bare coupling constant (figure 5.19). One speaks of a Coulomb 
phase at weak coupling and a confining phase at strong coupling. In 
the Coulomb phase the static potential has the standard Coulomb form 
V = —g} /4rr+constant, whereas in the confinement phase the potential 
is linearly confining at large distances, V ~ or. There is a phase 
transition at a critical coupling 6e = 1/g? ~ 1.01, at which the string 
tension o() vanishes; see for example [95]. 

The Wilson loop serves as an order field in pure gauge theories. 
Consider a rectangular r x t Wilson loop C, with perimeter P = 2(r +t) 
and area A = rt. When the loop size is scaled up to infinity, the dominant 
behavior is a decay according to a perimeter law or an area law: 


W(C) ~ e- ©, Coulomb phase, (5.109) 
W(C) ~ e~?4, confinement phase. (5.110) 


Here € may be interpreted as the self-energy of a particle tracing out 
the path C in (Euclidean) space-time, and o is the string tension 
experienced by a particle. 

There is no phase transition in the SU(2) and SU(3) models with 
the standard plaquette action in the fundamental representation in the 
whole region 0 < 8 < œœ (8 = 2n/g?). This conclusion is based primarily 
on numerical evidence (see e.g. the collection of articles in [5]) and it 
is also supported by analytic mean-field calculations (see e.g. [6] for a 
review). The absence of a phase transition, combined with confinement 
at strong coupling, may be interpreted as evidence for confinement also 
in the weak-coupling region. 
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Ba 


Br 


Fig. 5.20. Qualitative phase diagram of mixed-action SU (n) gauge theory for 
n = 2,3. 


It should be kept in mind that the phase structure of a theory is not 
universal and depends on the action chosen. Only the scaling region near 
a critical point is supposed to have universal properties. For example, 
in SU(n) gauge theory with an action consisting of a term in the 
fundamental representation and a term in the adjoint representation, 


S= X [bid Re Tr U, + Bad, ‘Re Tr D*(U,)], (5.111) 
P 


the phase diagram in the 6t—8a coupling plane looks schematically like 
figure 5.20. This figure shows two connected phase regions; the one 
relevant for QCD is the region connected to the weak-coupling region 
be/2n + Ban/(n? — 1) = 1/g? —> œ (recall (4.85)). For n > 3 the phase 
boundary going downward in the south-east direction crosses the 6p axis. 
This implies that, for n > 3, the model with only the standard plaquette 
action in the fundamental representation shows a phase transition. It 
is, however, not a deconfining transition because we can go around it 
continuously through negative values of the adjoint coupling (a. 

The phase structure of lattice gauge theories is rich subject and for 
more information we refer the reader to [5] and [6], and [10]. 


5.8 Mechanisms of confinement 


As we have seen in section 5.1, the calculation of the static potential 
from a Wilson loop to lowest order of perturbation in g? gives a Coulomb 
potential. In the compact U(1) theory, higher orders did not change this 
result qualitatively, whereas in SU(n) gauge theory, there are logarith- 
mic corrections, that can be interpreted in terms of asymptotic freedom. 
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However, there is no sign of confinement in weak-coupling perturbation 
theory. This can be understood from the fact that we expect the string 
tension to depend on the bare coupling g? as 


Jo = Cyhy, = Cy 2 (By g?)- 2/28 e- 9711 + O(g?)], (5.112) 
a 


which has no weak-coupling expansion (all derivatives 0/0g? vanish at 
g = 0). The physical region is at weak coupling, where the lattice spacing 
is small, so how can we understand confinement in this region? 

Non-perturbative field configurations have long been suspected to 
do the job. Such configurations are fundamentally different from mere 
fluctuations on a zero or pure-gauge background. We mention here in 
particular magnetic-monopole configurations envisioned by Nambu [49], 
’t Hooft [50], and Polyakov [41], and Z(n) vortex configurations put 
forward by ’t Hooft [51] and Mack [52]. 

It can be shown that the confinement of the compact U(1) theory 
is due to the fact that it is really a theory of photons interacting with 
magnetic monopoles (see e.g. the first reference in [53] for a review). 
These monopoles condense in the confinement phase in which the model 
behaves like a dual superconductor. In a standard type-II superconduc- 
tor, electrically charged Cooper pairs are condensed in the ground state, 
which phenomenon causes magnetic-field lines to be concentrated into 
line-like structures, called Abrikosov flux tubes. Magnetic monopoles, 
if they were to exist, would be confined in such a superconductor, 
because the energy in the magnetic flux tube between a monopole and an 
antimonopole would increase linearly with the distance between them. 

In a dual superconductor electric and magnetic properties are inter- 
changed. The compact U(1) model is a dual superconductor in the 
strong-coupling phase, in which the magnetically charged monopoles 
condense and the electric-field lines are concentrated in tubes, such that 
the energy between a pair of positively and negatively charged particles 
increases linearly with distance. In this way the model is an illustration 
of the dual-superconductor hypothesis as the explanation of confinement 
in QCD. 

At weak coupling the monopoles decouple in the compact U(1) model, 
because they are point particles that acquire a Coulomb self-mass of 
order of the inverse lattice spacing a~!. However, in SU(2) gauge theory, 
according to [53], there are ‘fat’? monopoles that have physical sizes and 
masses, and do not decouple at weak bare gauge coupling g?. They 
remain condensed as g? — 0 and continue to produce a non-zero string 
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tension for all values of g?. A similar mechanism is supposed to take 
place in SU(n) gauge theory for n > 2. 

The mechanism for confinement in SU(n) gauge theory proposed by 
Mack is condensation of fat Z(n) vortices. The latter cause an area-type 
decay of large Wilson loops in much the same way as in the Z(n) gauge 
theory at strong coupling. 

There seems to be more than one explanation of confinement, depend- 
ing on the gauge one chooses to work in. This may seem disturbing, 
but, e.g. also in scattering processes, different reference frames (such 
as ‘center of mass’ or ‘laboratory’) lead to different physical pictures. 
Numerical simulations offer a great help in studying these fundamental 
questions. Lattice XX reviews are in [54], see also [55, 56, 57, 58, 59]. 


5.9 Scaling and asymptotic scaling, numerical results 


We say that relations between physical quantities scale if they become 
independent of the correlation length € as it increases toward infinity. 
In practice this means once € is sufficiently large. In pure SU(n) gauge 
theory the correlation length is given by the mass in lattice units of the 
lightest glueball, € = 1/am. For instance, glueball-mass ratios m;/mj 
are said to scale when they become approximately independent of €. 
Typically one expects corrections of order a?, 


mi/m; = rij +rja°m? + O(a"). (5.113) 


For the usual plaquette action am is only a function of the bare gauge 
coupling g?. We can write m = CmAL, with Ay the lambda scale 
introduced in (5.45) and Cm a numerical constant characterizing the 
glueball. The correlation length is then related to the gauge coupling by 


En? = am? = Op, PAZ = On, (ig?) F eS + Olg), 
(5.114) 
for sufficiently small g?. Neglecting the O(g?), this behavior as a function 
of g? is called asymptotic scaling. 

It turns out that asymptotic scaling is a much stronger property than 
scaling, in the sense that scaling may set in when the correlation length 
is only a few lattice spacings, whereas asymptotic scaling is not very 
well satisfied yet. In the usual range of couplings, which are of order 
B =2n/g? = 6 for SU(3) gauge theory with the plaquette action in the 
fundamental representation, once @ > 5.7 or so, the correlation length 
appears to be sufficiently large and the O(a*) corrections small enough 
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for scaling corrections to be under control. However, asymptotic scaling 
does not hold very well yet in this region. Apparently the O(g?) correc- 
tions in (5.114) cannot be neglected. This has led to a search for ‘better’ 
expansion parameters, i.e. ‘improved’ definitions of a bare coupling that 
may give better convergence, see e.g. [60]. Note that exp(—1/619°) is a 
rapidly varying function of g? because 3; = 11n/487? ~ 0.070 (n = 3) 
is so small. Typically AG ~ 0.48 corresponds to a reduction of a? by a 
factor of four near 8 = 6. 

The potential V(r) is a good quantity to test for scaling because it is 
relatively easy to compute and there are many values V(r). As a measure 
of the correlation length we may take 


Eo (b) = 1/avo, (5.115) 


where a?ø is the string tension in lattice units, which goes to zero as 3 
approaches infinity. Assuming yo = 400 MeV, for example (cf. section 
1.1), the value of ayo give us the lattice distance a in units (MeV)~?. 
This can be used to express the potential in physical units as follows. 
The potential in lattice units can be written as 


aV = o(=,8), (5.116) 


where v is a function of the dimensionless variables r/a and (3. Recall that 
V contains the unphysical self-energy of the sources, which is distance 
independent. Expressing the potential in physical units, as set by the 
string tension, gives 


V 


Etol E 
m (a5 


These relations ‘scale’ when V becomes independent of 3. Here v9() 
is the self-energy, which can be fixed by a suitable choice of the zero 
point of energy, e.g. V(1) = 0. In practice, after computing o from the 
long-distance behavior V © or + constant + O(r~'), the data points at 
various 3 > 6 can be made to form a single scaling curve by plotting 
V/./o versus r./o with a suitable vertical shift corresponding to vo(8). 

However, the accuracy of such scaling tests is limited by the fact that 
o is an asymptotic quantity defined in terms of the behavior of the po- 
tential at infinity. This problem may be circumvented by concentrating 
on the force F = OV/Or, in terms of which we can define a reference 
distance ro by 


8) =V Ge) 0d). (5.117) 


raF (ro) = 1.65. (5.118) 
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Fig. 5.21. Scaling of the SU (3) force and the continuum limit at £ = r/ro = 
0.4, 0.5, and 0.9 (left), and x = r/re = 0.5, 0.6, and 1.5 (right) from top to 
bottom. The stronger/weaker dependence on a corresponds to rı defined in 
(5.119) /(5.120). From [62]. 


The choice 1.65 turns out to give ro œ~ 1/./o, which is in the 
intermediate-distance regime within which the potential and force can 
be computed accurately [61]. The force may be computed as 


F(rı)=[V(r+a)— V(r)]/a, rı =r — a/2, (5.119) 


and scaling tests can then be performed as above with yo — 1/ro. There 
is another choice for rı that gives an improved definition of the force, 
leading to much smaller scaling violations in the small- and intermediate- 
distance region [61], namely 


(Arr,)~? = [v(r1,0,0) — v(rı — a, 0,0)]/a, (5.120) 


where v(x, y, z) is the lattice Coulomb potential (5.11). The scaling test 
for the force avoids ambiguities from the Coulomb self-energy in the 
potential. Writing r = zro, or r = xre, where re is defined as in (5.118) 
with 1.65 — 0.65, a scaling analysis is carried out in [62] in the form 
ref (xro) = fo(x) + f§(a/ro)? + O(a*), or with ro > re, as shown in 
figure 5.21. The values of (a/ro,c)? correspond to 6 in the interval [5.7, 
6.92]. 
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Fig. 5.22. The running coupling agq(1) = g(w)/4a, p = 1/r plotted versus 
r/ro and compared with the dependence on r as predicted by the weak- 
coupling expansion for the renormalization-group beta function (the curves 
labeled RGE; dotted lines correspond to 1 ø uncertainties of Ayg(ro). From 
[64]. 


In the small-distance regime the running of the coupling (5.23), i.e. 
g (u) = 4rr?F(r)/C2, u = 1/r, can be compared with the prediction of 
the perturbative beta function, which is known to three-loop order. One 
could use the perturbative expansion (5.41) in which Ay, or equivalently 
Ay, appears as an integration constant. This scale in units of ro, 
i.e. roAygg, has been determined independently in an elaborate non- 
perturbative renormalization-group computation [63]. Instead of using 
the perturbative expansion it is more accurate to integrate the two- 
or three-loop renormalization-group equation numerically. The result 
is shown in figure 5.22, where we see that perturbation theory works 
surprisingly well, when it is implemented in this way, up to quite large 
a’s. In physical units ro ~ 1/,/o © 0.5 fm. 

Note that knowledge of a non-perturbative A scale allows the predic- 
tion of as. Such a program has been pursued in full QCD in various ways 
[66] and the resulting a, agrees well with the experimentally measured 
values, see also the review in [2]. 
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Fig. 5.23. The potential from two values of 8. The curve labeled ‘Cornell’ is 
a fit of the form —4a/r + constant + or with constant a. From [65]. 


An overview of numerically computed potential is given in figure 5.23. 

Glueball masses have by now also been computed with good accuracy 
in the SU(n) models, using variational methods for determining the 
eigenvalues of the transfer matrix. It is particularly interesting to do 
this for varying n, since the theory simplifies in the large-n limit in the 
sense that only planar diagrams contribute [67]. The same is true in 
the strong-coupling expansion [68]. Figure 5.24 shows recent results for 
various n. We see that ratios with ys do indeed behave smoothly as a 
function of 1/n? all the way down to n = 2. 

Last, but not least, analytic computations in finite volume are theo- 
retically very interesting and a comparison with numerical data is very 
rewarding. For a review, see [18]. 


5.10 Problems 


(i) Gauge fixing and the weak-coupling expansion 
Consider a partition function for a U(1) or SU(n) lattice gauge- 


1/2 
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Fig. 5.24. Ratios of glueball masses with yø, extrapolated to a — 0 and 
infinite volume, as a function of 1/n?, for n = 2,3,4,5. From [69]. 


field theory with gauge-invariant action S(U), 


Z= J Du etso) (5.121) 
The action may be the standard plaquette action 
1 
(U) = ~ 2pg? Di Gea): (5.122) 


it may also contain the effect of dynamical fermions in the form 
Indet A(U), with A the ‘fermion matrix’, cf. section 7.1. Let O(U) 
be a gauge-invariant observable, O(U) = O(U®), 


Ce Oe Oo (5.123) 


and 
= f DU exp[S(U)] OW) 


(0) > 


(5.124) 


be the average of O. 
We want to evaluate the path integrals in the weak-coupling 
expansion and expect to have to use gauge fixing, as in the 
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continuum. We can try to restrict the implicit integration over 
all gauge transformations in (O), loosely called gauge fixing, by 
adding an action Sg(U) to S(U) that is not invariant under gauge 
transformations. For oe 


U—wut 
/ =, 
Sgt (U = TE 2 T 292p r (ô, Im Ue)" ; ImU = Di ; 


(5.125) 
with ô, = -ð the backward derivative, 0; fs = fe — fs+a. Let 
A(U) be defined by 


Ar tS J Poels], (5.126) 


where f DQ is the integration over all gauge transformations. It 
is assumed that A(U)~! 4 0. 

(a) Show that the Faddeev-Popov measure factor A(U) is gauge 
invariant. 

We insert 1 = A(U) f DQexp[Sg¢(U®)] into the integrands in 
the above path-integral expression for (O) and make a transfor- 
mation of variables U > U2". Using the gauge invariance of S(U), 
O(U), and A(U) we get 
J DQ f DU AU) exp[S(U) + See(U)] OU) 

f DQ f DU AW) exp[S(U) + Se¢(U)] 

J DU AW) exp[S(U) + Ser(U)] OW) 

J DU AU) exp[S(U) + Ser(U)] 


In the weak-coupling expansion we expand about the saddle 


(0) = 


(5.127) 


points with maximum action. We assume this maximum to be 
given by Uus = 1. There will in general be more maxima. For 
example, without dynamical fermions, U, = U (i.e. independent 
of x and u) and Upe = Zp, with Z, an element of the center 
of the gauge group, give the same value of the plaquette action 
as does U, = 1. Intuitively we expect constant modes to be 
important for finite-size effects, but not important in the limit 
that the space-time volume goes to infinity. Restricting ourselves 
here to the latter case, we shall not integrate over constant modes 
and expand about U, = 1, writing 


Une = exp(—ig A} jt). (5.128) 


The evaluation of the integral (5.126) defining A(U) is also 
done perturbatively. Because of the factor 1/g? in the gauge-fixing 
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action, we only need to know A(U) for small 0/, Im Tr Upa. The 
integral (5.126) has a saddle point at Qs, = 1, but there are in 
general many more saddle points Qz, called Gribov copies, with 
Sgt (U?) = Sge(U). The study of Gribov copies is complicated. 
One can give arguments that the correct weak-coupling expansion 
is obtained by restriction to the standard choice 2, = 1, and this 
is what we shall do in the following. This means that, for the 
perturbative evaluation of A(U), we can write 


0, = exp(iguét,) (5.129) 


and expand in gw,. In perturbation theory we may just as well 
simplify the gauge-fixing action and use 


1 k k 
Ser = -7g OA Oy Apa- (5.130) 
(In the neighborhood of the identity, Ak. and w% are well defined 
in terms of Uz and Qg.) 

We extend the initially compact integration region over Ar. 
and w* to the entire real line (—oo, 00). The error made in doing 
so is expected to be of order exp(—constant/g?), and therefore 
negligible compared with powers of g, as g — 0. A typical example 
is given by 

dze~?/9" = i. drel? 4 Ole), (5.131) 


(b) For a U (1) gauge theory show that (5.130) leads to a Faddeev— 
Popov factor that is independent of U, 


A(U) = constant x det(O), Osy = O,0,6cy, (5.132) 


with the constant independent of A,. 
Weak-coupling expansion in compact QED 
We consider first the bosonic theory given by the action 


S(U) = 5 XO- Uma) (5.133) 


EUV 


and use (5.130) for gauge fixing. The bare vertex functions —V 
are given by 


Sat Set = ee yo Ay eA OD 
n 1° TEn 
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(a) Show that, in momentum space, for even n > 2 (by convention 
the momentum-conserving periodic delta function is omitted in 
the definition of the Fourier transform of V gi” ), 


Varun (+++ kn) = —5(g7)"/2-1 5° TP (ky) - TAP (kn) 
aß 


- ön 2 Kya (B) Kyal (5.135) 


where 
K(k) = 1 (ettn -1), Kž(k)=-K,„(—k), (5.136) 
T (k) = KX (k)ðgu — Kž(k)ðan: (5.137) 
(b) Show that the photon propagator D,,,(k) is given by 
K a) 1 K(k) KG (k) 
Dik) =| u E 
m= (S00 — Se) Ot KOR 


The Feynman gauge corresponds to € = 1. 
(c) Derive (5.19), for arbitrary €. 


6 


Fermions on the lattice 


In this chapter we introduce the path integral for Fermi fields. We 
shall discuss the species-doubling phenomenon — the fact that a naively 
discretized Dirac fermion field leads to more particle excitations than 
expected and desired, two remedies for this, which go under the names 
‘Wilson fermions’ and ‘staggered fermions’, the interpretation of the path 
integral in Hilbert space, and the construction of the transfer operator. 
Integration over ‘anticommuting numbers’, the ‘Grassmann variables’ 
and the relation with creation and annihilation operators in fermionic 
Hilbert space is reviewed in appendix C. 


6.1 Naive discretization of the Dirac action 


In continuous Minkowski space-time the action for a free fermion field 
can be written as (see appendix D for an introduction) 


S= = J taliava) — dyth(x)y"v(a)) + mib(x)4(x)], (6.1) 


or, exhibiting the Dirac indices a, 3, ... (but suppressing the label x for 
brevity), 


pa J I E E E (6.2) 


The y% and 4 are anticommuting objects, so-called Grassmann variables, 
e.g. Yalzjpaly) = —ve(y)vo(x). The integrand in (6.1) is Hermitian, 
treating Y and wr, 


pt = 96, B=iy, (6.3) 
as Hermitian conjugates, e.g. (a(x) ve (y)! E ph (Y)a(z). Note, how- 


ever, that Y and wt are independent ‘variables’ (which is why we use 
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the superscript + instead of t). The Dirac matrices have the following 
properties: 

a =y}, ~=-1 6.4 

Y ==, W=- %=-1, (6.4) 


ye =, = 7H, k=l, k = 1,2,3. (6.5) 


implying that 8 = 6t and 8? = 1.f Replacing the derivative operators 
by discrete differences, 


1 
,06(e) > Yle + anh) — Ya) (6.6) 
H 
we obtain from (6.1) a lattice version 
E o = 
S=->) z Vle yla+ah) -yeah len Zuo 
x, pb H 


(6.7) 
Recall that a, is the lattice spacing in the u direction. We shall occa- 
sionally only need the spacing in the time direction, ag, to be different 
from the spatial lattice spacing a, = a, k = 1,2,3. 
The path integral for free fermions with anticommuting external 
sources 7 and 7 is now tentatively defined by 


Z(n m) = f Dé Dp elS+E twin, (6.8) 
where 
Db Dy = | | dbea dea = | | aby, dea: (6.9) 


We assumed the action to be rewritten in terms of dimensionless Yy and 
Ve, 

Wx = a®/?w(zx), Wx = a?! (x), (6.10) 
and similarly the symbols dwt, and dva are dimensionless. The last 
equality in (6.9) follows from the rule d(T) = (detT)~! dw (cf. ap- 
pendix C) and det 3 = 1. The Yra and yt, are independent generators 
of a Grassmann algebra. We recall also the definition of fermionic inte- 
gration (cf. appendix C), 


[aro [a= 1, (6.11) 


where b is any of the Ysa or ła. Before making the transition to 
imaginary time we need to make the dependence on ag explicit. So let n, 


f We usually write just 1 for the unit matrix 1. 


6.2 Species doubling 151 


be the integers specifying the lattice site £, x° = noar, x = na, and let 
Un = ve and Yn = Yr. Recalling that $Z, = aoa? >, in our notational 
convention, the lattice action reads more explicitly 


1 _ = 
g= 2 [Ea ass = Pn Vn) 


3 
+Y Dn bask — Pail Yn) + (aom)PnPn|- (6.12) 


m 2a 
Furthermore 
_ a a — 7 
Som Fe wn) = = A Gentian + WanNan)s (6.13) 


with dimensionless Nan and fan. 

It follows from the rules of fermionic integration that the path integral 
for a finite space-time volume is a polynomial in aom and ao/a. Hence, 
an analytic continuation to ‘imaginary time’ poses no problem: 


ao = jaolexp(—iy), y: 0-7/2, ao > —ias, (6.14) 
with a4 = |ao|. This transforms the path integral into its Euclidean 


version (iS — Sg, dropping the S), 


= | pppn, (6.15) 


ISS >| Ja, (Onn — Vrain) + aam Prip], 
H 


n 


where u now runs from 1 to 4 (with n4 = no, Â = 0), and 


va = iy = B. (6.16) 


6.2 Species doubling 


It turns out that the model described by the action in (6.15) yields 
24 = 16 Dirac particles (fermions with two charge and two spin states) 
instead of one. This is the species-doubling phenomenon. We shall infer 
it in this section from inspection of the fermion propagator and the 
excitation energy spectrum. 

Using a matrix notation, writing 


zoj = | DEDpe Peme, (6.17) 
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where (in lattice units, a = a4 = 1) 
oa z ao 
Aga Se Yuz (Se,29y.240 — Õe,z+hðy,z) + mY Ss, z5y, (6.18) 
zu z 


the path integral is easily integrated (appendix C) to give 


Z(n,n) = det Ac™ '”, (6.19) 
Here AS = Szy is the fermion propagator. It can be evaluated in 
momentum space, assuming infinite space-time, 
A(k,-l) = Soe?" Ay, = S(k)'5(k — 1), (6.20) 
zy 
S(k) t = Soin, sink, +m, (6.21) 
H 
M — iyus F 
S(k) = Fata Su = Sm ku- (6.22) 


Reverting to non-lattice units the propagator becomes 


m-— i> „Yu sin(ak,)/a 


S(k) = ; 6.23 
(r) m? +>, sin?(ak,)/a? OF) 
for which the limit a — 0 gives the continuum result 
m — iyk 2 


The propagator has a pole at ky = iw = iv k? + m? corresponding to 
a Dirac particle. The pole is near the zeros of the sine functions at 
the origin ak, = 0. However, there are 15 more regions in the four 
dimensional torus —7 < ak, < m where the sine functions vanish, 16 in 
total: 


ae 


bw P 
S(k) = — app + Ola), k= kate (6.25) 


where the ky is one of the 16 four-vectors 
TA 


ka = —, mod 2a (6.26) 
a 
with 
To = (0,0, 0,0), T1234 = (T, T, T, T), 
Tı =(7,0,0,0), m2 = (0,7,0,0),..., m4 = (0,0,0,7), 
12 = (m, T,0,0 praa T34 = (0,0,7, T), 
T123 = (T, T, T, 0 geeey T234 = (0, 7,7, T), (6.27) 
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and 


WW) 


= Yu COSTAL = XYp- (6.28) 


Since the oF differ only by a sign from the original y„, they are equivalent 
to these by a unitary transformation. This transformation is easy to 
build up out of products of yp75, where ys = iy??? = —V1727374 


is the Hermitian and unitary matrix which anticommutes with the y,: 
Yus = —Y5Yu- So let 


{Sa} = {1, Sp, SoSo, SpSo57,51525354}, Sp = ips, (6.29) 
where po ATA p and Av TA + Sa, eg. T23 S23 = S253. Then 


yA = ShaSa, (6.30) 
and we have 
_ of MMP 2 


The transformations S4 are useful for the detailed interpretation of the 
zeros of the sine functions near k4 4 0 in terms of genuine particles [70]. 
Here we shall support the interpretation of the 15 additional particles 
— the species doublers — by deriving the spectrum of excitation energies 
above the energy of the ground state. 

The excitation-energy spectrum is conveniently obtained from the 
time dependence of the propagator, analogously to the boson case: 


3 . . . 
Seca i d . ikx ic dka cikat M— iys — ia as a (6.32) 
„n (27) da2 m? + s? + sin^ ky 
where we reverted to lattice units and used the notation s, = sin k,. 
The k4 integral can be performed by changing variables to 


z= e, (6.33) 


in terms of which s? = 1 — (2? + z7? + 2)/4, and 
dk ikx dz, 2(m—iys) — yaz? —1)/2 
S(x,t) = -4f ESEM lE z Pel ; 
f= 1+2(m? +87). (6.34) 


The integral over z is over the unit circle in the complex plane, as shown 
in figure 6.1. The denominator of the integrand has four zeros, at +24 


and +z_, where z+ are given by 
(4)? =ftVP—1, =e, (6.35) 


cosh(2w) = f, sinhw = y m? + s2. (6.36) 
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Fig. 6.1. Contour integration in the complex-z plane. 


For ¢ > 0 (t = integer) the two poles at z = +2_ contribute, giving 


ak eikx—wt 
= ) i h 
S(x, t) i Or)? sinh(Qu) (m — iys + ya sinh w) 


F dk eikx—wt 
1 LYS sinhw). 6.37 

TGN | Oena eee O80) 
Before interpreting this result we want to summarize it in terms of the 
variable k4, for later use. In terms of k4 the zeros of the denominator 
m? + s? + sinf k4 at z = 24 are at ky = Fiw, and for z = —z4 at 
k4 = Fiw +m (mod 27). The k4 = —iw, —iw + m poles are relevant for 
t < 0. The residues of the other poles are given by 


ethat (m — iys — iy4s4) 

=e “(m—iyst+ysinhw), k4 = iw, 

= (-1)'e“* (m—iys—yasinhw), k4 =iw+rT, 

= e*t (m — iys — yasinhw), k4 = —iw, 

= (—1)te“* (m — iys + yasinhw), ky=—iw+n. (6.38) 
We see that we cannot blindly perform the inverse Wick rotation on the 


lattice k4 — ik? and look for particle poles at k? = +w. We have to 
let ky — ik? +, ọ € [0, 27r): then k° = +w corresponds to eT? et%t, 


t Z 0. In this case we have have poles at y = 0 and y = r. Recall that 
the Bose-field denominator m? + 25> „(1 — cos ku) gives only a pole for 
p=0. 
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J 


aR —m/2 m/2 T 


Fig. 6.2. Excitation-energy spectra for bosons (upper curve) and fermions 
(lower curve) on the lattice, in lattice units (m = 0.2). 


We now interpret the result (6.37). From the time dependence of the 
propagator we identify the energy spectrum w(k). Since there are two 
poles contributing for t > 0, there must be two fermion particles for every 
k. One of them (the pole at z = z_) has the usual e™“* factor. The other 
(at —z_) has in addition the rapidly oscillating factor (—1)*. Apparently, 
to obtain smooth behavior at large times (in lattice units) we have to 
take two lattice units as our basic time step. This is in accordance with 
the transfer operator interpretation of the path integral, in which in 
general two adjacent time slices are identified with the fermion Hilbert 
space [78, 79, 89], in which two independent operator Dirac fields Yi 
act, corresponding to the two particle poles. An exception is Wilson’s 
fermion method [86, 87], which has no fermion doubling (for r = 1, see 
below). 

So there is a doubling of fermion species due to the discretization of 
time. There is a further proliferation of particles due to the discretization 
of space. In figure 6.2 we compare the boson and fermion excitation- 
energy spectra 


3 
coshw = 1+ 4 |m? + 25001 — cos kj) |, boson; (6.39) 


j=1 


3 
sinhw = ,|m?+ 5 sin? kj, fermion. (6.40) 


j=1 
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We define a particle state to correspond to a local minimum of the energy 
surface w(k). The minima are at k = ky, ky = 0, 71, T2, 73, 712, T23, 
731, 7123, with rest energy given by wa = w(ky), sinhw,4 = m. For 
m — 0 (in lattice units) the spectrum is relativistic near k = ky, 


w> ym? +p, m0, p=k—-k,—0, (6.41) 


and p can be interpreted as the momentum of the particle. From the 
time and space ‘doubling’ we count 24 = 16 particles. Note that the 
wave vector k is just a label to identify the states and that the physical 
momentum interpretation has to be supplied separately. 

One may wish to ignore the k4 Æ 0 particles. However, in an inter- 
acting theory this is not possible, because k,, is conserved only modulo 
27. For example, two ką = 0 particles may collide and produce two 
ka = ™ = (7,0,0,0) particles: pı + p2 = p3 + ™ + pa + T1 = p3 + p4 
(mod 2r). 

The phenomena related to fermions on a lattice touch on deep issues 
involving anomalies and topology. This is a vast and technically difficult 
subject and we shall give only a brief review in sections 8.4 and 8.6. In a 
first exploration we shall describe two important methods used for ame- 
liorating the effects of species doubling in QCD-like theories: Wilson’s 
method [71] and the method of Kogut-Susskind [72, 40] (in the Hamil- 
tonian formulation). The latter is also known as the staggered-fermion 
method, in its generalization to Euclidean space-time (see for example 
[79, 74, 80]). For the hypercubic lattice the staggered-fermion method 
is equivalent to the ‘geometrical’ or Dirac-Kahler fermion method of 
Becher and Joos [81], provided that an appropriate choice is made of 
the couplings to the gauge fields. 

We shall first describe Wilson’s method and then briefly introduce the 
staggered-fermion method. 


6.3 Wilson’s fermion method 


Wilson’s method can be viewed as adding a momentum-dependent ‘mass 
term’ to the fermion action, which raises the masses of the unwanted 
doublers to values of the order of the cutoff, thereby decoupling them 
from continuum physics. For free fermions we replace the mass term in 
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the action as follows, 


mY bebe > mY Babe +S Y OpbeOuve (6.42) 
£ £ 2 zu 


= A eee = 
=> me Wax Ar ma qa (Veta = Ve) (Vrtafi a Wer) 


2 
zu 
(m+ z) 2 Prts = z Ja Detar a Vube+aji)- 


The has the effect of replacing the mass m in the inverse propagator in 
momentum space by 


mt+ry (1 —cosk,) = M(k), (6.43) 


L 


Il 


in lattice units. The propagator is then given by 
M (k) — iy, sin ky 


EEA D, sin? ku (94) 
For k = k4 + p and small p in lattice units this takes the form 
S(p) = ma — iti Pu (6.45) 
må +p ” : 
ma=m+2nar, na =0,1,...,4, (6.46) 


where na is the number of 7’s in ky. 

Hence, the mass parameters of the doubler (n4 > 0) fermions are of 
order one in lattice units as long as r 4 0. These mass parameters m4 
may be identified with the fermion masses if they are small in lattice 
units, i.e. for small m and r. For general r and momenta p the fermion 
energies differ from ,/m% + p? and it is interesting to see what they 
actually are. We therefore look for the poles of the propagator as a 
function of k4 and identify the energy w from k4 = iw or k4 = iw+ 7, 
as explained below (6.37). For simplicity we shall use the notation 


Sp PSL. Cp = COS Hy 3? = Bas (6.47) 


Separating the k4 dependence, the denominator of the propagator can 
be written as 


M? + 8? =1+8? +E? — Irdeg — (1 — 17 )cj, (6.48) 


3 
Y=m+rt r (l - cj), (6.49) 


j=1 
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which denominator vanishes for 


Pt Ju? + (1—r?)(1+s?) ru 
cosh w™ = ; 
1- r2 


(6.50) 


Here the plus sign corresponds to k4 = iw +a and the minus sign to 
k4 = iw. The rest energies of the particles at k = k4 follow from s = 0 
and 


L=m+rt2nr, n= 0,1,2,3 fork, = Q, Tj, Tjk, T123. (6.51) 
For m = 0 the particles have rest energy wn given by 


_ fr? + 2n) +1 — 7? +r7(1 + Qn) 
7 1-r? 


cosh w= : (6.52) 
Hence, only the wanted (n = 0, — sign) fermion has rest energy zero 
and the doubler fermions have rest energies of order 1 in lattice units 
(energies of order of the cutoff). For r — 1 the rest energies of the 
time-doublers (for which the + sign applies) become infinite, wt — oo. 
The non-time-doubler rest energies become w, = ln(1 + 2n) at r = 
1. Actually, as r increases from 0 to 1 the doublers disappear before 
reaching r = 1 in the sense that the local minima of the energy surface 
at ka 4 0 disappear. 

Wilson’s choice is r = 1. It can be seen directly from (6.48) that in 
this case there is no species doubling because the inverse propagator is 
linear in cos k4. Re-installing the lattice spacing a, the particle energy 
can be found to contain errors of order a, to be compared with O(a?) 
for naive/staggered fermions or bosons, 


w =w) = Vm? +p? + O(a). (6.53) 


The special significance of r = 1 can be seen in another way from the 
complete action, which has the form 


S = D (a 5 Dorp Doth oe ve) MS PaPa, 
zu x 


M=m+4r. (6.54) 


The combinations 


ry 


become orthogonal projectors for r = 1, 


(PF) =P, PIPI =0, P +P =1. (6.56) 
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Replacing derivatives by covariant derivatives we obtain the expression 
for the fermion action coupled to a lattice gauge field Uz, 


Sp = So (pa Pr Upatbes + Prpa P Ulsa) Fi N Mta, (6.57) 


xp 


or, temporarily reintroducing the lattice spacing a, 


Sp=— 5 KAX = Duby) + Ymy + a5 Dy dD) , (6.58) 
where D, v(x) = [v(x + fia)U} — W(x)]/a, etc., we rearranged the 
summation over x, and m = M — 4r/a is sometimes called the bare 
fermion mass. 

In the QCD case M is a diagonal matrix in flavor space and r is usually 
chosen flavor-independent, mostly r = 1. A parameterization introduced 
by Wilson follows from rescaling Yy = M7!/2w, p — M-12. For one 
flavor this gives the form 


s=- 5 Von +k DAG a pO pati + YParalr T UL Wa), 
l “ (6.59) 
where 


= oar (6.60) 


is Wilson’s hopping parameter (it is flavor dependent). This « is anal- 
ogous to the hopping parameter in the scalar field models. We may 
interpret — >>, Wey as belonging to the integration measure in the path 
integral. 

For free fermions the continuum limit means m — 0 in lattice units, 
which implies a critical value for the hopping parameter 


k > ke =1/8r, M > M. = år. (6.61) 


At this critical value there is somehow a cancellation of the y-like 
terms, such that the fermions acquire zero mass. With the gauge field 
present the effective strength of the hopping term is reduced by the 
‘fluctuating’ unitary Upe. We then expect Me < 4 and se > 1/8r, for 
given gauge coupling g. However, in the QCD case we know already that 
g itself should go to zero in the continuum limit, because of asymptotic 
freedom, implying U,,z — 1 in a suitable gauge and (6.61) should still be 
valid (ke is of course gauge independent). However, at gauge coupling 
of order one we can be deep in the scaling region of QCD and we may 
expect an effective xe substantially larger than 1/8r. Since there are no 
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free quarks in QCD we cannot define «e as the value at which the quark 
mass vanishes. We shall see later that it may be defined as the value at 
which the pion mass vanishes. 


6.4 Staggered fermions 


Starting with the naive fermion action we make the unitary transforma- 
tion of variables (in lattice units) 


Wx = y7 Xz, Wx T Xz (77), (6.62) 
ae yale ya) Aya as (6.63) 
Because 
[Par] oe = Dat] og = Me Sap (6.64) 
where 
Nis = 1, Nz = es ess B«2 = (—1)"1*%, Naa = (res, 
(6.65) 


this transformation has the effect of removing the gamma matrices from 
the naive fermion action, which acquires the form 


4 
s=- D (KExS 4a — Ka XG) )tm > Kaxa |: (6.66) 


a=1L rp 


In this representation the Dirac spinor labels œ on % and y are like 
internal symmetry labels and the action is just a sum of four identical 
terms, one for each value of the Dirac index. Hence, one of these should 
suffice in describing fermion particles. It can indeed be shown that taking 
x and X% as one-component fields leads to 16/4 = 4 Dirac particles in 
the continuum limit. In QCD all these fermions are interpreted as quark 
flavors. Inserting the ‘parallel transporters’ U, then leads to a gauge- 
invariant staggered-fermion action 


Sp =-->) Nyx 5 l [Xan (Upe)abXbe+a — pene (edi uz Jab Xoz] -2 MXaxrXaz, 
T 

ý (6.67) 
where we have made all indices on y and ¥ explicit (a and b are color 
indices) — there are e.g. no spin or flavor indices for X and x. Analysis in 
weak-coupling perturbation theory leads to the conclusion that this ac- 
tion describes QCD with four mass-degenerate flavors in the continuum 
limit [73, 74] (the mass degeneracy of the quarks can be lifted by adding 
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other terms to the action). The action has an interesting symmetry 
group [76], which is important for the construction of composite fields 
with the quantum numbers of hadrons [75, 77]. In the scaling region 
this symmetry group enlarges to the group in the continuum (including 
‘anomalies’). 

A further reduction by a factor of two is possible by assigning Xs only 
to the even sites and Xz only to the odd sites [78, 79, 80]. Even and odd 
sites are defined by €y = 1 and — 1, respectively, with 


erm (Aaa Tn (6.68) 


In this formulation we may as well omit the bar on ¥z since no confusion 
between even and odd sites is possible. Then a minimal action with only 
one Grassmann variable per site is given by 


S= -X tyue5XeXe+ps (6.69) 


xu 


in case of zero fermion mass. This method leads essentially to four 
Majorana fermions, which are equivalent to two Dirac fermions or eight 
Weyl fermions. Non-zero mass requires one-link or multilink couplings, 
since x2 = 0. 

Staggered fermions are technically rather specialized and we shall not 
emphasize them in this book. For an application of the method (6.69) 
to numerical simulations of the Higgs-Yukawa sector of the Standard 
Model see [36]. 


6.5 Transfer operator for Wilson fermions 


It will now be shown that the fermion partition function with Wilson 
fermions can for r = 1 be written in the form 


Z=TÎY, (6.70) 


where T is a positive transfer operator in Hilbert space and N is the 
number of time slices. A transfer operator was first given by Wilson [86] 
and a study of its properties was presented in [87]. The construction 
below is slightly different. (A general construction for r 4 1 is sketched 
in [89], which is easily adapted to naive or staggered fermions. See 
also [79, 88, 90] and references therein.) To identify Ê we first assume 
that the gauge field is external and and write Tr TN in the Grassmann 
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representation, 
. ae: at 
Tr ÎN = [eat dai- dak day e "NoN Tar. an—1)e “N-1°N-1 


+ 
x TGs? 4, an—2)°° Cree ap) e~ oro (acre ak—1) =: 
x eae T(az,a1) ear T(a},—ay). (6.71) 


The minus sign in the last factor corresponds to the same sign in (C.68) 
in appendix C. It implies that there are antiperiodic boundary conditions 
in the path integral, i.e. there is a change of sign in the couplings in the 
action between time slices 0 and N — 1. The expression above is to be 
compared with 


Zp= [ pepe exp Sp, (6.72) 


where Sp is the fermion part of the action. We have seen in the pure- 
gauge case that the integration over the timelike links U4, leads to the 
projector on the gauge-invariant subspace of Hilbert space, together with 
a transfer operator in the temporal ‘gauge’ U4, = 1. We therefore set 
U4, = 1 and write the fermion action in the form (using lattice units, 
t = x4 and x are integers) 


s=5( or Ea H vhs E w) 


2 
t 
= S pi BArpi = > wi Deve. (6.73) 
t t 
Here a matrix notation is used with 
3 
1 
Axyt = Moxy —€ >> 5 (Uxyst Seti +X OY); (6.74) 
j=l 
Bi “af 
Dyxy ,t = 5 Qj DA (Uxy,t Oia ZX y), (6.75) 
j=1 


and a; = iy4yj and @ = y4 are Dirac’s matrices, and furthermore 
€ = a4/a. (6.76) 


We recognize the projectors 


pt = PŽ =(148)/2 (6.77) 


for Wilson parameter r = 1. They reduce the number of pipe couplings 
by a factor of two compared with the naive fermion action. 
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Fig. 6.3. The association of time slices with Hilbert space for Wilson fermions 


(G= 1): 


The association of time slices t with Hilbert-space slices k is as follows 
(for each x, T denotes transposition): 


Plo, =(agPt)*, yP = agp, (6.78) 
Ppi = Poon, pha Pt = (Ptax)’, (6.79) 
A= Ak, D= Dk (6.80) 


as illustrated in figure 6.3. With this notation the action can be written 
as 


Sf = — 5 af ak + 5 at Åkak—ı 
k k 


— eX 0 (ax_1PtD,Pax_1 +a} P~D,Ptat). (6.81) 
k 


Here we have used GD = — DB, such that 


D=(P*t+P -)D(P+ + P7) = PDP- +P "DP*, (6.82) 


and abused the notation by leaving out the transposition symbol T. 
Comparison with Tr TN in the form (6.71) gives the (Grassmannian) 
transfer-matrix elements 


Tr(a}, @x—1) = exp(—ea} P7 Dy P* af) expla} Axax—1) 
x exp(—eaz_1P*D,P~ ax_1). (6.83) 
Using the rules listed above (C.68) in appendix C this translates into 
operator form as 


A ea pap peat cat reer 
Tp =e PDP à eî In(A)â o eaP' DP â (6.84) 


Here D and A depend in general on the gauge-field configuration in a 
time slice. 

Consider now first the case of free fermions, Uxy = 1. Then T is 
clearly a positive operator provided that A is positive, i.e. a Hermitian 
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matrix with only positive eigenvalues. In momentum space we get the 
eigenvalues 


3 
A(p)=M-— eS cosp;, (6.85) 
j=l 


which shows that A > 0 for 
M > 3e. (6.86) 


With dynamical gauge fields we have to take into account in (6.84) the 
transfer operator for the gauge field Ty. The complete transfer operator 
can be taken as 


T = Th? Ty TA" By, (6.87) 
Hf es eat PT ÂÔPTât (atin Aa .-eaPt DP & (6.88) 


where we have also put in the projector Po on the gauge-invariant 
subspace. Since A has lowest eigenvalues when the link variables are 
unity, the condition (6.86) remains sufficient in general for positivity of 
Tr. 

We can now use (6.80) in reverse and define operator fields wand wt, 
for each spatial site x, by 


Pips (å PHT, apes ap; 
P-p=P-a, pt = (Pà). 
In terms of these fields the fermion transfer operator takes the explicitly 
charge-conserving form 
Te x e~) PDP} e-t Bin Ad pit PtinA e- D PTDP Y (6.91) 
Notice the Dirac-sea factor exp(Tr P* In A). 
The continuous time limit T = 1 — eH + O(c?) can be taken if we let 
M depend on e — 0 according to 


M=1+€Ms, (6.92) 
such that A takes the form 
A(U) = 1 + eM3(U) (6.93) 
3 
Ms = Ms — X 4 (Uxy dgyj3y +X Y), (6.94) 


j=1 
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and we get the fermion Hamiltonian 
Hp = Ñt [M (Ô) + D(U)|W. (6.95) 


This may be called a Wilson—Dirac Hamiltonian on a spatial lattice. 

In summary, we conclude that the Euclidean-lattice formulation of 
QCD using Wilson’s fermion method has a good Hilbert-space interpre- 
tation, with a positive transfer operator. 


6.6 Problems 


The following exercises serve to clarify the continuum limit in QED 
and the phenomenon of species doubling by calculation of the photon 
self-energy at one loop in the weak-coupling expansion. 


(i) Vertex functions 
Consider the naive fermion action in QED 


Sr =- pee bora — Pera eve). (6.96) 
zu 


The bare fermion—photon vertex functions are the derivatives of 
the action with respect to the fields. Taking out a minus sign and 
the momentum-conserving delta functions, let the vertex function 
Vis ---tin (P, q; kı +++ kn) be defined by 


1 - 
Se=- YO FB yyun (ts 0521+ Bn) Dy A ma + Anan 
UWL En Me 


(6.97) 


ipu+iqv— ikixi —ikn£t . she 
> e naa V npn (UU TEn) 


UUI En 
= Virun (P, q; ki t kn) Slp — q + ki ++ kn). 
(6.98) 


Show that (p — q + kı +- -kn = 0) 
7 = 1 AN otlu _ (fg q\05—iPp 
Vesey, (p,q; k1 +++ kn) = 5 Yua l(—ig) e (ig)"e ] 
H 
X Õu `t Oppns (6.99) 
as illustrated in figure 6.4. The fermion propagator is given by 


= m — iy, sin 
S(p)! = V (p,p), S(p) = Sere a (6.100) 
Pp 
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k, H2 


Hy 


Fig. 6.4. Fermion vertex function —V,;---un (P, q; k1,.--, kn). 


Ward-Takahashi identities 

The gauge invariance of Sp implies certain properties of the 
vertex functions, called Ward—Takahashi identities. Consider a 
small gauge transformation y! = (1 + iw, + O(w?))ve, Yh, = 
(1-iwz +O(w?)) we, Alig = Ape + (1/9) wes (recall the definition 
of the forward and backward lattice derivatives, Op wr = Wr+~—Wz 
and OW = Wy — Wz). Collect the linear terms in wy in the 
invariance relation 0 = Sp(v’,w’, A’) — Sp(v,w, A) and derive 
the Ward identities 


1. 
0= g PuVvuoun A E 
+ Suz Vpr- un (Uy V; £1,- - +, Ln) 
= Desig Voriha OVL En) (6.101) 


and the momentum-space version 


1 * 
0= ; ELK) Vaur un (DG k, ki,- Bn) 


+ Varun (P + k, q; kı, enS kn) 
— Varun (p,q — k; kipen Ends (6.102) 
where K,,(k) = (etfe — 1)/i. In particular, for n = 0 and 1, 


K7 (k) Va (p, q; k) = S(p) — S(q)*; (6.103) 
Kuk) Viv (p,q; k, D) = Vulp, p + l; 1) — Vo (q — l,q;1) 


(p—qt+k=0,p—q+k+l=0). 

Photon self-energy 

We study the ‘vacuum-polarization’ diagrams in figure 6.5, which 
describe the photon self-energy vertex function II = W@ + 1 
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Fig. 6.5. Vacuum-polarization diagrams for —II,,,(p). 


given by 
T 4 
TIC) (p) = —9? da Tr [Va (l, —L, p, =p) S (D) (6.104) 
Hv P g (27)4 r HYV ’ P, P 3 Á 


T dél 
no) =o | gpa TVIS pV +p DSO]. 

Use the identities (6.103) to show that the sum II,,, = uo + 
ne) satisfies the Ward identity 


Ki (p) (p) =Q. (6.105) 


(Note that the loop integrals in the lattice regularization are 
invariant under translation of the integration variable.) 
Continuum region and lattice-artifact region 

The calculation of the continuum limit of II,,,(p) can be done in 
the same way as for the scalar field in section 3.4 We split the 
integration region into a ball of radius ô around the origin l = 0 
and the rest, where 6 is so small that we may use the continuum 
form of the propagators and vertex functions. 

Going over to physical units, p > ap, m — am, II —> Ia7?, 
show that in the scaling region limit a > 0, 6 — 0, am/d — 0, 
ap/é — 0 the contribution of this ball can be written as 

2 1 
-a (uP? — PPv) | dx «(1 — x) Infa?(m? + x(1 — x)p?)] 
(6.106) 
up to a second-degree polynomial in p. 

Verify that the 15 fermion doublers in similar balls around 
non-zero | = ma give identical contributions, up to possible 
arbitrariness in the polynomials. 

The region outside the 16 balls can contribute only a second- 


degree polynomial T),,(p) in a~', m and p in the continuum 
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limit, because possible infrared divergences cannot develop in the 
outside regions. 

Note that uo contributes only to the polynomial part of H,» 
in the continuum limit (it is just a constant x 4,,,). The reason 
is that there is no logarithmic contribution from the balls around 
l = T4 because the vertex function V,,,, vanishes in the classical 
continuum limit. 

Lattice symmetries 
The polynomial has to comply with the symmetries of the model, 
in particular cubic rotations R”) in a plane (p, ø), 


(R°p), = RY p, 
(RO p), = Po, (RPP p) = —Pp, 


(RO) p), = Pur WH {p0} (6.107) 
and inversions I (P), 
Ppp =-pp OPP) =Pu HEP (6.108) 


The polynomial T,,,(p) has to be a tensor under these transfor- 
mations, 


ER) SRR, Ti) (6.109) 
TO pH I Paio): (6.110) 


Show using the lattice symmetries that the form of the polynomial 
is limited to 


ca~’? + com? + C37, 5 pv + CapuPy + Cp Suv. (6.111) 


(In the third term there is of course no summation over p.) 
Constraints from the Ward identity 
Use the continuum limit of the Ward identity (6.105) to show 


finally that II,,,(p) has the continuum covariant form, 
9? 2 
yw (p) = 165-5 (urp — PuPv) 


x | dx x(1 — x) Infa (m + «(1 — x)p*)] 
+ (pO uy = Pupo). (6.112) 


Note that the coefficient cı of the quadratic divergence is zero. 
This can of course also be verified by an explicit calculation, e.g. 
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for p = 0. In non-Abelian gauge theory such quadratic diver- 
gences are also absent, provided that the contribution from the 
integration (Haar) measure in the path integral is not forgotten. 
Note also that the coefficient c3, of the term that is lattice covari- 
ant but not covariant under continuous rotations, is zero. Such 
cancellations will not happens in models in which vector fields 
are not gauge fields (no Ward identities). Then counterterms are 
needed in order to ensure covariance. 

The numerical constant c can be obtained by a further careful 
analysis and numerical integration. It determines e.g. the ratio 
of lambda scales Ayg/Ap in the theory with (naive) dynamical 
fermions. On dividing by a factor of four we get the analogous 
result for four-flavor staggered fermions described by the U(1) 
version of the action (6.67). 
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Low-mass hadrons in QCD 


In this chapter we address the calculation of the properties of hadrons 
composed of the light quarks u, d and s. 


7.1 Integrating over the fermion fields 


The partition function for a fermion gauge theory 
Z= [ev DwbDw exp(Sy + Sp) (7.1) 


can be expressed in an alternative form involving only the gauge fields 
by first integrating out the fermion fields. We shall use Wilson fermions 
as an example. We can write Sp in matrix notation, 


i à 
Sp=— a g Ye pa dota = Prti whee) 
zu 
= Xe pa Myy F 5 5 (PU cova =F Po+pUheVx) (7.2) 
x nat) 
= -p Ay, (7.3) 
7.4 


The matrix A = A(U) is called the fermion matrix. Its inverse is the 
fermion propagator S(U) in a given gauge-field configuration, 


1 


~ [M-WU) +AU) ] ey (7) 


Since w and w occur only bilinearly in the action, we can perform 
the integration over these variables and evaluate fermion correlation 
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functions explicitly: 


(dubybedy) an (SuvSay T Suy Szv)U, 
(pupopwpr pyb) = (SuxSvySwz +5 permutations)y, (7.6) 


etc. For clarity we indicated only the space-time indices x,... and 
suppressed the color, Dirac, and flavor indices a, a, and f of the fermion 
fields yee. 


7.2 Hopping expansion for the fermion propagator 


For Wilson fermions an expansion in the hopping parameter k = 1/2M 
has given useful results. Here we describe it for the propagator, for which 
it gives an intuitive representation in terms of a summation over random 
paths. We have seen this earlier for the scalar field in section 3.7. Let us 
define the hopping matrix H by 


Herav = NOPI )as (Uzry)ab OPE T (Pi tae (Uya)ab Oya), (7.7) 
u 


in terms of which 
Axaof.yosg = Mg fq [1 — 2r f Hzao,yop]. (7.8) 
For a given flavor we have 


1 


Soy = M! — 
1—2kH 


) = MIYO (26)! (Hay, (7.9) 
xy L=0 

where we suppressed again the non-space-time indices. The successive 
terms in this series can be represented as a sum over paths of length L, 
as illustrated in figure 7.1. The diagrams for L + 1 are obtained from 
those for L by application of H (by attaching the L = 1 diagrams). To 
each path C there corresponds a color factor U,,(C) and a spin factor 


rc) = ||P, (7.10) 
lEC 


P=P,, l= (z, +Â) (7.11) 


=P}, l=(x+ĝĥ,x). (7.12) 
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Pie) pee. Bee GLE ty oa 
C. 
Fig. 7.1. Illustration of the terms in the hopping expansion of the propagator. 


Note that, for r = 1, there are no paths with back-tracking because then 
PFP; =P Pr =0. 


For free fermions we can perform the summation in momentum space, 


(Hja = D ere H(p)”, (7.13) 
pP 

HO = X PHY Hoy, (7.14) 
zy 

H(p) = X (et Py +e PI) 

H 

= X (r cosp, — iya Sin pp), (7.15) 
H 

1 
S(p) = (7.16) 


M = $ (r cos py — ip sin pu) 


So the summation over random paths with the particular weight factor 
(7.10) leads to the free Wilson fermion propagator. The maximum eigen- 
value of H(p) is 4r at p = 0, which means that the radius of convergence 
of the hopping expansion for free fermions is given by |s| < 1/8r. 
For fixed k and complex p the expansion diverges at the position of 
the particle pole in the propagator. In the interacting case the unitary 
U„z tend to reduce the maximum eigenvalue of H and the convergence 
radius is generically larger than 1/8r, depending on the configuration 
of U’s. 


7.8 Meson and baryon propagators 173 


The hopping expansion for the propagator leads to an expansion of 
the fermion determinant in terms of closed paths, 


det A — det(1 — 2«H) = exp[Tr In(1 — 2«H)| 


= ooo oe 


L 


(7.17) 


With each closed path C there is associated a Wilson loop Tr U(C) and 
a spin loop TrI(C). 


7.3 Meson and baryon propagators 


The expressions (7.6) are well defined without gauge fixing. Since 
f DU contains an implicit integration over all gauge transformations, 
it projects on the gauge-invariant content of the integrand. Under a 
gauge transformation 


Un, = OU 4; (7.18) 
AG”) yO, AC) ey (7.19) 
APU Oar Ua Ol, (7.20) 


or 


SU ry = Sle! (7.21) 


Vs 
Since f dÊz Üz = 0, the gauge-invariant content of Q, is zero and it 
follows that the expectation value of the gauge-field-dependent fermion 
propagator is zero, unless x = y, 


(Szaaf,ybBg) U x Oxy dab fg: (7.22) 


The fermions cannot propagate ‘on their own’ without gauge fixing. Of 
course, this does not mean that fermion propagation is a non-gauge- 
invariant phenomenon and it is also not an expression of confinement. 
It forces us to consider carefully what the gauge-invariant description of 
propagation means. 

A simple gauge-invariant correlation function is of the type 
(dae Dyby)- In QCD we call these mesonic, since pyy combinations 
carry mesonic quantum numbers. More explicitly, we can define gauge- 
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invariant meson and baryon fields 


MES = 5 pT deoeqs (7.23) 
Bo hiorfoasfs 2 Ear anag YE pt2 pasas fa, (7.24) 
Bray fiaz feos fs = Ce Vraa fi Yrġazaz fz Prazas fs: (7.25) 


The gauge invariance of the meson fields is obvious. For the baryon fields 
the effect of a gauge transformation is given by (suppressing non-color 
indices) 


Cabe YPY > Cabe QRS Pe pe be 
= (det Q) earme WYP Y, (7.26) 


and invariance follows from det Q = 1. 

By taking special linear combinations, we can construct from M, B, 
and B fields with the required quantum numbers. For example, for 7+ 
(which has spin zero) we can use the scalar field combination 


dyiysUe, driYu Vsus, (7.27) 
where we made flavor explicit according to 
ug =p", dg” = wns, (7.28) 


etc. For the pt particle (which has spin one) we can use the vector and 
tensor fields (both containing spin 1) 


dehy ities deilu, lth (7.29) 
An example for the proton (spin 4) is given by 
Cave (Cl y5) gy ua (ure dey — Pus), (7.30) 
and for the A** (spin 3), 
Cabe (O'Yu) ay We Ua Ue” (7.31) 


Here C is the charge-conjugation matrix; 7) = —(Cty)" is the charge 
conjugate of w (cf. (D.27) in appendix D). For example, for the A++ 
the last two u fields combine to give a vector (containing spin 1) of 
the form por w, which, together with the first u field, contains spin 
3. More examples are in [10]; [82] gives group-theoretical details of the 
spin—flavor content of the baryon fields. 
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Fig. 7.2. Meson (a) and (b), and baryon (c) propagators. 


Putting these hadron fields in the form (A = {aaf}) 


B,(®) = 4go BA®?, (7.33) 
B,(®) = Branco &4°°, (7.34) 


where ® specifies the spin—flavor structure, we can write gauge-invariant 
meson correlation functions as 


(M,(®)My/ (®')) = —(Tr (Sre P Syn) ) + (Tr (Szr) Tr (®'Sye))u; 
(7.35) 
and the baryon correlation function 


(Bz (®) By (®')) = Bapo (Skra Soren Soin Ue 4 PO, (7.36) 


as illustrated in figure 7.2. The contribution (b) to the meson correlation 
function is non-zero only for flavor-neutral fields, i.e. fields of the form 
fof, f = u,d,c,s,t,b. 

These composite field correlation functions describe bound states, 
the mesons and baryons; for this reason we also call them meson and 
baryon propagators. Consider first the meson propagator in figure 7.2(a). 
It is a sum over Wilson loops going through x and z’. This follows 
from the hopping expansion of the quark propagator which expresses 
See aS a sum over random paths C weighted by the Wilson line 
Uzæ (C) and the spinor factor associated with the path. We can now 
intuitively understand the implication of confinement as expressed by 
the area law for Wilson loops. The exponential fall-off in the area law 
greatly suppresses the contribution of widely separated paths of the two 
propagators in figure 7.2(a). Contributions in which the two paths stay 
together dominate and, when they are together, they make a random 
walk, which implies the formation of a bound state. A similar story can 
be told for the baryon propagator in figure 7.2(c); the combined random 
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(a) (b) 


Fig. 7.3. Diagrams for flavor-neutral mesons with sea-quark loops and gluon 
lines also indicated. 


Fig. 7.4. Meson-loop corrections to the baryon propagator. The closeness of 
lines is to suggest binding by ‘glue’. 


walk of the three-quark propagators leads to a pole in momentum space 
corresponding to a bound baryon state. 

So far we have concentrated on the fermion lines related to the hadron 
fields (the ‘valence-quark’ lines) and ignored the effect of the fermion 
determinant. Its hopping expansion leads to a sum of closed fermion lines 
called ‘sea-quark’ loops or ‘vacuum loops’, and we have to imagine such 
sea-quark loops everywhere in figure 7.2. This is particularly relevant 
for the case of flavor-neutral mesons for which diagram (b) contributes. 
Figure 7.3 shows diagrams (a) and (b) as the first two terms in an infinite 
series with the sea-quark loops included one by one. As a reminder of the 
presence of ‘glue’ implied by the average (---)y we have also shown some 
gluon lines in this figure. Figure 7.4 illustrates a meson-loop contribution 
to a baryon propagator: (a) uses a sea-quark loop but not (b), which is 
already included in diagram (c) of figure 7.2. 

We were led by confinement to the intuitive picture of random walks 
for the composite hadron propagators. In a theory without confinement, 
such as QED, there is no area law and there will be relatively large con- 
tributions in the fermion—antifermion correlation function also for widely 
separated fermion paths. These will correspond to fermions propagating 
almost freely at large distances from each other. Of course, they will feel 
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Fig. 7.5. Hopping matrix for the mesons and baryons at strong coupling. 


the long range electromagnetic interactions, which may but need not 
lead to bound states. This is the gauge-invariant description of fermion 
propagation in QED. 


7.4 Hadron masses at strong coupling 


At bare gauge coupling g = oo the string tension diverges and there 
are only contributions to the Wilson paths with zero area. Neglecting 
vacuum fermion loops, it is an interesting approximation to take into 
account only simultaneous quark—antiquark hopping for mesons and 
three-quark hopping for baryons, as illustrated in figure 7.5. The inverse 
propagators can be written down explicitly and solved for the position 
of the pole in p4 = im at p = 0, which determines the mass of the bound 
state, m. We can even derive effective actions describing the coupling 
constants [83, 84, 85, 109, 82] in terms of the meson and baryon fields 
(7.23)—(7.25). For example, the meson effective action has the form 


Ser = ne X Tr |- In Ms + MMs — X` MiP; MasaPt +O(M?)|. 
x H 


(7.37) 
where ne is the number of colors and now M is an effective field. For 
r = 1 it turns out that the low-lying states are the pions, rho mesons, 
nucleons, and deltas (Mmr % 140, mp ~ 770, my ~ 940 and ma ~ 1232 
MeV). In the flavor-degenerate case Mu = Ma = M the masses are given 
by 

(M? — 4)(M? — 1) 
cosh My = 1 + 2M2 _3 f (7.38) 
(M? — 3)(M? — 2) 


cosh m, = 1+ 5M? 3 j (7.39) 
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(M°? — 3/2)(M? — 1/2) 
M? — 5/4 , 
M?(M8 — 2) 
M? — 5/4 


expma = (7.40) 


expmy = (7.41) 
On decreasing M from infinity toward zero or equivalently increasing 
the hopping parameter « from zero upward we see that the pion mass 
vanishes at M = Me = 2, whereas the other masses stay non-zero. At 
strong coupling the critical hopping parameter is ke = 1/2M, = L. For 
weak coupling one can calculate Me(g) = 4+ O(g?), and «e as defined 
by the vanishing of m, will decrease toward z 

Although we know that the scaling region of QCD is at weak cou- 
pling, it is still interesting to compare these strong-coupling results with 
experiment. For small M — Me, 


as 9 — 0. 


mŽ = 4.8m; M= M- Me, (7.42) 
Mp = 0.894 + 1.97m4. (7.43) 


We can choose M such that m,/m, takes the experimental value 140 
MeV/770 MeV, which gives mą = 0.0055. This may be compared with 
Mp = 0.894 at M = Me. Introducing the lattice distance, am, = 0.994, 
means that the lattice cutoff is 1/a = 770/0.894 = 860 MeV and the 
quark mass m, = 0.0055/a = 4.7 MeV, which is remarkably close to the 
up-down quark mass found in numerical simulations (Mua œ% 4.5 MeV 
(quenched), see section 7.5). Mass ratios not involving the pion can be 
approximated by taking M = Me. Then we have the strong-coupling 
predictions 


=1.7 (1.21), Z4 =1.01 (1.31), M = M,, (7.44) 


Mp MN 


My 


where the experimental values are given in parentheses. For M — oo the 
baryon/meson mass ratio would be 3. The results are not improved much 
by including O(1/g?) corrections, which are already hard to calculate 
[82]. The idea of using the strong-coupling expansion as a method for 
calculating the properties of hadrons has failed up to now because of its 
great complexity. 

Other quantities such as the decay constants fr and fp, the m7 
scattering amplitudes, and the splitting m? — (m? + m2,)/2 in the 
neutral pseudoscalar meson sector, which is related to the notorious U(1) 
problem, have also been calculated at strong coupling. Quantitatively 
these predictions are wrong of course, but they present an interesting 
caricature of hadron physics. 
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Table 7.1. Low-mass hadrons: the baryon octet (N, £, A, =), the 
baryon decuplet (A, &*, =*, Q) and the mesons 


State Spin Mass (MeV)  Valence-quark content 


N 1/2 940 uud, udd 

D>) 1/2 1193 uus, (ud + du)s, dds 
A 1/2 1116 (ud — du)s 

= 1/2 1315 uss, dss 

A 3/2 1232 uuu, uud, udd, ddd 
Di 3/2 1384 uus, uds, dds 

ar 3/2 1532 uss, dss 

Q 3/2 1673 888 

T 0 135 ud, dū 7 

K 0 498 us, ds, sū, sd 

p 1 768 ud, dū i 

K* 1 896 u5, d5, sū, sd 

n° 0 135 uti — dit (& s5) 

n 0 547 uŭ + du — 2s5 

nf! 0 958 ua + du + 88 

p? 1 768 uu — du (& s5) 

w 1 783 uu + dd (& ss) 

@ 1 1019 s5 (& ut & dd) 


7.5 Numerical results 


In table 7.1 the low-mass hadrons found experimentally are listed, with 
their valence-quark contents indicated. The electric chance of a state 
is just the sum of the charges of the quarks, which is +2 for u, -4 
for d and s, and the opposite for the antiquarks indicated by a ‘bar’. 
The flavor-neutral mesons (7°, ..., ¢) have mixed quark content, ap- 
proximately as indicated (with small ‘contaminations’ in parentheses). 
The decuplet baryons are symmetric in their flavor content, whereas 
the octet has mixed symmetry. The neutral octet members © and 
A differ in the symmetry properties of their u,d flavor content. The 
primary aim of the numerical simulations is to recover this spectrum of 
hadron masses with essentially only three parameters: the A scale which 
corresponds to the gauge coupling and which sets the overall mass scale, 
the non-strange-quark mass in the approximation m, = mg and the 
strange-quark mass ms. 
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In numerical simulations the fermion determinant det A poses the 
greatest problem. The quenched approximation consists of the replace- 
ment det A — 1, while taking its effect on the effective gauge coupling 
into account by a change in the bare coupling. This means that only 
the valence-quark propagators are taken into account and the sea-quark 
loops are neglected. For this reason the approximation is also called the 
valence approximation. 

The reliability of this approximation (which destroys the Hilbert-space 
interpretation of the fermion path integral) is hard to establish a priori. 
It helps to consider the generalization of the SU(3) gauge group to 
SU (ne), with ne — co [67]. Then the contribution of each sea-quark 
loop to a mesonic correlation function is down by a factor 1/n¢. For 
mesons the large-n, limit corresponds to the quenched approximation. 
Baryons, however, have ne valence quarks and the baryon mass becomes 
proportional to ne as ne — oo [96]. Yet, as we have seen in section 5.6 
for the glueballs, ordering various non-baryonic quantities according to 
powers of 1/ne is quite illuminating even for values of ne as low as 2 
and 3. 

Simulations with dynamical fermions (‘unquenched’) are very time 
consuming and for illustration we shall now describe the results of a 
computation with only two dynamical fermion species [97]. An improved 
action is used, for which larger lattice spacings can be used without 
discretization errors blowing up. The dynamical fermions are assumed 
to be the lightest sea quarks, u and d, and their masses are taken to be 
equal. This is not the actual situation, mg is roughly twice m,, both 
being of the order of 5 MeV.} However, the hadron masses are generally 
much larger and, neglecting such small O(5 MeV) effects, one may as well 
take me = me = Msea (recall that m = M — Me). The pseudoscalar 
mesons require special attention in this respect, as will be discussed 
in the next chapter, but even these depend primarily on the average 
quark mass (ma, + mq)/2. The other sea quarks in the simulation have 
effectively infinite mass. The masses in the valence-quark propagators 


can still be chosen at will; they do not have to be equal to the masses of 
(ud) 
val ? 
for the hadrons composed of u, d and s. Such computations in which 


the sea-quark masses differ from the valence-quark masses are called 
‘partially quenched’. 
In the simulations one first produces gauge-field configurations and 


the sea quarks, so we have m and m? as valence mass parameters 


This is the reason, for example, why the neutron is 1.3 MeV heavier than the 
y 
proton, despite the Coulomb self-energy of the proton. 
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Fig. 7.6. msg as a function of 1/#yai for 8 = 2.1 and four values of Ksea. From 
[97]. 


then computes the average of the hadron-field correlators built from 
valence-quark propagators. Only valence diagrams of the type (a) in 
figure 7.2 are computed in this numerical study, since quark propagators 
corresponding to type (b) are much harder to evaluate. This means an 
approximation for the masses of mesons with quark—antiquarks of the 
same flavor (those below the second double line in table 7.1), which 
makes sense only if one sets Mu = Ma (this follows from the discussion to 
be given in section 8.2). Diagrams of type (b) cause mixing of the flavor 
content of the mesons, which is expected to affect the vector mesons less 
than it does the pseudoscalars. For the 7’ mass diagrams of type (b) are 
essential. 

Each choice of sea-quark mass implies a separate costly generation 
of gauge-field configurations, whereas the computation of valence-quark 
propagators is less expensive, so typically one has many more valence- 
quark masses than sea-quark masses available for analysis. However, by 
fitting suitable functions of all the masses involved, it is possible to ob- 
tain the desired mass combinations by interpolation and extrapolation. 
The latter is needed because the simulations need more time as the 


182 Low-mass hadrons in QCD 


=á 
o 


— =k =i — 
= N w P 
T T T T 


m,(Ks;Kv,,Kv,) 


4 
Oo 
T 


o 
[<o] 
T 


o VV 


0.8 | ! ! : 
0.0 0.5 1.0 1.5 
(m2,(Ks;Kv, ,Kv,)+m2,(Ks;Kv,,Kv,))/2 


Fig. 7.7. my versus mig for 3 = 1.8. From [97]. 


sea-quark masses are reduced and their small physical values cannot be 
simulated yet. So this introduces some uncertainty. 

It turns out that the dependence of the squared pseudoscalar masses 
on the quark masses is almost linear, which can be understood as the 
result of chiral-symmetry breaking (see chapter 8), and the data can be 
fitted well by a quadratic polynomial in the quark masses. This is done 
in [97] as follows. For mesons composed of valence quarks 1 and 2 the 
average valence-quark mass is given by 

1 1 
2k 2K’ 


Mvyal = (ma + me), m=M-M. = 


val 


(7.45) 


where « is Wilson’s hopping parameter (r = 1). In terms of these the 
pseudoscalar masses are parameterized as 


2 1 2 2, 2 
Mpg (ere KO, KA) = bsMsea ae byMval + CaM ecg, + Cy Mal 
(1), (2) 
+ CsvMseaMyal + Cw Maal val: (7.46) 


In figure 7.6 results for the squared pseudoscalar masses are shown as 
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Fig. 7.8. Baryon decuplet masses versus mpg for 8 = 1.8. From [97]. 


a function of the average valence-quark mass, for one of the four values 
{1.8, 1.95, 2.1, 2.2} of the gauge coupling 8 used in the simulation. 
Results at the other 8 values look similar except for a change of vertical 
scale (the mass in lattice units being smaller at larger 3). The labels 
‘SS’, ‘SV’ and ‘VV’ mean the following. 


VV: mi) =m®) = Mvyal} 


val 
(1) 


val 


Y 


can be written as my) = 


. m (2) ; ; 
SV: mi = Msea; then m 2Mval — Msea} 


SS: mo = mÊ = Msea- 


The lines VV and SV almost coincide and they are almost parallel for 
different Ksea, so the line SS crosses all the others. 

Note that Me = 1/2, is also a free parameter in the fitting formula 
(7.46). If we read the right-hand side of (7.46) as a function of the 
inverse &’s, changing Ke merely shifts all curves in figure 7.6 horizontally; 
1/ke is then the value at which Mpg (Keriti Kerit, Kerit) = 0. Knowing the 
parameters bs, ..., Csy and Ke from the fit determines M2s for every 
combination of the «’s and quark masses. 

A similar procedure could be followed for the other hadron masses. 
Alternatively one can plot them as a function of mag, the procedure 
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followed in [97]. The vector meson masses can be fitted to a quadratic 
polynomial in mpg, 


my (kiai KO, ri) = AY a BY isea at BY pal 


+ Chie 2 + OY ie + CY HscaHval, (7.47) 
with 
Hi = Mpg (sasn mele i) > Hval = 3 (M1 + p2), (7.48) 


Hsea = Mig (Kiga; Ksea,s Ksea) (7.49) 


(the data show no need for a term CY 1:12). A corresponding plot is 
shown in figure 7.7. Note the shift in vertical scale relative to figure 7.6. 

Next the baryon masses are analyzed. The simplest are the decuplet 
states which are symmetric in the flavor indices. Writing Hval = (H1 +u2+ 
13) /3, the decuplet masses can be fitted by a formula similar to (7.47), 
see figure 7.8. The octet baryons have a more complicated quark-mass 
dependence because they have a mixed flavor symmetry; we shall not go 
into details here (see [97]), but the corresponding figures look roughly 
similar to figure 7.8. 

The gross features of the mass spectrum are that, for the pseu- 
doscalars, the squared mass is approximately linear in the quark masses 
(and vanishing at myal = Msea = 0), whereas for the other hadrons the 
mass itself is approximately linear. 

Having obtained the coefficients from the fits, the physical value of 
the sea-quark mass can be determined for each 8. Ideally this could be 
done by fixing the computed pion—nucleon mass ratio at the physical 
value, but in this case there are good reasons to believe that the nucleon 
mass suffers from finite-volume effects (based on experience in previous 
computations). A good alternative is to use the pion-rho mass ratio. 
Setting Hval = sea = MŽ in (7.47) the equation 


ts =||  =0.176 
AV + (BY + BY)m2 + (CY + CY +0% ine eles Es 
(7.50) 

can be solved for mz. 

Using mp = 768 MeV, one can then introduce the lattice spacing a by 
putting am, = denominator in (7.50), and find the value of 1/a in MeV 
units at each 3. Knowing the physical values of Muq and the value of 
1/a, the masses of the nucleon and delta can be evaluated from the fits 
and expressed in MeV units. Linear extrapolation to zero lattice spacing 


7.5 Numerical results 185 


1.05 
K input; 
t > | 
1.00 } oe | 
| Ee. | 
Bete 
> j _ 
| o 
©, 0.95 + | 
| | 
| K* | 
0.90 + | 
© 
Š D ee 
E | | | | | i i i 


0.0 0.2 0.4 0.6 0.8 1.0 1.2 
a [Gev] 


Fig. 7.9. Meson masses as a function of lattice spacing. The linear fit to a = 0 
uses only the data at the three largest lattice spacings. Experimental values 
are indicated with diamonds. From [97]. 


(cf. figures 7.10 and 7.11) gives the results my = 1034(36) MeV and 
ma = 1392(58) MeV. These ‘predictions’ are to be compared with the 
experimental values of 940 and 1232 MeV (recall that in this simulation 
the physical volume is assumed to be somewhat small for these baryons). 

Next the mass of the strange quark can be determined by fitting the 
kaon-rho mass ratio to the experimental value, Mbg(Kud} Kud, Ks) /M?, = 
mi /m?, = (498/768)? (note that mx is of the type SV). The masses of 
other hadrons containing strange valence quarks are then ‘predictions’. 
Alternatively, the ¢-p mass ratio was used in [97], the ¢ being of type 
VV, my (kud; Ks, Ks)/M, = 1019/768. The two ways of determining the 
valence mass of the strange quark are denoted by ‘K input’ and ‘¢ 
input’. Figure 7.9 shows such a ‘prediction’ for mesons as a function of 
the lattice spacing together with the continuum extrapolation. Examples 
for the baryon masses are shown in figures 7.10 and 7.11. The improved 
action allows rather large lattice spacings to be used. It can be seen that 
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Fig. 7.10. Baryon decuplet masses as functions of a. From [97]. 


the a-dependence is consistent with ‘linear’, for the three larger lattice 
spacings, despite the fact that the baryon masses in lattice units are 
above 1 for the largest lattice spacing (cf. figure 7.8), which reduces by 
a factor of about two for the smallest lattice spacing. 

The meson masses in the continuum limit are close to experiment 
at the level of 1%. The masses of baryons with three or two strange 
valence quarks are also close to experiment, but the discrepancy increases 
with only one or zero strange valence quarks. This is interpreted as 
finite-size effects being smaller for the hadrons involving the heavier 
strange valence quark (the lattice size in physical units is about 2.5 fm). 

It is also of considerable phenomenological interest to determine the 
quark masses in physical units. In QCD the renormalized mass parame- 
ters are ‘running’ with the renormalization scale, similarly to the gauge 
coupling. An analysis of the quark masses in this simulation leads to the 
result mMS = 3.4 MeV and mMS ~ 90 MeV, at the scale 2 GeV. 
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Fig. 7.11. Baryon octet masses as functions of a. From [97]. 


Comparing with the results of simulations in the quenched approxi- 
mation, [97] finds that the inclusion of dynamical u and d quarks has 
improved agreement with experiment. Figure 7.12 shows a comparison; 
Nt = 2 indicates the simulation discussed above while ‘N- = 0 Improved’ 
denotes a quenched simulation using the same gauge-field action; ‘Nẹ = 0 
Standard’ shows the results of an earlier simulation [98] using the 
standard Wilson action. It is surprising how good the quenched approx- 
imation actually is for the hadron spectrum. The effect of dynamical 
fermions on various physical quantities is not easily established, see e.g. 
[99]. One may expect that results will further improve with simulations 
including also a dynamical strange quark, as well as including larger 
volumes. 
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Fig. 7.12. A comparison with the quenched approximation. From [97]. 


7.6 The parameters of QCD 


The parameters in the Wilson action (r = 1) are g? and mf = My — 
Me, the critical value Me = 1/2, being determined completely by the 
gauge coupling. We have seen in the previous sections how these may 
be determined by the hadron spectrum. In particular, g? determines the 
overall scale, say the proton mass Mp at my, = mq = ms = 0, while 
the quark masses determine the ratios mpg/m;. Roughly speaking, mp, 
Mat, M+, and mẹ are the free parameters of three-flavor QCD. 

The renormalized masses and coupling depend in general on the 
renormalization scheme. In a mass-independent scheme such as minimal 
subtraction (cf. problem (iii) for a perturbative lattice definition), we 
get renormalized running coupling and masses at momentum scale p, 
g(u) and my(4). They satisfy the renormalization-group equations 


u- = BG), w—— = 7(9) M, (7.51) 


7.6 The parameters of QCD 189 
witht 

b) = — Aig? — 25° ----, (7.52) 

(9) = -78 — 29° — +>. (7.53) 


Here (1, 62 and yı are universal and given by 


ıı 2 
= aee Tia , „54 
Pr als" Snr) ce 
1 [34 10 (n2 — 1)n¢ 
= : c , 7.55 
Pa aes” qe Ne oo 
1 3(n2—1) 
N T6r n n 


where ne is the number of colors and n¢ the number of dynamical flavors. 
We have already seen in section 5.2 how an overall scale A may be 
defined in terms of the gauge coupling, 


kapg Rea 


xef- f as ko | oe Fal} 0 


This scale is renormalization-group invariant, i.e. dA (u, g(u))/dln p = 0. 


Similarly one defines renormalization-group-invariant quark masses 


mip = mp (u) (2610): 


te |G) a 
cent aloa e 
which satisfy dm?" (p, g(u))/dln u = 0. As we have seen in section 5.2, 
the scale A depends on the renormalization scheme; however, using 
similar arguments it follows that the m’®' are scheme-independent. In 
[63] special techniques are used to compute the renormalization-group 
functions (g) and y(g) non-perturbatively. 

Asymptotic freedom (f, > 0) is guaranteed for ne < 11n,./2, or 
ng < 16 for QCD. We also see from the p-independence of me that 
the running mass m (jz) goes to zero œ (g?)7/2% as u — oo. The 
same is true for the bare quark mass my as the lattice spacing a — 0 
(in minimal subtraction the bare parameters run in the same way the 
renormalized ones, cf. problem (iv)). 

t The subscript k of Bk and yz indicates that the coefficient corresponds to diagrams 


with k loops. Another notation, often used, is Bk > Br—1, Yk ~ Ye—1; and [63] 
Br as bk—1, k= 1, 2, $a (9) ai T(9) = dog? dig 
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7.7 Computing the gauge coupling from the masses 


At long distances the non-perturbative methods of lattice gauge theory 
allow us to compute the properties of hadrons. At short distances 
we know that weak-coupling perturbation theory works well. Many 
physical properties have been successfully related with the methods 
of perturbative QCD. The essential parameter in these calculations is 
the renormalized coupling constant gr. A useful characterization of the 
coupling strength is the value of the running coupling gyg(u) in the 
MS scheme, which is customarily taken at the scale set by the mass of 
the Z-boson, u = mz, or rather the value of the ‘strong fine-structure 
constant’ as(mz) = Jg (mMz)/4r. It is not a free parameter; its value 
can be predicted just like other physical quantities such as mass ratios. 
Let us see in more detail how this can be done. 

Suppose that we compute the static quark-antiquark potential V at 
short distances. From the force 


E ween) 


ðr Arr?’ (7.99) 


we know gf, (1/r) at some distance r/a in lattice units, for some bare g 
and quark-mass parameters aM, chosen such that mz/mp, MK/mMp, ~. 
have the experimental values to reasonable accuracy. From the value of 
the proton mass in lattice units, amp, we then also know the distance 
r in units of mp, rmp. Provided that rm, is small enough, we can then 
use the perturbative renormalization group 


=B(gv), Blgv) =—Bigk — b29% +--+, w=1/r, (7.60) 


to relate the computed g%,(1/r) to g? at higher u. At sufficiently large 
p we can use the perturbative connection between gẹ and gêr parame- 
terized by the ratio of the scales Ayg/Av. 

This program is difficult to implement because the lattices for sim- 
ulations with dynamical fermions in spectrum computations tend to 
be small. Other renormalized coupling constants have been proposed 
in place of gy, which are useful for numerical computations, e.g. the 
‘Schrédinger functional method’ [94]. 


7.8 Problems 


(i) Effective action 
The exponent in (7.17) can be interpreted as an effective action 
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for the gauge field. Calculate the contribution of the smallest 
closed loop (around a plaquette). Show that it corresponds to an 
decrease (i.e. increase of the effective B = 6/g) of the effective 
gauge coupling. 
Three flavors 
Devise a method for analyzing numerical hadron-mass data with 
dynamical up, down and strange quarks, with m, = mq £ Ms. 
Minimal subtraction revisited 
In the following go and mp denote the bare gauge coupling and 
quark masses, and g and m the renormalized ones (we suppress 
the flavor label f). For Wilson fermions mp = M — Me(go,r). 
For staggered fermions we may think of mo simply being the 
parameter appearing in the action (see [73] for more details). 
The critical mass Me is linearly divergent and the bare mo has 
to absorb the remaining logarithmic divergences as the lattice 
spacing a — 0. The coupling go is logarithmically divergent. We 
shall now follow similar steps to those in problem 3(iv) for the 
QCD case. 

Both go and mo are multiplicatively renormalized, 


go = 924(9, nap), (7.61) 
Mo = MZm (9, In au), (7.62) 
Z(g, Inan) EDA 2n (Inap)! 
n=1 k=0 
= $ Zk (o) ap)", (7.63) 
k=0 


and similarly for Zm, 


m(g, nap) -5 Zi" (g)(Inap)* (7.64) 


Terms vanishing as a — 0 have been neglected, order by order in 
perturbation theory. In principle we can alon any choice of the 
coefficients Z9” which lead to a series in g? for the renormalized 
vertex functions in which the dependence on a cancels out. In 
minimal subtraction one chooses 


Z(g=1, 2Z'(g) =1. (7.65) 


The renormalized g and m depend on the physical scale u but 
not on a whereas go and mo are supposed to depend on a but not 
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on p. Then 
o= |u Z + alo) | ozZolg..an), (7.66) 
Ou Og 
0= Ç 5, +g) È+ 0) Zalo nap), (7.67) 
where 
By =n, (= ES. (7.68) 


By going through similar arguments to those in problem 3(iv), 
show that in minimal subtraction 


Blg) =—-Z7(9), yg) =—-Z7"(9)- (7.69) 


Verify that, in minimal subtraction, the renormalization-group 
functions for the bare parameters are identical to those for the 


rernormalized ones, Bo(go) = G(go) and yo(go) = (go). Verify 
the RG-independence of A and m*®! in (7.57) and (7.58). 


8 
Chiral symmetry 


In this chapter we pay attention to a very important aspect of QCD and 
the Standard Model: chiral symmetry. It is a symmetry that is natural 
in the continuum but it poses special problems for regularizations, 
including the lattice. We review first some aspects of chiral symmetry in 
QCD, then discuss chiral aspects of QCD on a lattice, and finally give a 
brief introduction to chiral gauge theories, of which the Standard Model 
is an example. 


8.1 Chiral symmetry and effective action in QCD 


Consider the mass terms in the QCD action, 
Simass a - f ëz omy, (8.1) 


where m = diag (Mu, Ma, Ms, -+ +) is the diagonal matrix of mass param- 
eters. We know that the first three quarks u, d and s have relatively 
small masses compared with a typical hadronic scale such as the Regge 
slope (a’)~!/? ~ 1100 MeV or the string tension yo ~ 400 MeV. (Recall 
that Mua = 4.4 MeV and ms ~ 90 MeV in section 7.5.) Suppose we set 
the first n¢ quark-mass parameters to zero. In that case the QCD action 
has U (nt) x U(ng) symmetry, loosely called chiral symmetry, in which 
the left- and right-handed components of the Dirac field are subjected 
to independent flavor transformations VL r € U (n¢), 


p — Vy, V = VWP + VrPr, 
pop, V =V} Pr + ViP = Bvig, 
P, = (1-75), PR = §(1 +95). (8.2) 


193 


194 Chiral symmetry 


Here VL, act only on the first m¢ flavor indices of the quark field. The 
matrix ys = i79q24243 = —71 Y27374 has the properties yi = ys, 72 = 1 
and it anticommutes with the Yu, ie. YY = —Yuys- The Pir are 
orthogonal projectors, P? = Pi, PR = Pr, PLPR = 0, PL + Pr = 
1. Because of these properties the derivative terms in the action are 
invariant, 


Py" Duh > PVV Dy = p (VIVE + Vi VR) Du = oy" Dy. (8.3) 
The mass terms transform as 
pmb > YVmV y = (Vi mV Py + Vi mVR PRY, (8.4) 


so they break the symmetry. A flavor-symmetric mass term has m « 1. 
Such a mass term is invariant under flavor transformations, for which 
Vi = Vr. However, it is not invariant under transformations with V, 4 
Ve. A special case of these are chiral transformations in the narrow 
sense,! for which V, = vå. For m = 0 in the n¢ x n¢ subspace the action 
is invariant under chiral U(n¢) x U (nf) transformations. 

In the quantum theory the U(n¢) x U(ng) symmetry is reduced to 
SU (nf) x SU (ne) x U(1) by so-called anomalies (this will be reviewed 
in section 8.4). Here U(1) is the group of ordinary (Abelian) phase 
transformations ~ — ew, p — e™™ y. Furthermore, the dynamics 
is such that the SU (nt) x SU (nt) symmetry is spontaneously broken. 

An informative way to exhibit the physics of this situation is by using 
an effective action. We have met already in chapter 3 the O(4) model for 
pions (which can be extended to include nucleons, cf. problem (i)). This 
illustrates the case ne = 2 (the group SO(4) is equivalent to SU (2) x 
SU(2)/Z2, cf. (D.19) in appendix D). One introduces effective fields ¢ 
which transform in the same way as the quark bilinear scalar fields gt f 
and pseudoscalar fields paist, f,g=1,...,me. We start with 


Drag = gPLv ys, (8.5) 
which transforms as 
Pjg > (Vi) re (Vedorg Prg, (8.6) 
or, in matrix notation, 
ð > VV. (8.7) 


The other possibility leads to ®T: 


PgPrbs = (WF Pr Bbg)* = (bs Prpa)" = (Gor) (8.8) 
= (1) jg. (8.9) 
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Under parity ® and t are interchanged, 
®(x°, x) 5 i (2°, —x). (8.10) 


Ignoring the symmetry breaking due to anomalies, the effective action 
for the effective field p > ® has the same chiral transformation proper- 
ties as the QCD action. We shall first examine the form of this effective 
action and derive some consequences, and later take into account that 
anomalies reduce the U(n¢) xU (nt) symmetry to SU(n¢) x SU(n¢) XU (1). 

For m = 0 we want an invariant action. The combination Tr[(¢¢")*] 
is invariant under (8.7). An invariant action is given by 


S=- J d'z Tr(F20,,¢'F,0“6 + G), (8.11) 
where Fi 2 and G have the forms 
Fi=X_ filo)", Fe = X falo)", (8.12) 
k k 
G=} glog)". (8.13) 
k 


Reality of the action requires the coefficients fik, fox and gz to be real. 
Invariance under parity requires 


Sik = fok- (8.14) 
The action might also contain terms of the type 
Tr[(d9")*] Tr[(9")']. (8.15) 


At this point we assume such terms to be absent and come back to them 
later. 

There may also be higher derivative terms. Their systematic inclusion 
is part of chiral perturbation theory, see e.g. [19]. For slowly varying fields, 
which is all we need for describing physics on the low-energy-momentum 
scale, we may assume such higher derivative terms to be negligible. 

The classical ground state will be characterized by 0,¢ = 0 and 


correspond to a minimum of Tr G. Let A1, ..., An, be the eigenvalues of 
the Hermitian matrix ¢¢'. Then 
TrG = $0 gn(Ap +--+ AR.) (8.16) 
k 


A stationary point of Tr G has to satisfy 


ð k—1 
0= oe tN (8.17) 
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which is the same equation for each j. Hence, the solution is 
MS SHA, =A, po = AL. (8.18) 


Since o¢! > 0 (ie. all eigenvalues are > 0), \ > 0. 

We shall now assume that A # 0 at the minimum of TrG. The 
symmetry is then spontaneously broken, because a non-zero ¢ in the 
ground state is not invariant under U(n¢) x U (n¢) transformations. It is 
helpful to use a generalized polar decomposition for ¢, 


@é=HU, H=H'i, U= U~. (8.19) 


The H and U can be found as follows: H can be calculated from H = 
+/d¢t and then U = H~'!¢. In the ground state H = +VAll. The 
degeneracy of the ground state is described by U, which is an element 
of U(ng). It transforms as U —> VLU vi. Without loss of generality we 
may assume that U = Il and H = —vAI (the minus sign becomes 
natural on taking into account the explicit symmetry breaking due to 
the quark masses). This exhibits clearly the residual degeneracy of the 
ground state: it is invariant under the diagonal U (n) subgroup, for which 
Vi = Vr. The pattern of spontaneous symmetry breaking is 


U(ne) x U(ng) > U(ne). (8.20) 


The variables of U (e.g. using the exponential parameterization) are 
analogous to angular variables for the O(n)-vector field ya in the O(n) 
model. We expect these to correspond to Nambu—Goldstone bosons. 

Let us linearize the effective action about the ground state, writing 
H = —v +h, U =exp(ia), 


$= (v +h) (1+ ia- $a? +), v=VA>0 (8.21) 


(from now on we no longer distinguish between 1 and 1). We keep only 
terms up to second order in h and a. Since 0,¢ is of first order, we may 
replace @ by v in F} 2 in (8.12), 


Fi =F,=F, for d=-v, (8.22) 
and obtain 


S=- J d'r Tr (F°v? ð aða + F’ hðh+r h’) +. (8.23) 
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The --- also include the ground-state value of S. The coefficient r follows 
from 


TrG = X gxv™ Tr [(-1 + h/v)”*] (8.24) 
k 

= 5 gru?! [ng + k(2k —1)u~? Trh? +], (8.25) 
k 


where the term linear in h vanishes because Tr G is stationary at h = 0. 
Since we expand around a minimum of Tr G, the coefficient 


r= X gek(Qk — 1u? (8.26) 
k 


is positive. The form (8.23) shows that the a fields have zero mass 
parameter — they correspond to n? Nambu-Goldstone bosons. The h 
fields have a mass given by 


m? =r/F?. (8.27) 


At this point we shall make the useful approximation of ‘freezing’ 
the ‘radial’ degrees of freedom H to their ground-state value H = —v, 
or h = 0. This approximation is justified when mp is sufficiently large 
compared with the momenta of interest (cf. problem (i) for numbers) 
and it simplifies the derivations to follow. Thus we get 


lz) = —v U(x), (8.28) 
2 
S=- J dx 5 Tr (3 UŻU), f? =4F?v?, (8.29) 


where we omitted a constant term. 

We now comment on the terms of the form (8.15). When these are 
included the uniqueness of the form (8.18) is no longer compelling and 
other solutions with A; # Ax are also possible. This depends on the de- 
tails of the action. However, arguments based on the large-n, behavior of 
the generalization of QCD to an SU (ne) gauge theory suggest that terms 
of the form (8.15) are subdominant [100]. The ground-state solution of 
the complete effective action including terms of the form (8.15) is still 
expected to have the symmetric form (8.18), and the symmetry-breaking 
pattern is still expected to be U(ng) x U(ng) > U (ne). 
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The quark-mass terms in the QCD action explicitly break chiral 
symmetry. They have the form of an external source coupled to quark 
bilinears, 


Smass i f d'z om(Py T Pr)w (8.30) 
= [acre +6t7), J=—m. (8.31) 


Hence, we can absorb the quark-mass terms in the coupling to such 
an external source. The total effective action including this source has 
the form In Z(J) = $(¢) + f dx Tr (J'e + gt J), where ¢ is again the 
effective field. Setting J = —m thus leads to an addition AS in the 
effective action 


= J d‘x Tr [mle + ")]. (8.32) 
Expandingt ¢ = —vU = —vexp(ia) to second order in a gives 
AS =- | tev tTe(ma?) +: =- fa eee TS 
(8.33) 


Since U is unitary, agf = ay,. Taking af, with f < g as independent 
variables leads to 


=- f ater)” (my + mg)afga%,+ So mpage too . (8.34) 
f<g f 


Similarly, expanding the gradient term (8.29) gives 


f? 
=- [dst INE Oy a5, OF ort DO, app aff te: 
f<g 
(8.35) 
As expected from the O(4) model, AS gives a mass to the Goldstone 
bosons, which for small m is linear in m, 


my, = B(ms +m), B=2v/f?. (8.36) 


In the next section we shall confront these mass relations with experi- 
ment. 

By coupling the effective action to the electroweak gauge fields it 
can be shown that the constant f determines the leptonic decays 


f We neglect here the effect of the quark masses on the ground-state value of ¢. 
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of the pseudoscalar mesons. It is known as the pion decay constant, 
f = fx © 93 MeV. This constant also determines the size of the s-wave 
pi-pi scattering lengths in good agreement with experiment. 

To end this section we note a relation between the pion decay con- 
stant f, the unrenormalized chiral condensate (yw) = dp Yes) = 
2) (Orr) = —2nev, and the wave-function renormalization constant Z 
of the pseudoscalar fields Pr, = i(¢' — ¢) fg  Vgiysvs. The constant 
Z can be read off from S = — f dtz Z1 Y pcg Ou P70” Pjg + ++, using 
U = —¢/v and (8.29) and (8.35): Z~! = f?/8v?. Hence, f is given by 
the renormalized chiral condensate (yw) /WZ, 


_ 220 _ v2) 


uae a 


(8.37) 
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The candidate Nambu-Goldstone (NG) bosons and their masses are 


a: m2 = m24 = 0.0195 GeV? 
K*: ma = m2, = 0.244 GeV? 
K?, K?: m2.o = m2, = 0.248 GeV? 
ne: mo = 0.0182 GeV? 
n: mž = 0.301 GeV? 
n: m2, = 0.917 GeV? (8.38) 


For the unequal-flavor particles (f # g) we have indicated the quark 
labels. For the neutral 7°, 7 and 7 the quark assignment turns out to 
be less straightforward. 

Consider two light flavors, ne = 2. The mass formula (8.36) with 
f =u,d and g = u,d predicts four NG bosons in this case. The obvious 
candidates are m+, 7° and n, with 


m2, =m?2, = Bim, + ma). 8.39 
T ud 


According to (8.36), the other eigenstates are wu and dd. If we try to 
assign 7° > ūu, 7 © dd, the relation 


ma = (Mp, + mia) (8.40) 


cannot be fulfilled at all. If we assume that Mu ~ mq and 7° is an equal 
mixture of ūu and dd to get m2, ~ m24, the orthogonal combination of 
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wu and dd should have approximately the same mass as 7°: the 7 does 
not fit in. 

Consider next three light flavors, n = 3. The mass formulas now 
predict nine NG bosons. We find 


aÈ 2 a 2 
Mu Ma = Mat = Ri, Mu ue — Mkt = Ra, (8.41) 
My + Ms Migs Md + Ms Mico 
and from this 
s Ro(R, - 1 P R 
kk A= gi 2 20. (8.42) 


mı l-R -RR ma 1—R2+my/ms 


Hence Mu: Ma: Ms ~% 1:1.5:30. The effective action furthermore pre- 
dicts particles with masses 


2Mu 
m2, = —~* m2, = 0.0155 GeV”, (8.43) 
My T Ma 
2 
mg = — 1 _ m2, = 0.0235 GeV?, (8.44) 
My T Ma 
2Ms 
m2, = — 2 mZ}; = 0.473 GeV?. (8.45) 
My T Ms 


The candidates 7°, 7 and 7 do not fit into the n = 3 formulas either. 
The effective action obtained so far must be wrong. 

This is an aspect of the notorious U(1) problem. The problem is 
the chiral U(1) invariance contained in U(ng) x U(ng). These are the 
transformations of the type Vg = Vi = exp(tw) I, or more generally, 
transformations V, = Vi with det V 4 1. We know that this invariance 
of the classical QCD action is broken in the quantum theory by ‘anoma- 
lies’: QCD has only approximate SU(n¢) x SU(n¢) chiral symmetry, 
plus the flavor U(1) symmetry VL = Va = exp(iw) 1 corresponding to 
quark-number conservation. 

The resolution of the U(1) problem through ‘anomalies’ turned out to 
be a difficult but very interesting task. Here we shall simply add terms to 
the action that break the chiral U(1) symmetry and see what this implies 
for the mass formulas. We need to introduce terms of the type det U, 
which is invariant under SU(n¢) x SU(n¢) but not under U (n¢) x U (ne): 


det U > det(VLUV;,) = det(U) det(V V$) = det U, (8.46) 


for VLR E€ SU(n). A term like 


A'S = / d‘x c(det U + det UŻ) (8.47) 
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would do, but considerations of the large-n, behavior of ‘n.-color QCD’ 
suggest using instead the form 


A's = | dxc(tk InU — Tr In Ut)’. (8.48) 


In fact, c x 1/ne. (Both choices for A’S lead to the same form of the 
mass matrix for the neutral pseudoscalar mesons to be derived below.) 
Writing U = exp(ia) gives 

2 


a's=- f dz4e Soars (8.49) 
f 


Hence, the masses of afg, f < g, are unaffected, but the aff modes are 
now coupled by a mass matrix of the form 


MF fgg =2Bmj5fg +A, A= 16c/f?, (8.50) 
or 
my, 0 0 111 
m =2B| 0 ma 0 |+A|111]. (8.51) 
0 0 ms 111 


We shall treat the quark-mass term as a perturbation to the \ term. For 
mys = 0 we have the eigenvectors and eigenvalues 


o = al 1, 1), m? = 3A, (8.52) 
3 = sal —1,0), m? = 0, (8.53) 
dg = pina, m? =0. (8.54) 


Using Mua, as a perturbation (in the way familiar from quantum 
mechanics) leads to the following mass formulas: 


m2, = 3A + B(2my + ma + ms), (8.55) 
mŽo = B(my + Ma), (8.56) 
m, = B(4mu + 4mat ms), (8.57) 


which hold for the mass ratios (8.42) up to tiny corrections. The eigen- 
vectors are also interesting, but here we merely mention that 7° and n 
are mainly ¢3 and ¢g, whereas the 7’ is predominantly ġo. From (8.55) 
we can determine the chiral U(1) breaking strength 4, 


3A = mz, — $(m2o + m?) = 3(0.252) GeV?. (8.58) 
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The mass terms in the effective action depend on four parameters, 
Bm,, Bma, Bm, and A. Hence we have two predictions for the five 
pseudoscalar masses: 


eae (8.59) 
mZ = (Mig + Maa) + m2, = 0.322 GeV’, (8.60) 


which agree reasonably well with experiment. It should be kept in 
mind that electromagnetic corrections, which affect in particular the 
electrically charged particles, are neglected. 

In the early days the near equality of m,o and m,+ was interpreted 
as an aspect of approximate flavor symmetry, Mu ~ Ma. Now we 
know that ma is substantially larger than m, and that the approxi- 
mate flavor symmetry is due to approximate chiral symmetry, Mya < 
Jo, the spontaneous-symmetry-breaking pattern U(n¢) x U(ng) —> 
U(n¢)gavor, and the flavor-singlet character of the chiral-anomaly term 
A'S. 


8.3 Chiral anomalies 


The Noether argument tells us that to each continuous symmetry of the 
action corresponds a ‘conserved current’ j”, 0 j” = 0, and a conserved 
‘charge’ Q = f d3x j° (x), IoQ = 0. This is true in the classical theory but 
not necessarily in the quantum theory, which needs more specification 
than merely giving the action, such as the precise definition of the path 
integral. In case the quantum analog of j” is not conserved, one speaks 
of an anomaly A = 0,j". In four space-time dimensions A is typically 
x eH” Tr (GkaGuv), where Gy, is a gauge-field tensor. Relations like 
ð j” = A can be found in perturbation theory by studying correlation 
functions of j” and A with other fields. 

Chiral anomalies correspond to diagrams of the type shown in figure 
8.1, and related diagrams, in which one vertex corresponds to a (polar) 
vector current, piy y, or an axial vector current, piy ysy, and the 
other two vertices to gauge fields. There must be an odd number of 75’s 
in the trace over the Dirac indices (Tr (95% YA Yu v) = 4t€crnv), hence 
the name ‘chiral anomalies’. These y; may come from the gauge-field 
vertices or from the current. 

In QCD there is no ys associated with the gauge-field vertices and only 
axial vector currents can have an anomaly. In the Euclidean formulation 
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u 


K À 


Fig. 8.1. Triangle diagram in which chiral anomalies show up. 


their divergence reads} 


Oul Yfig) = (Mf + Mg) Psiys Vg + Õfg Ziq, (8.61) 
2 
q= z €xduy Tr (GkaG uv). (8.62) 


For zero quark masses the right-hand side of (8.61) is the anomaly. The 
vector currents have no such anomaly. Their divergence reads 


On(Vsi Wy) = (ms — Mgh py, (8.63) 


which is zero in the symmetry limit ms = mg, hence also in the chiral 
limit mf = mg = 0. The right-hand sides of the divergence equations 
(8.61) and (8.63) are zero for the currents corresponding to SU(n¢) x 
SU(n¢) symmetry, obtained by contraction of priy” PL RYg with the 
n? —1 flavor SU(n¢) generators (Ax) fg/2, Tr Ax = 0. Hence, the anomaly 
in (8.61) breaks only chiral U(1) invariance corresponding to Ay « 1 with 
On op Pei WIsYs = neig. 

The quantity q is called the topological charge density. Continuum 
gauge fields on topologically non-trivial manifolds (such as the torus T4 
which corresponds to periodic boundary conditions) fall into so-called 
Chern classes characterized by an integer, the Pontryagin index or 


The gauge fields are normalized here according to S = — f dtz GE, Gk, /4+.--- 
8 pv T uv 
with GE, = ô GE — LGE + gfrimGLGY. 
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topological charge Qtop: 


Cine I Peia (8.64) 


An important example of configurations with topological charge is given 
by superpositions of (anti)instantons. The latter are solutions of the Eu- 
clidean field equations (hence they are saddle points in the path integral) 
with localized action density, non-perturbative action S = 8r? /g° and 
topological charge +1. In this context we mention also the Atiyah-Singer 
index theorem: 


Qtop = N4 = N-, (8.65) 


where n4 are the numbers of zero modes (eigenvectors with zero eigen- 


value) of the Dirac operator y,,D, with chirality ys = +1 (cf. problem 
(iii)). 

The significance of all this for our pseudoscalar particle mass spectrum 
is that the phenomenologically required chiral U(1) breaking is present 
indeed in quantum chromodynamics, provided that gauge-field configu- 
rations with topological charge density give sufficiently important con- 
tributions to the path integral. The analysis of this is complicated [101] 
but fortunately there is a simple approximate formula which expresses 
the effect of the chiral anomaly on the neutral pseudoscalar masses, the 
Witten—Veneziano formula [102, 103]: 


1 
AR ap Xtop, no quarks. (8.66) 


Here A is the U(1)-breaking mass term introduced in (8.50) and Xtop is 
the topological susceptibility, 


E I dx (q(a)q(0)). (8.67) 


Note that in (8.66) Xtop is to be computed in the pure gauge theory with- 
out quarks, although it can of course also be evaluated in the full theory 
with dynamical fermions. From (8.58) we have Xtop © (180 MeV)*. 


8.4 Chiral symmetry and the lattice 


With Wilson’s fermion method chiral symmetry is explicitly broken by 
two large mass terms x M and r/a in the action. With staggered 
fermions there are not even any flavor indices to act on with chiral 
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transformations (cf. (6.67)). So we have a problem translating the con- 
tinuum lore in the previous section to the lattice using these fermion 
formulations. As will be mentioned at the end of this section, this 
problem can be avoided or at least ameliorated with formulations of 
the ‘Ginsparg-Wilson variety’, but an introduction in terms of Wilson 
fermions is instructive and this will be the focus of our immediate 
attention. 

Let us first derive the Noether currents of chiral symmetry. Consider 
the fermion part of the action, 


Sp = E 5 [Vja (r — Yu )Upa p fora + Dera (r+ Ww) eb] 


zuf 


-X Mybyabfe; (8.68) 
xf 


where we have explicitly indicated the flavor index f in addition to x. 
We make a variation of ù and w that looks like a chiral transformation, 


Whe = Vega Vga; Vea ae Poa Vig (8.69) 


in which V has been generalized to depend on the space-time point 2: 


Vfgs = Sfg + iwFgr PL + iwhyePR + O(w?) (8.70) 
= Õfyg iw oe iwas foes, (8.71) 
Viger = Sfg — tWhgy + Whge5 °° (8.72) 


where wg = w7, for L, R, V and A. The variation of the action can be 
written for infinitesimal w’s as 


Sr = Sp(h',b') — Srv, Y) 
z p fgx Oy Fon oe Ab gau Ww poe 
+ Dix foe a Di ga fox ae O(w”)| (8.73) 
A A 
= il (ð, V= Dy on) fqn + + (9, Age — Din) ya| ` 


(8.74) 


We recall that 0, and ô;, denote the forward and backward lattice 
derivatives, pwr = We+j — Wz and O) We = Wy — Wz—p- In (8.73), the 
terms without derivatives of w are due to symmetry breaking, while the 
terms containing „w are a consequence of the fact that w depends on x 
— they serve to identify the vector (V“) and axial-vector (A“) currents. 
The classical Noether argument can be given as follows: if ~ and % 
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satisfy the equations of motion, the action is stationary, Sp = 0, and 
consequently 
ETE _ pv I Ah _ pA 
uV fg = Dfgp pAr = Dfg (8.75) 


H fg 


Explicitly we have 


1 7, 3 T x 
Vége =3 [Vjal — r)Upr Pgri + Prot pty +r) Uls Vor], (8.76) 


Ti- . Fz y 
A ge = 3 [pnt yu eU eget a + Pot pt uU] Woe]; (8.77) 
Dy ox = i(My — Mg)Y fr Vgs, (8.78) 


Dion T (My + My) b fris Ygs 
r ae 
- 5 do [Prats Opetboeti + Ue para) 
H 


F (PjrtaU he za Ppa—pUna—p)irsWga]- (8.79) 


We see that, in the flavor-symmetry limit Mr = M, = M, the vector- 
current divergence DY = 0. For the axial-vector divergence the story is 
more subtle: we can set all mass parameters My, and r to zero, in which 
case D“ = 0, but then we get back the species doublers, which is not 
Wilson’s method. To get chiral symmetry without fermion doubling, we 
have to take the continuum limit. In the classical continuum limit we 
expect DA, to be proportional to the quark masses because then the 
mass terms in the action reduce to f dtz ym, by construction (recall 
(6.58)):? 


D$ (x) = (ms + mg) (x)iyshg(x) + O(a). (8.80) 


Hence, the classical D* vanishes in the chiral limit, which is ‘Noether’s 
theorem’ for Wilson fermions. 

In the quantum theory the fields become operators. Their correlation 
functions can be obtained with the path integral. Consider the expec- 
tation value of an arbitrary set of fields ¢,---¢, = F, composed of the 
fermion fields and/or gauge fields, 


(F) = z | Depw vue F, z= | opw due’, (8.81) 


&.4 Chiral symmetry and the lattice 207 


and let us make the transformation of variables (8.69). A transformation 
of variables cannot change the integrals, so Z’ = Z and (FY = (F). 
However, by following how the path-integral measure and the integrant 
transform we can derive useful relations, called Ward—Takahashi identi- 
ties. The path-integral measure is invariant, 


DY DY = || aas Wraop = || draaf Meaas (det Ve det V,)~" 


xaaf xaaf 
= D Dy, (8.82) 
because det V det V = det(VV) = det(V V$ P, + Vr Vi Pr) = det (VL Vi) 
x det(VR VÍ) = det(VLV VRV) = det 1 = 1. On the other hand, the 
change in the action is given in (8. m and the fields in F may also 
change, FY = F + \p4,Wfgz0F/O¢,, t +A — V. So we get the 
identity, e.g. for a chiral transformation, 


ð 
= —— (FY = ( z Jo Dy! DU e% r’) 
Owa T Z 


I i ( as OF ) 
Ou ( ) Bu Ow hyn 
OF 
A 
= (lt Dhan) P+ gA ) (8.83) 
gx 


The content of such relations may be studied in perturbation theory. To 
one-loop order this can be done in the way seen in section 3.4 and the 
problems in section 6.6. A crucial example is the case F = GkeG ay, for 
which 0F/ dw, = 0 since F consists only of gluon fields, which leads to 
triangle-diagram contributions of the type shown in figure 8.1. A calcu- 
lation [70] shows that, for this case, Dẹ, > (my +g) fiystg + 5 fq 2iq 
in the continuum limit. The topological-charge-density contribution is 
due to the Wilson mass term and the coefficient of q is formally œ r, 
but actually independent of r, provided that it is non-zero. 

Another example is F = WpeVgy which leads to the conclusion that, 
for this case, DA, > (my+mg)KPPFinstg—(KA-1) OA‘, where Kp and 
ka are finite renormalization constants of order g? (cf. [70, 109, 104]). 
The topological charge density does not contribute here in this order 
because it is already of order g?. 

At one-loop order we get the same contributions as those found in 
continuum perturbation theory because the bare vertex functions reduce 
to the continuum ones (in the balls around the origin of the loop- 
momentum integration) in the classical continuum limit. There are also 
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differing contributions, which are, however, only contact terms.+ These 
translate into the finite renormalization constants «.{ The anomaly is a 
singlet under flavor transformations (i.e. x d¢g) because the r-mass term 
is a flavor singlet. Note that, by a global finite chiral transformation, we 
could transform rôfg > r(VV) fg, implying that Me «x VV. However, 
this is merely a change of reference frame and the physics cannot depend 
on it. The quark masses have to be identified as the mismatch between 
M and Me. 

The above examples show the phenomenon of operator mixing: opera- 
tors (fields) with the same quantum numbers tend to go over into linear 
combinations of each other in the continuum limit (the scaling region). 
Such mixing is restricted by the symmetries of the model and there 
is more mixing on the lattice than there is in the continuum because 
there is less symmetry on the lattice. The &’s above are due to the 
chiral-symmetry breaking of the Wilson mass term at non-zero lattice 
spacing. On general grounds of scaling and universality one assumes 
these results to be qualitatively valid also non-perturbatively. One in- 
troduces renormalized field combinations that are finite as a — 0 that 
satisfy some standard normalization conditions. Before writing these 
down, let us introduce a lattice field that reduces to the topological 
charge density q in the classical continuum limit. There are many of 
course, as usual, e.g. the one introduced in [105], 


1 


a 3272 


5 Ex uv LY (On r20 pve) 3 (8.84) 


KALY symmetrized 


where the symmetrization is such that qy transform as a scalar under 
lattice rotations. Denoting the renormalized fields by a ‘bar’, they can 
be written as [104] 


= 1 

At = KAY, + Öf Za — Draza So Ale, (8.85) 
f 

Df, = Diy + (Ka — OAS, 


1 
+ ôfg( Za — NA ag 2 OA (8.86) 


f Recall that contact corresponds in momentum space to polynomials in the mo- 
menta, of degree less than or equal to the mass dimension of the vertex function 
under consideration. 

t In the literature these «’s are often denoted by Z, which notation we have reserved 
for renormalizations diverging when a — 0. 
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3 Ae = Dh» (8.87) 


= ; 1 
q= kaq — (Za — 1)Ka TF > OA’, (8.88) 


where Za is a diverging renormalization constant of order g*. The 
operator subtractions œ (Za — 1) are suggested by analysis at two-loop 
order in the continuum [106]. In the quenched approximation Za = 1. 
In the scaling region 


Df, = (my + mg)KPUyi7sVg + Ffg 2i + O(a), (8.89) 


with my, = My — Me. Similar analysis of Ward—Takahashi identities 
shows that the vector currents Vio need no finite renormalization, Ve = 
Vigo ky = 1. The reason is that they are conserved if mf = mg even for 
a#0. 

The implications of the lattice Ward—Takahashi identities can of 
course be studied also non-perturbatively. As a first step one can use only 
external gauge fields with F = 1 and test the index theorem (8.65), using 
topologically non-trivial gauge fields transcribed from the continuum to 
the lattice [107, 108]. Adding dynamical gauge fields, we can then also 
use the Ward—Takahashi identities to determine the renormalization con- 
stants « in the quenched approximation [104, 70, 109]. The computation 
of the topological susceptibility turns out to be complicated by the fact 
that (qzy) has divergent contact terms that severely influence the value 
of >> .(%eGo). One can try to subtract this contribution, 

Xiop = > dieu — contact contribution (8.90) 


(assuming periodic boundary conditions, space-time volume V — oo), 
but it is hard to define it unambiguously [110]. In practice it appears 
to work well [111]. By ‘cooling’ the gauge fields after they have been 
generated by a Monte Carlo process this problem can be reduced further 
(see e.g. [112] and also [108}). 

A different approach to the topological susceptibility is to accept 
that the configurations in the path integral are inherently not smooth 
functions of space-time and to avoid defining a topological integer 
from a collection of wildly fluctuating lattice variables. Instead, one 
can return to the physical role played by Xtop and derive the Witten- 
Veneziano formula entirely within the lattice formulation. This can be 
done by studying the pseudoscalar meson contribution in the (A A”) 
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Fig. 8.2. Correlation between ‘fermionic’ and ‘cooling’ topological charge as- 
signments for 32 SU(3) gauge-field configurations at @ = 6.0. From [117]. 


and (DADA) correlators. The analysis is subtle [104] but results in the 
simple formula 
ees: 
KPMG 
Xtop = pe (T hsSss(U)] Tr bs Sp¢(O)))y - (8.91) 
Here Spp(U) is the fermion propagator in the gauge field U and the 
trace is over all non-flavor indices (x, a and a). The large-n, limit is 


not taken in this derivation, only the quenched approximation. From 
this, the formula in terms of g can be understood from (8.87), (8.89), 
and >, 0),A" = 0 for periodic boundary conditions. A derivation for 
staggered fermions can also be given [113]. The limit my — 0 is needed 
in order to avoid divergences (this limit must be carefully controlled by 
taking my at the lower end of a scaling window that extends to zero as 
a—0). 

In the two-dimensional U(1) model the properties of (8.91) have been 
studied and compared with the index theorem as well as with definitions 
of Xtop in terms of the gauge field only [114, 115]. The staggered form 
was explored in numerical SU (3) simulations [116, 117]. Figure 8.2 shows 
that the individual topological charges obtained with this ‘fermionic 
method’ are at 3 = 6/g? = 6.0 already quite correlated to the charges 
obtained with the cooling method. This is expected to improve at higher 
GB but at lower 8 the gauge fields are too ‘rough’ on the lattice scale for 
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notions of topology to make sense (also, the staggered-fermion renor- 
malization factor kp becomes uncannily very large [116]). The resulting 
Xtop © (154417 MeV)‘ seems a bit low compared with the experimental 
value following from the Witten—Veneziano formula (180 MeV)‘, but 
this may be due to the somewhat low value a~! = 1900 MeV used for 
conversion to physical units. Using a~' = 2216 MeV inferred from the 
values 1934 MeV (8 = 5.9) and 2540 MeV (6 = 6.1) recorded in [98] 
would give Xtop © (180 + 20 MeV). 

By contracting the currents with the n? — 1 SU(n¢) generators rj ah 


we can form the left- and right-handed currents ie = (Vy, + At 9) 
x (Ak) ¢g/4. According to (8.78) and (8.89), these currents and the U(1) 
vector current V, = dip Vp fy are conserved in the limit my — 0. 
Further Ward—Takahashi identities can be derived to fix renormalization 
constants and ensure that the currents satisfy ‘current algebra’ [118]. 
The corresponding charges would then satisfy the algebra of generators 
of SU (ns) x SU(ng), were it not that the symmetry is supposed to be 
broken spontaneously. It should also be possible to introduce the QCD 
theta parameter (cf. problem (iv)). 

From the chiral-symmetry point of view there are now much better 
lattice fermion methods. Ginsparg and Wilson made a renormalization- 
group ‘block-spin’ transformation for fermions from the continuum to the 
lattice, paying special attention to chiral symmetry [124]. More recently 
such transformations were studied in search of ‘perfect actions’ [125]. 
The continuum action is chirally symmetric for zero mass parameters 
but this symmetry is hidden in the resulting lattice action, because the 
blocking transformation to the lattice breaks chiral symmetry to avoid 
fermion doubling. Writing the massless fermion action as Sp = ~% Dy, 
chiral symmetry in the continuum can be expressed as ys D + Dys = 0. 
On the lattice there is a remnant of this: the blocked D satisfies the 
Ginsparg—Wilson relation 


5D + Dys = aD2R75 D, (8.92) 


where we used matrix notation also for the space-time indices; R is 
a matrix commuting with y5 that enters in the renormalization-group 
blocking transformation. It is local, which means that Ra, falls off 
exponentially fast as |z — y| — oo (on the lattice scale, in physical 
units it resembles a delta function). So Dzy practically anticommutes 
with y5 for physical separations, provided that it is itself local, as it 
should be (this is a basic requirement for universality). Taking (8.92) as 


a starting point, one can take Ray = 4 dy. Dirac matrices Dzy satisfying 


2 
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(8.92) are complicated, because for given x all y contribute, albeit with 
exponentially falling magnitude as |x — y| increases. An explicit solution 
[126], arrived at via the ‘overlap’ approach to chiral gauge theories (see 
the next section), has the form 


aD=1-—A(AtA)-¥7?, A=1-aDw, R=}, (8.93) 


where Dw is Wilson’s lattice Dirac operator with zero bare mass (r = 1, 
M =4/a). Adding mass terms the resulting lattice QCD action has very 
nice properties with respect to broken chiral symmetry and topology, 
which can be studied again by deriving Ward—Takahashi identities [130]. 

Moreover, the resulting action has (for m = 0) an exact chiral sym- 
metry [131] under 


by) = iwys(1 — aD) y, öy =id(1— aD) w, (8.94) 


with infinitesimal wfg. (Note that such a finite chiral transformation is 
non-local as it involves arbitrarily high powers of D.) The chiral anomaly 
in this formulation comes from a non-invariance of the fermion measure 
[131], similar to continuum derivations [132]. Domain-wall fermions [128, 
129] are closely related. At the time of writing the research into these 
directions is very active; for a review, see [135]. Applications to the 
topological susceptibility can be found in [136, 137]. 
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We now turn to the question of spontaneous chiral-symmetry breaking. 
One would like to compute the expectation value of the order field 
wyPiv, at vanishing quark masses and verify that SU (nf) x SU (ne) 
symmetry is broken spontaneously to SU(n¢). As for the O(n) model (cf. 
(3.157)), this could be done by introducing explicit symmetry-breaking 
quark masses and studying the infinite-volume limit. 

However, with Wilson fermions we cannot simply use bs Pupa as 
an order field because the cancellation of the chiral-symmetry break- 
ing by the M and r terms is a subtle issue. Even for free fermions 
(dpPutg) # 0 at mp = My — 4r/a = 0: it diverges in the con- 
tinuum limit (cf. problem (ii)). The chiral-symmetry breaking causes 
wr Puy to mix with the unit operator, with a coefficient c(g?,m) d¢g = 
[co(g?)a~? + c1(g?)ma~? + c2(g*)m?a~"] dg that diverges in the limit 
a — 0 (for simplicity we assume here all quark masses to be equal). 
The identification of c(g?,m), and a computation of the subtracted 
expectation value (w;Piw,)—c(g?,m) org in the limit of zero quark mass 
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is a hazardous endeavor, because several powers of a~! have to cancel 
out, and, moreover, because the gauge coupling g? also depends on a. 

On the other hand, we have seen (section 7.5) that the relation 
(8.36), ie. m$, ~ B(mf + mg), B = 2v/fZ, is borne out by the 
numerical results when f # g. So, using this relation, we could define 
(wr) by (bres) = —nBf?, with mu = Mma = Mua — 0, or 
(Pupu) = —f2m2/2mua. Using renormalized quark masses instead of 
the bare Muq would give a renormalized B and a correspondingly renor- 
malized (ww). Note that mMua(Wuu) should be renormalization-group 
invariant. Using e.g. Mua = 3.4 MeV (the result of [97]), the value 
of (Pupu) is about (290MeV)? in the MS-bar scheme on the scale 
u = 2 GeV. 

We may appeal to continuity at any fixed gauge coupling 0 < g < co 
by sending the symmetry-breaking parameters M and r to zero and 
studying spontaneous breaking of chiral symmetry there. Actually, at 
r = M = 0 the staggered-fermion form (6.66) of the action is more 
appropriate and it shows that the Dirac labels are to be interpreted as 
flavor indices. At M = r = 0 the symmetry of the action enlarges to 
U(4n¢) x U(4ng). Combining the Dirac (a) and flavor (f) indices into 
one label A = (a, f) the transformation is 


1 — Ez 1+ Ez 
XAx (Vis 2 H pe 2 ) XBa> 
_ 7 l— ex l ez 
XAz ` XBz (vit ras PAR 3 ) (8.95) 


with €, = (—1)"!*"'*4, Moreover, in the scaling region at weak coupling 
the staggered-fermion flavors also emerge, implying a further multipli- 
cation of the number of flavors by four. With such a large number of 
flavors (i.e. 16n¢) and only three colors, asymptotic freedom is lost as 
soon as nf > 1 (recall (7.54)) and we can expect continuity in M,r — 0 
only if we consider a sufficiently large number of colors ne. Assuming 
this to be the case, we can get analytic insight at strong coupling 
[119, 120, 83, 84, 82, 121]. 

At strong gauge coupling and for a large number of colors the ex- 
act continuous symmetry breaks spontaneously as U(4n¢) x U(4ng) —> 
U(4n¢), resulting in 16n? NG bosons. The baryons acquire a mass 
x Nne from the spontaneous symmetry breaking. Suppose now ne = 3. 
Turning on the symmetry-breaking parameters M and r, it is possible 
to keep the pions, kaons and eta massless by choosing M = M.(g,r) 
and in the process all other NG bosons become massive. We need to 
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keep M — M.(g,1r) infinitesimally positive to let the order field af Pit, 
acquire its expectation value in the direction —vdyg, with real positive 
v. Otherwise we might induce complex v, which corresponds to non-zero 
(¢bpi7y5tg) and spontaneous breaking of parity [119, 122]. The situa- 
tion is similar in the model using continuous time (the Hamiltonian 
method), in which the symmetry breaking at strong coupling is actually 
U(A4n¢g) > U(2n¢) x U(2n¢). At non-zero r the U(1) problem is also qual- 
itatively resolved by giving the flavor-singlet boson a (small) non-zero 
mass (119, 122, 123]. 

So in this way, connecting with M = r = 0, we can understand 
spontaneous breaking of chiral symmetry in multicolor QCD with Wilson 
fermions. However, it is conceptually simpler to study the corresponding 
order field for staggered fermions. 

The staggered-fermion action (6.67) has for m = 0 a chiral U(1) x U(1) 
symmetry, which is (8.95) with phase factors VEP (since there is no 
spin—flavor index A to act on). The axial U(1) transformation contained 
in this U(1) x U(1), ie. VU = VP* = exp(iw), is in the staggered- 
fermion interpretation [74] a flavor-non-singlet transformation, of the 
form exp(iw“é5) with Tr €; 4 0. In the scaling region, where the symme- 
try enlarges to SU(4) x SU(4) x U(1)v, this £s is a linear combination of 
the generators of SU(4). So it is natural to study spontaneous breaking 
of this U(1) remnant of SU(4) x SU(4) chiral symmetry. A suitable 
order field for this symmetry is the coefficient of the quark mass m in 
the action, i.e. XzXz, which together with €,¥2\z2 forms a doublet under 
the chiral U(1). In the scaling region XsXzs > ee wp(x)vz(x) and 
€xXaXx > ae W5(@)E5¢9¥5Vg(Z). 

A definition of © = —(Xx) in which the quark mass is introduced 
as a symmetry breaker, which is to be taken to zero after taking the 
infinite-volume limit, as in (3.157) for the O(n) model, is hard to 
implement in practice. This can be circumvented by using a method 
based on the eigenvalues of the Dirac operator, which we shall denote 
by D(U), where U is a given gauge-field configuration. In the continuum 
D is anti-Hermitian, D(U) = —D(U)', and therefore its eigenvalues are 
purely imaginary. On the lattice the staggered-fermion Dirac matrix 


DU) xa,yb F ye Nua (Ury)ab5xtji,y z (Uy) abdy+A,2] (8.96) 
H 


has the same property (unlike the Wilson-Dirac operator D(U) = 
WU)+M-—W (U) which is the sum of an anti-Hermitian and a Hermitian 
matrix). Let uy denote the complete orthonormal set of eigenvectors with 
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eigenvalues tAr, 


Dur =i- tr, ulus = dps, >D urul = 1. (8.97) 
The matrix €zy = €xôzy anticommutes with D, De = —eD, so 
D eup = —iXp EUr, (8.98) 


and for every eigenvalue Ar there is also an eigenvalue —Ar. The expec- 
tation value of the order field at finite quark mass, © = —(XzXzx), can 
be written as 


a= y boete) = 7 (Tr ((D+m)~"}u 


1 1 1 1 
= — jj = — 
V (Erted) V z al 


r 


1 m 
= F 8.99 
(Exi), ia 
In terms of the spectral density p(A), 
1 
\) ==> 
P(A) = FA 


where n(A + AA, A) = YO, O((A + AA — A,)O(Ar — A) is the number of 
eigenvalues of D(U) in the interval (A, A + AA), this can be written as 
[138] 


(n(A+ AA, A))u, AA 0, (8.100) 


. a m 
eee / OXON) a rae (S401 
= 7(0). (8.102) 


Here we used the identity lime—o €/(a? + €) = 76(x). Note that p(A) 
depends on the gauge coupling, the dynamical quark mass and the 
volume V; it furthermore satisfies p(A) = p(—A) because of (8.98). 

The spectral density can be computed numerically by counting the 
number of eigenvalues in small bins and figure 8.3 shows an example for 
the gauge group SU(2) in the quenched approximation. The quantity 
p(A)/V in the plot is our density p(A) in lattice units, i.e. a3p(A). The 
value p(0) may be determined by extrapolating A — 0, it is nearly equal 
to the value in the first bin. The resulting a? drops rapidly from the 
value 0.1247(22) to 0.00863(48) as 8 is increased from 2.0 to 2.4 and the 
lattice spacing decreases accordingly. Actually, the value 8 = 2.0 is near 
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as a ARE, 
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Fig. 8.3. The quenched spectral density in lattice units of the SU (2) staggered- 
fermion matrix for two values of 8 = 4/g° and lattice volumes V = L*. The 
number of gauge-field configurations used is also indicated. From [142]. 


the edge of the scaling region on the strong-coupling side, while 8 = 2.4 
is more properly in the scaling region? (see e.g. figure 8 in [69]). 

The volume dependence of X obtained this way is expected to be 
small. This can be made more precise by using scaling arguments based 
on a remarkable connection with random-matrix theory (for a review 
see [140]). From (8.100) and (8.102) we see that, in the neighborhood 
of the origin, p(A) behaves like 1/[VXd(A)], with d(A) the average 
distance between two eigenvalues. This observation leads one to define 
the microscopic spectral density [141] 


ps(C) = =o si). (8.103) 


in which the region around the origin is blown up by the factor UV. 
The function ps(Ç) is predicted to be a universal function in random- 
matrix theory depending only on the gauge group and the representation 
carried by the fermions, provided that it is evaluated for gauge fields with 
fixed topological charge Qtop = v. For example for SU (ne > 2) and ng 
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dynamical fermions it is given by 


pO) = Ear Oe mien Odav); (8.104) 


where J is the Bessel function. So, by fitting p™ (A) according to (8.103) 
and (8.104) with only one free parameter (X), one obtains the infinite- 
volume value of ©. 

Zero modes corresponding to the index theorem should be ignored 
here. This is not easy with staggered fermions as the would-be zero 
modes fluctuate away from zero and can be identified only by the 
expectation value of the ‘staggered y5’ (cf. (8.134) and (8.135)) [107, 
113, 114, 116]. 

The prediction (8.104) works well using staggered fermions and SU(2) 
[142] or SU(3) [143] quenched (nf = 0) gauge-field configurations at 
relatively strong gauge coupling and selecting+ v = 0. The dependence on 
the fermion representation and the pattern of chiral-symmetry breaking 
is studied for various gauge groups in [144]. A (finite-temperature) study 
with ng = 2 dynamical fermions is given in [145]. 

A recent study [146] using related finite-size techniques with Neu- 
berger’s Dirac operator (8.93) in quenched SU(3) at B6 = 5.85 gave 
the result a°% = 0.0032(4). A further non-perturbative computation 
[147] of the appropriate multiplicative renormalization factor then allows 
conversion value Uyqg(p = 2 GeV) ~ (270 MeV)? in the MS-bar scheme. 
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In QED and QCD the representation of the gauge group carried by 
all left- and right-handed fields is real up to equivalence. For example, 
in QCD, let Q be the fundamental representation of SU(3). The left- 
handed fields are yy, = PLY and (WRC)t = PL(YC)T, with C the charge- 
conjugation matrix (cf. appendix D), while the right-handed fields are 
Yr = Paw and (LC)? = Pr(WC)". The fields transform as 


Yu = Mr, (URC)T > O*(dRC)", left; (8.105) 
Yr > Op, (PLC)? > OF (~LC)", right. (8.106) 


Taking wy and wp in pairs, the representation of the gauge group has 
the form of a direct sum Q @ *, which is real up to the equivalence 
transformation Q @ 0* => 0* Q. 

The fundamental representation of U(1), a phase factor, is evidently 
complex, but the fundamental representation of SU(2) is real up to 
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equivalence: Q* = exp(iwn top)" = 02002. It is not difficult to see, e.g. 
by looking at the element exp(iws $s), that the fundamental represen- 
tation of SU(3) is complex. The adjoint representation of SU(n) is real 
for all n. 

Chiral gauge theories are models in which the representation of the 
gauge group is truly complex (no reality up to equivalence). The Stan- 
dard Model, which has the gauge group U(1) x SU(2) x SU(3), is a 
chiral gauge theory, as can be seen by looking at the U(1) charges of 
the left- and right-handed fields. Since this model is able to describe 
all known interactions up till now, it is evidently desirable to give it a 
non-perturbative lattice formulation. t This turns out to be very difficult. 

To get a glimpse of the problem, consider a U(1) model with contin- 
uum action 


Sp=- / dx puy” (Ou — igq, A YL +L > R, (8.107) 


assuming for the moment no further quantum numbers (no ‘flavors’). 
The fields transform as 


Yr > eey, pr —e™™ Ryg, left; (8.108) 
yr > e Rig, pr > ep, right, (8.109) 


and we see, e.g. from the pair Y, and wp, that the model is chiral if the 
charges qr and qr are not equal. Assuming this to be the case, it follows 
that dw = PRYL + YLYR is not gauge invariant. Consequently there 
can be no mass term for the fermions. We also cannot use P + PR = 1 
and eliminate y5 from the action. So the gauge-field couples also to an 
axial-vector current (there is a term piy” ys A, in the action), instead of 
only to vector currents as in QED and QCD. These features are generic 
for chiral gauge theories: no mass terms and axial-vector currents that 
are dynamical (rather than being just symmetry currents of global chiral 
symmetry). With y5 prominent in the vertex functions we may expect 
chiral anomalies to play a role. This has been analyzed in perturbation 
theory in the continuum, with the conclusion that the above model is 
unsatisfactory because gauge invariance is spoilt by anomalies due to 
contributions involving triangle diagrams (cf. figure 8.1). These problems 
can be avoided by extending the model to contain more than one ‘flavor’, 
with charges quf and gry, such that the anomalies cancel out between 
the different flavors, which requires X> (ap, — ghs) = 0. The model 


+ We consider U(1)-neutral right-handed neutrino fields Yp (and yp) as part of the 
Standard Model. 
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and its representation of the gauge group are then called ‘anomaly-free’. 
Such considerations played an important role in the construction of the 
Standard Model. It was noticed that the anomalies in the lepton sector 
could cancel out against those in the quark sector [148, 151]. This is how 
the Standard Model is anomaly-free. 

We continue with the choice of integer qL = q, qr = 0. With just one 
flavor the continuum model is then anomalous. Let us see what happens 
if we put the above model naively on the lattice. 

A Euclidean naive lattice action is easy to write down: 


Sp=— 5 5 [Yayu (Upe Pu Gz Pr) det pi = Petu YulUpa Pu ay Pr) va]; 
zp 
(8.110) 
with a path integral 


Z= | oDe DUS, (8.111) 


in which S = Sp + Sy with Sy the usual plaquette action. The lattice 
action and measure are gauge invariant (for the fermion measure this 
follows from (8.82) with Vis = exp(iwr), Var = 1). In this model 
the right-handed wp and the left-handed (YrC)T are just free fields, 
they are not coupled to the gauge fields. However, the species-doubling 
phenomenon induces 16 fermion flavors in the scaling region. What are 
the charges of these fermions? 

To answer this question consider a fermion line in a diagram with a 
gauge-field line attached to it. The corresponding mathematical expres- 
sion is 


<- S(p) Valp, q; k)S (q) +, (8.112) 


where S(p) is the massless naive fermion propagator and V, (p,q; k) the 
bare vertex function for the model (p = q+k). Such vertex functions have 
been determined in problem (i) in section 6.6 for the case of QED, and 
to get these for the present case we only have to make the substitution 
Ip — JYP in (6.99), giving 


Valp, q; k) = igYp Pig (e0 + e?r). (8.113) 


To interpret this expression in the scaling region for fermion species A 
we use (6.26) and (6.31) and substitute p > ka + p and q — ka +q into 
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(8.112) (ka = 74/a), 


+ S(ka +p)Valka +p, ka +q; k)S(ka +q) (8.114) 
—iYkPr . —i 
=. S$ oe giya (1 cays) aa + O(a)| San, 


where we used (6.30) and (6.28) for the terms not involving y5 and 


EAS = SAVY S$, cos(mAy). (8.115) 
Using (6.29) we find e4 = +1 for TA = To, €4 = —1 for TA = T1, ..., 
T4, EA = +1 for TA = T12, ..., 734, EA = —1 for TA = T123, ..., T234 and 


EA = +1 for TA = 71234, such that 


Svea =1-446-441=0. (8.116) 
A 

From (8.114) we conclude that in the scaling region we have eight contin- 
uum fields with gf" = 1 (e4 = 1), and eight with gf" = 1 (ea = —1), 
in addition to the uncharged fields: the lattice has produced flavors (the 
species doublers) such that the anomalies cancel out.” However, since 
all the gf" and gfe" are equal, the model is not a chiral gauge theory! 
It is just QED with eight equal-mass Dirac fermions (plus eight neutral 
Dirac fermions). 

A natural suggestion for a lattice formulation of the Standard Model is 
to give the doubler fermions masses of order of the lattice cutoff through 
Wilson-type Yukawa couplings with the Higgs field [119, 149, 150). 
Because the Standard Model is anomaly-free the set of doublers in 
such a formulation is anomaly-free too: the set of 15 doublers of some 
fermion contributes to anomalies with the same strength as this fermion 
(opposite in sign, De ca = —1). Insofar as anomalies are concerned 
there is no objection to the decoupling of the doublers. Other objec- 
tions [151, 152], namely that masses of the order of the cutoff might 
not be possible because renormalized couplings cannot be arbitrarily 
strong (triviality is expected to play a role here), do not apply if 
new phases come into play. This is indeed the case. On turning on 
the Wilson—Yukawa couplings one runs into a new phase, called the 
paramagnetic strong-coupling (PMS) phase [153]. Unfortunately, in this 
phase the doublers bind with the Higgs field to give right-handed fields 
transforming in the same representation as the left-handed fields, or 
vice-versa, and the result is a non-chiral (vector) gauge theory in the 
scaling region [154, 155]. Other models [156] (see also [157]) which can 
be put into this Wilson—Yukawa framework have been argued to fare 
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the same fate [158]. Another approach is to keep the doublers as heavy 
physical particles in mirror fermion models [159]. 

How to formulate a lattice chiral gauge model? This problem is diffi- 
cult because of the peculiar symmetry breaking of chiral anomalies. We 
want them to be there without interfering with gauge invariance. Nielson 
and Ninomiya [160] formulated a no-go theorem that has to be overcome 
first. They used a Hamiltonian description (continuous time and spatial 
lattice), and, loosely speaking, the theorem states that, under cherished 
conditions such as translation invariance, locality and Hermiticity, a 
free-fermion lattice model with a U(1) invariance has always an equal 
number of left- and right-handed fermions of a given U(1) charge. The 
U(1) is supposed to be contained in the gauge group and the implication 
is that the model can be extended only into an interacting gauge theory 
that is ‘vector’ and not chiral. A simpler Euclidean formulation is given 
in [161]. An extension to an effective action formulation is given in [129]. 

The Euclidean reasoning runs as follows. Suppose that we replace 
sink, — F„(k) in the naive fermion propagator. This corresponds to 
the translation-invariant action of the form (ignoring possible neutral 
fields) 


— Yau Piula- yy, iF (k) = > exp(—ike) F(a), 
ry x£ 


(8.117) 
which has a U(1) invariance Y — expliwq) y, p —> exp(—iwq) Q. 
Hermiticity is easy to state in the Hamiltonian formulation: Hi = Å. 
In the Euclidean formulation we require the spatial part of the action 
(u = 1,2,3) to be Hermitian and extend this to u = 4 by covariance. 
Then Hermiticity means that F,,(x)* = —F,(—2), so F„(k) is real. 
Locality means that F (£) approaches zero sufficiently fast as |x| — oo. 
This implies that its Fourier transform is not singular and we shall 
assume F,(k) to be smooth, i.e. it and all its derivatives are continuous. 
If F,,(k) has isolated zeros of first order then the model has a particle 
interpretation. Near a zero at k = k, 


F,(k) = Zyv(ky — kv) + O((k — k)?), (8.118) 
with coefficients Z,,, forming a matrix Z with det Z ~ 0. We write 
Z = RP, (8.119) 


with R an orthogonal matrix and P a symmetric positive matrix. The 
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matrix R can be absorbed in a unitary transformation, 


Wl- 5) Ru = Aty (1 — eys)A, €= det R= +1. (8.120) 


For e = 1, A is a rotation exp($ Purp, Ywl), for € = —1, A is e.g. y4 times 
a rotation (cf. appendix D). So for k near k the fermion propagator is 
equivalent to the continuum expression 


—iYuPu 1 — EN z 
S(k) ~ 2 3 > Pu = Puhk — kyo, (8.121) 


which corresponds to a left- (e = +1) or right-handed (e = —1) fermion 
field. 

Now comes input from topology: e is the index of the vector field 
F,(k) of its zero at k = k, ie. the degree of the mapping F„/|F| = 
Ruvpv/\p| onto S*. The Poincaré-Hopf theorem states that the global 
sum of the indices equals the Euler characteristic xg of the manifold on 
which the vector field is defined: $- € = xp. In our case this manifold is 
the momentum-space torus T4, for which yg = 0. Hence, there must be 
an even number of zeros and in the continuum limit we have an equal 
number of left- and right-handed fermion fields with the same charge. 
The naive U(1) model above is a typical illustration of the theorem. 

To avoid these theorems we have to avoid some of their assumptions 
(including hidden assumptions). Giving up translation invariance (e.g. 
using a random lattice), Hermiticity (e.g. Sp = — ) `p, Ve pwOnWe, Which 
gives the complex F„(k) = (et — 1)/i), or locality (e.g. the discon- 
tinuous F),(k) = 2sin(k,/2) (mod 27) has only a zero at the origin 
but corresponds to F„(x) falling only like |x|~') tends to lead to other 
trouble (for a review, see [162]). The basic reason is that, with an exactly 
gauge-invariant action and fermion measure, there can be no anomaly, 


which means that it cancels out in one way or another, generically 
without the desired particle interpretation. 

One line of approach is to give up gauge invariance at finite lattice 
spacing by working in a fixed gauge and adding counterterms such that 
gauge invariance is restored in the continuum limit [163, 164]. How- 
ever, non-perturbative gauge fixing has its own complications, not least 
the existence of Gribov copies, i.e. configurations differing by a gauge 
transformation satisfying the same gauge condition. A gauge-fixed U(1) 
model appears to have passed basic tests [166]. For a review see [168]. 
One may try to keep the fermions in the continuum, or on a finer lattice 
than the gauge-field lattice, and invoking restoration of gauge symmetry 
by the mechanism of [167]. See [168] for a review. Gauge-symmetry 
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restoration was also invoked in models gauging non-invariant models, 
using Wilson fermions or gauging the staggered flavors [162, 169] but it 
failed in its simplest realization [170]. Further information can be found 
in the reviews presented at the Lattice meetings [171]. 

New developments that constitute a major advancement can be clas- 
sified under the heading ‘overlap’ and ‘Ginsparg—Wilson’ fermions. The- 
orems of the Nielson—Ninomiya type are avoided by having an infinite 
number of fermion field components (‘overlap’), and changing the defi- 
nition of ys, such that it is as usual for w but for 7 it involves replacing 
Ys by 

45 = y5(1— aD), (8.122) 


where D is a Ginsparg—Wilson Dirac operator, together with an elabo- 
rate definition of the fermion measure in the path integral (apparently 
giving up Hermiticity on the lattice) [172]. The subject is beautiful 
and erudite and the reader is best introduced by the reviews [173, 174] 
(‘overlap’) and [175] (‘Ginsparg—Wilson’). One may feel uncomfortable, 
though, about using formulations with an infinite number of field com- 
ponents; it runs contrary to the basic idea of being able to approach 
infinity from the finite. 
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There is of course a lot more to lattice field theory than has been 
presented here. An introduction to finite temperature can be found in 
[9]. Simulation algorithms are introduced in [4, 10]; improved actions 
and electroweak matrix elements are discussed in [14, 15]. See also 
[16] for advanced material. For an introduction to simplicial gravity® 
see [17]. Non-perturbative lattice formulations of quantum fields out of 
equilibrium are still in their infancy.” For the current status of all this, 
see the proceedings of the ‘Lattice’ meetings. 


8.8 Problems 


(i) The pion—nucleon o model 
Consider an effective nucleon field N that is a doublet in terms 
of Dirac proton (p) and neutron (n) fields 


N(a) = Ge iF (8.123) 
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The effective action of the pion—nucleon sigma model is given by 
Ser = — i d'z [Ny“O,N+GN(¢PR+¢'PL)N]+So(4), (8-124) 


where Soa) is the scalar field action of the O(4) model (equations 
(3.1) and (3.4)) and ¢ is a matrix field constructed out of the 
scalar fields, 


3 
p= PLi Y rr. (8.125) 
k=1 
The 7, are the three Pauli matrices, which act on the p and n 
components of N and G is the pion—nucleon coupling constant. 
Show that the action is invariant under SU (2) x SU (2) trans- 
formations 


N=>=VN, N> NV, ¢—>VueVi, Vur € SU(2). (8.126) 


Verify that the transformation on the matrix scalar field ¢ is 
equivalent to an SO(4) rotation on the y*. Hint: check that 67 = 
y? I, det ¢ = y?; and hence that @ may be written as ¢ = yg? U, 
U € SU(2). 

This chiral invariance of the sigma-model action is a nice 
expression of the symmetry properties of the underlying quark- 
gluon theory. When the symmetry is spontaneously broken, such 
that the ground-state value of the scalar field is ¢, = fl, f = p$, 
the action acquires a mass term Gf NN: the nucleon gets its mass 
from spontaneous breaking of chiral symmetry, my = Gf. This 
relation is in fair agreement with experiment. On introducing 
the weak interactions into the model one finds that f equals the 
pion decay constant, f = fr ~ 93 MeV, while G ~ 13 from 
pion—nucleon-scattering experiments, so with my = 940 MeV we 
have to compare my /f ~ 10 with 13. 

The field ° is often denoted by g, and y} by x*, the sigma and 
pion fields. The pions are stable within the strong interactions but 
the ø is a very unstable particle with mass m, in the range 600- 
1200 MeV. Given m, = 140 MeV and m, = 900 MeV, determine 
the other parameters in the action. 

Reanalyze the model in ‘polar coordinates’ ¢ = pU, U € SU(2) 
with p a single-component scalar field. Note that p plays the role 
of the matrix field H introduced in (8.19). What is its mass? 


(iii) 
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In sections 8.1 the effective field ¢ is a general complex 4 x 4 
matrix, which has eight independent real parameters, whereas the 
above ¢ has only the four real y“, which cannot incorporate chiral 
U(1) transformations. Verify this, and work out a generalization 
in which ¢ has the general form. (Include in the action terms that 
break chiral U(1).) 

Free fermion (ww) 
Consider free ‘naive’ fermions on the lattice (one flavor). Show 
that 


7 T dik 4am 
yet =a J : 8.127 
(wo) -r (27)* a®m? + cay sin? ky ( ) 
and that it has the expansion 
E = cma? + m?[e3 Infam) + ch] +-+, (8.128) 


where the --- vanish as a > 0. Hint: use (3.66). 
Now consider free Wilson fermions. Show that for this case the 
expansion takes the form 


2a7+ + m3 [c3 In(am) + h] +, 


(8.129) 


y= cpa? + caama? + com 


where m = M — 4r /a. Find expressions for the coefficients cp. 
Research project: the index theorem 
Go through the following formal arguments. 

In the continuum, let D = +,,[0,,—iG,(x)] be the Dirac opera- 
tor in an external gauge field G, in a finite volume with periodic 
(up to gauge transformations) boundary conditions. Consider the 
divergence equation for the flavor-singlet axial current 


biyu Y = 2epiysp + 2iq, (8.130) 


where we assumed that there is only one flavor. Taking the 
fermionic average and integrating over (Euclidean) space-time 
gives 


0 = —2m Tr [ys (m + D)~*] + 2iv, (8.131) 
where the trace is over space-time and Dirac indices and v = Qtop 


is the topological charge. 
Verify that iD is a Hermitian operator, (iD)' = iD. 
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Let fs be the eigenvectors of D with (purely imaginary) eigen- 
values iàs, 


Df, = iùsfs, Dys fs =—iùsYs fs, (8.132) 
and assume the eigenvectors to be orthogonal and complete, 
h= XO fad Shs (8.133) 


Because f, and y5 fs correspond generically to different eigen- 
values, 


flysfs=0, Às #0. (8.134) 


For A, = 0, [D, 75] fs = 0, so in this subspace we can look for 
simultaneous eigenvectors of D and y5. The eigenvalues of y5 are 
+1 


7 


Ys fs =. ef 55 Xs = 0. (8.135) 
It follows that 


r t 
paya Cr XO flosfe=ny—n_, (8.136) 


m + iàs el 


with n+ the number of zero modes with chirality y5 = +1. 


Periodicity modulo gauge transformations is needed in order to 
allow non-zero topological charge. For the proper mathematical 
setting in the continuum, see e.g. [12]. Lattice studies using 
Wilson and staggered fermions are in [107, 108, 114, 115, 90], 
while [135] gives an introduction to Ginsparg—Wilson fermions. 
Choose one of these studies and reproduce (and possibly extend) 
its results. 

Research project: the theta parameter of QCD 
Consider the QCD action with generalized mass term 


pas wm", m = mL P, + mi Pr, (8.137) 


in which m; is a fairly arbitrary complex matrix. Assume that it 
can be transformed into a diagonal matrix by the transformation 


VimiVr = Maiag = diagonal with entries > 0. (8.138) 


Suppose this transformation is the result of a chiral transforma- 
tion on the fermion fields (cf. (8.2)), 


Y =V, =v. (8.139) 
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In continuum treatments the fermion measure is not invariant 
under such a transformation, but is produces the chiral anomaly 
in the form [132] 


Di Dw! = DYDy et S 2a) 9 =arg(det mp). (8.140) 


So in terms of the un-primed fermion fields we have an addi- 
tional term in the (Euclidean) action proportional to the topo- 
logical charge, 


S=- i d'x Pas (GuvGuv) + bypDuv + PMaiagh — ibq]. 
(8.141) 
The original mass m may be the result of electroweak symmetry 
breaking. Experiments constrain the value of 0, which violates 
CP invariance, to be less than 10~° in magnitude. 

Our problem is to give a rigorous version of the above reasoning 
using the lattice regularization. With Wilson’s fermion method 
the following steps get us going. 

Consider the fermion determinant exp[Tr In(P—-— W + M)j, 
where M is arbitrary. In the scaling region M is close to the 
critical value Me; if not, then there is no continuum physics. So 
assume that M = Me + m, with Me x rll and m arbitrary as in 
the above continuum outline. With Wilson’s fermion method the 
fermion measure is invariant under chiral transformations and the 
anomaly comes from the non-invariant term (W — M.)w in the 
action. So we have 


Tr [In(P— W + Mc + m)] = Tr {Inf P+ V (M. — W)V + maiag]}- 
(8.142) 
To evaluate this consider a change 5V of V. Then the above 
expression changes by 
Tr {[5V(M, — W)V + V(M, — W) 5V] 
x[P+ V(M. — W)V + maiag]~*}.- (8.143) 


Expanding this expression in terms of the gauge field leads to an 
infinite number of diagrams with external gauge-field lines im- 
pinging upon a closed fermion loop. The crucial point is now that 
the factor Me — W in the numerator above suppresses the region 
of loop-momentum integration where mgdiag has any influence. 
For example in momentum space at lowest order, Me — W — 
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ra} >, [1 — cos(ak,,)], and we therefore need a loop momentum 
k of order a~! >> Mdiag to give a non-vanishing contribution. 
See [70] for an explicit computation of the triangle-diagram-like 
contributions. So we may as well set Maiag = 0 in (8.143). Then 
(8.143) can be rewritten in the form 


Tr [Vt 6V (M. — W)(P+ M: — W)“ 
+8V VP+ Me — W)! (M. — W)] 
= Tr [(Vi 6V | — VR Vg!) ys (Me — W)(D+ Me — W)7}], 
(8.144) 
where we used the fact that P, M. and W are all flavor diagonal, 
and the cyclic property of the trace. Denoting the trace over 


space-time plus Dirac indices (excluding the flavor indices) by 
Trst we have the result [70, 133, 134] 


Trst [ys (Me — W)(P+ Me — W)7*] =Qtop, a—0. (8.145) 


Note that this result is independent of the r parameter [70], as 
long as it is non-zero. The coefficient of Qtop is given by 


Trfavor (Vi Vy, | — Vr Vg +) = ôln[det(Vr Vz, ')] =2 darg(det mı). 
(8.146) 
So one concludes that, in the continuum limit, 


exp{Tr [In(P+ M. — W + m)]} 
= ettor exp{Tr [In(P+ M. — W + maiag)|}, (8-147) 
6 = arg(det mz), (8.148) 


which is equivalent to the continuum result. 

By taking the continuum limit we have happily been able to 
ignore finite renormalization factors «x (k = 1 + O(g?) > 1, g? is 
the bare gauge coupling). 

The problem with the above reasoning, taken from [149], is how 
to improve it such that it applies in a practical scaling region with 
g? not much less than 1. 


Appendix A 
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A.1 Fundamental representation of SU(n) 


In the following appendices we record some properties of the representa- 
tions of the group SU(n). First we review the construction of a complete 
basis set of Hermitian traceless n x n matrices, similar to the n = 2,3 
examples. We shall denote these matrices by Ax, k = 1,2,..., n? — 1. 
The symmetric off-diagonal matrices have the form 


(Ak) ab =, SamOan a dbmOan ko {m, n} (A.1) 
and the antisymmetric matrices are given by 
(Ak) ab = 1(damdan = dbmOan)s (A.2) 


where a,b,m,n = 1,2,...,n, m > n. The non-zero elements of the 
diagonal matrices may be taken as 


2 


(Ak) aa > m + m? a= 1,...,m, (A.3) 
: gä (A.4) 
= -nm = . 
meme a m 5 


where m = 1,2,..., 7 — 1. We add the multiple of the unit matrix 


do = "En (A.5) 


such that the k = 0,1,..., n? — 1 matrices form a complete set of n x n 
matrices. They satisfy 


Ae = Al, 
Tr (AxA) = 26n1, (A.7) 


ea, 
> 
a 
= 
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and either A, = AF = Apor Ap = —AF = —\%. An arbitrary matrix X 
can be written as a superposition of the A’s, 
X = Xkàk, (A.8) 
Xp = 4 Tr (XA). 


m2 


For instance 


Ak Àl = ÅkimAm, (A.10) 

Agim = Z Tr (Ak AlÀm). (A.11) 
Let 

Akim = dkim + i fkim, (A.12) 


where dkim and fkim are real. Then 
dkim = 4 Tr (AkAtÀm + ARATA) = $ Tr (AkArÀm + AFAT Am) 
= iTr (Ak AlÀm + AmALAk) = iTr (Ak AlÀm + MAKAm) 
= 5 Tr ({Ar, Ai} Am), (A.13) 


and similarly, 
ifkim = 3 Tr ([Ar, Au] Am). (A.14) 
These representations of the d’s and f’s and the cyclic properties of the 
trace imply that dzim is totally symmetric under interchange of any of its 
labels. Likewise fxim is totally antisymmetric. Hence, (A.10) and (A.12) 

imply 

[Ans Ai] = 2i fkimÀm, (A.15) 
{AK Ar} = 2dkim Àm. (A.16) 


We note in passing that 


2 2 
AorAr = 4/ — A > doim = 4f — Sim, foim = 0. (A.17) 
n n 


A standard choice for the generators t, of the group SU(n) in the 
fundamental (defining) representation is given by 


ig Se BH age 1, (A.18) 


In the exponential parameterization an arbitrary group element can be 
written as 


U =exp(ia*t,), (A.19) 
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where the a* are n? — 1 real parameters. From their occurence in the 
commutation relations 


ltk, ti] = ifkim tm, (A.20) 


the fkim are called the structure constants of the group. 

Next we calculate the value C2 of the quadratic Casimir operator 
tpt, in the defining representation. For this we need a useful formula 
that follows from expanding the matrix XED = 2ôðadðbc in terms of 
(Ag) ab. According to (A.8) and (A.9) we have the expansion coefficients 


XE = Tr (XCD Ak) /2 = daddse(Ak)ba = (Ak)eas hence, 


(A )ab(Ak)ead = 25aadbe; (A.21) 
where the summation is over k = 0,1,..., n? — 1 on the left-hand side. 
It follows that 

1 1 
(te) ab(tk)ed = 1 (Ak)ablAk)ca 2 A (Ao) ab(Ao) ed 
1 1 
= 5 Va ec 5, lable A.22 
2 Sadb On OabScd ( ) 


(note that k = 0 is lacking for the t). Contraction with ôbe gives 


1 1 
(tktk)ad = 5 (» 2) bad = C2 daa, (A.23) 
or 
1 1 
find. = mas 
C= 5 (w +). (A.24) 


For n = 2, Ci" = 3 which is just the usual value j(j +1) for the j = 4 
representation of SU(2). 


A.2 Adjoint representation of SU(n) 


The adjoint (regular) representation R is the representation carried by 
the generators, 


Utt,U = Ryti. U € SU(n). (A.25) 


Note that Tr(U't,U) = Trt, = 0, so that U't,U can indeed be written 
as a linear superposition of the tk. By eq. (A.9) we have the explicit 
representation in terms of the group elements 


Ry = 2 Tr (UTH,Ut)). (A.26) 
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We shall now calculate R in terms of the parameters a” of the exponen- 
tial parameterization of U. Let 


U(y) = exp(iya?ty), Ryi(y) = 2 Tr (Ut (y)tkU (yt). (A.27) 
Then 
o Zop i 
F Rei(y) = —ia” 2 Tr (U'(y)[tp, tk]U (y)ti) 
= a? fpkn2 Tr (Ut (y)tnU (y)tr) 
= ia” (Fp)kn Bni, (A.28) 
where 
In matrix notation (A.28) reads 
o 
T R(y) = ia? FpR(y), (A.30) 
which differential equation is solved by 
R(y) = exp(iya? Fp), (A.31) 


using the boundary condition R(0) = 1. Hence, 
R = exp(ia?F,), (A.32) 


and we see that the Fp are the generators in the adjoint representation. 
By the antisymmetry of the structure constants we have 


* T 
Fp = -F5 =—-F,, (A.33) 
and it follows that the matrices R are real and orthogonal, 
R= R*, BSR} (A.34) 


Notice that the derivation of (A.28) uses only the commutation relations 
of the generators, so that we have for an arbitrary representation D(U) 


D(U) T, DU) = RaT, (A.35) 


where the T; are the generators in this representation D. 
Next we calculate the value of the Casimir operator in the adjoint 
representation, FpFp, using the results of the previous appendix: 
(Ep Ep) km = ifkpli fipm 
= 4 Tr (tktpti) i fipm = 8 Tr (tptitk) Tr (lim, tiltp) 
= 8(ty)av(titk) ba lims tilde(tp) ed: (A.36) 
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With (A.22) for (tp)ab(tp)ca, this gives 
(FpFp)km = 4Tr (titeltm, ti]), (A.37) 
and using (A.22) again and t;t; = [(n? — 1)/2n]1 gives finally 
F, F = nl, C3 =n. (A.38) 


The matrix S;(a@) introduced in (4.41) can be calculated as follows. 
We write D(U(a)) = D(a) and consider (4.42), 


M(y) = D(ya)D(ya + ye)! = 1 — ie Skla) + O(e?) (4.39) 
= EtV Th emiyla” te") Th, (A.40) 


Then 
= M(y) = D(ya) fia* Th — ila" + €*)Th|D(ya + ye)“ 
= —ie* D(ya)T;.D(ya)~! + O(e) 
= ~ie RZ (ya)Ti + O(e*). (A.41) 


This differential equation can be integrated with the boundary condition 
M(0) = 1, using R~! (ya) = exp(—iya), a = a? Fp, 


J= —iya 
M(y)=1 ie( : ) T+ O0(e). (A.42) 
ia ui 
Setting y = 1 we find Sp(a) = Spi(a)T, with 
1—e7% 
Srila) = (= ) , a=oahF,. (A.43) 
ia i 


We end this appendix with an expression for Tr TkT, in an arbitrary 
representation D. The matrix 


Ty, = Tr (ThT) (A.44) 
is invariant under transformations in the adjoint representation, 
Raw RwIpy = Tr (DTD DT, D) = Ipi. (A.45) 
By Schur’s lemma, kı must be a multiple of the identity matrix, 
Iki = p Ôk- (A.46) 
Putting k = l and summing over k gives the relation 


(n? — 1)p(D) = C2(D) dimension( D). (A.47) 
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For the fundamental and adjoint representations we have 


Pfund = L, A.48) 
Padj = n. (A.49) 


— 


A.3 Left and right translations in SU(n) 


Let Q and U be elements of SU(n). We define left and right transfor- 
mations by 


U'(L) =QU, U'(R) =UQ, (A.50) 
respectively, which may be interpreted as translations in group space, 
U — U'. In a parameterization U = U(a), Q = Q(y), this implies 
transformations of the a’s, 


a’*(L) = f*(a, p, L), (A.51) 


and similarly for R. We shall first concentrate on the L case. For Q near 
the identity we can write, 


Q = 1+igptm t:>, (A.52) 
a!*(L) E a” T y™ S* (a, L) Tes g (A.53) 
o 
Sala, L) = apm f* (a, p, L)\p=o- (A.54) 


The S*,(a,L) (which are analogous to the tetrad or ‘Vierbein’ in 
General Relativity) can found in terms of the Skm(a) as follows, 


U'(L) = (1+ ip™tm +--)U, (A.55) 
. oO OU dak 
tmU = —? apm U\y=0 1 Jak apr | = 
OU on 
Differentiating UU! = 1 gives 
OU out 
cee g ea A. 
dak ʻ dak A A 
and using this in (A.56) we get 
5, OUT k k 
tmU = iU Jor US“, la, L), = Skla, LU S",, (a, L), (A.58) 
a 
where 
j 
CRC Enis (A.59) 
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is the Sp introduced earlier in (4.41). The factor U can be canceled out 
from the above equation, 


tm = Skla, L) SE, (a, L). (A.60) 


We have already shown in (4.43) that Sẹ is a linear superposition of the 
generators, S;(a, L) = Skn(a, L)tn, so we get 


tm = tn Senla, L)S*,,(a, L) (A.61) 


bmn = Srn (a, L)S*,,(a, L). (A.62) 


Thus S*,, (a, L) is the inverse (in the sense of matrices) of Skm(a, L). 
Introducing the differential operators 


Xm(L) = S£, (aL) — (A.63) 
idak 
we can rewrite (A.56) in the form 
Xm(L)U = tmU. (A.64) 


It follows from this equation that the Xm(L) have the commutation 
relations 


[Xm(L), Xn(L)] = —ifmnpXp(L). (A.65) 
These differential operators may be called the generators of left transla- 


tions. 
For the right translations we get in similar fashion 


Utm = in 7% S* (a, R) =US;(a, R)S*,(a,R), (A.66) 
Skla, R) = -vE 

= U'S;(a, L)U = Skn la, L) Utan U 
= Sp (a, L)Rpntn, (A.67) 
Sr(a, R) = Skn(a, R)tn, (A.68) 
Skn(a, R) = Skpla, L)Rpn, (A.69) 
mn = Spn (a, R) SE, (Q, R), (A.70) 
Xm(R) SS Ry, (A.71) 
Xm(R)U = Utm, (A.72) 
[Xm(R), Xn(R)] = +i fmnpXp(R) (A.73) 
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The left and right generators commute, 
[Xim(L), Xn(R)] = 0, (A.74) 


which follows directly from (A.64) and (A.72), and their quadratic 
Casimir operators are equal, 
X?(L) — Xm(L)Xm(L), X?(R) = Xm(R)Xm(R), (A.75) 
X?(R)U SU inte SO = tmtmU eC a. (A.76) 
The differential operator X? = X?(L) = X?(R) is invariant under 
coordinate transformations on group space and is also known as a 
Laplace—Beltrami operator. 
Finally, the metric introduced in (4.91) can be expressed in terms of 
the analogs of the tetrads, 
grila) = Skpla, L)Sip(a, L) = Skp(a, R)Sip(a, R), (A.77) 
Sep a, L) = grla) S’ (a, L), Skp(a, R) = grila) S",, (a, R). (A.78) 


For a parameterization that is regular near U = 1 (such as exp(ia*t;)), 
U =1+ia*t, + O(a’), (A.79) 


it is straightforward to derive that 


S* (a, L) = Skp = i frpia a O(a’), (A.80) 
S* (a, R) = Sep + 4 frpia’ + O(a”), (A.81) 
grla) = dx + Ola’). (A.82) 


A.4 Tensor method for SU(n) 


It is sometimes useful to view the matrices U representing the fundamen- 
tal representation of SU(n) as tensors. Products of U’s then transform as 
tensor products and integrals over the group reduce to invariant tensors. 
It will be useful to write the matrix elements with upper and lower 
indices, Uap — Uf. We start with the simple integral 


J dU UȘU}? = IP. (A.83) 


By making the transformation of variables U — VUWÌ, it follows that 
the right-hand side above is an invariant tensor in the following sense: 


iew NENE e (A.84) 
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Here V and W are arbitrary elements of SU(n) and similarly for their 
matrix elements in the fundamental representation and their complex 
conjugates VÝ and Wt. We are using a notation in which matrix indices 
of U are taken from the set a, b, c, d, ..., while those of Ut are taken 
from p, q, r, 8, .... Upper indices in the first set transform with V, upper 
indices in the second set transform with W; lower indices in the first set 
transform with WÏ, lower indices in the second set transform with Vt, 
as in 


ug vawsus, ule a wevitute’, (A.85) 


This notation suffices for not-too-complicated expressions. 

Returning to the above group integral, there is only one such invariant 
tensor: I; a. = cô% ô, , which is a simple product of Kronecker deltas. The 
constant c can be found by contracting the left- and right-hand sides 
with ô, with the result 


1 
dU Up U}? = — 5555. (A.86) 


Invariant tensors have to be linear combinations of products of Kro- 
necker tensors and the Levi-Civita tensors 


ern = +1, even permutation of 1,...,n 
= — 1, odd permutation of 1,...,n, (A.87) 


and similarly for €,...c,,, etc. They are invariant because 
Var -e Ve eve = det Vet, (A.88) 


These tensors appear in 


1 
J aU U -Uge = E etne, (A.89) 
1 Tsa an 
= 2, (7175h (A90) 
permr 


The coefficient can be checked by contraction with €g,...a,- 

In writing down possible invariant tensors for group integrals we have 
to keep in mind that, according to (A.85), there can be only Kronecker 
deltas with one upper and one lower index, and furthermore one index 
should correspond to a U and the other index to a Ut, i.e. they should 
be of the type 67 or d?. It is now straightforward to derive identities for 
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integrals of the next level of complication: 
fa UsUgu; =0, n>3, (A.91) 


1 
n2—1 


dU UgusutPut = 525 C5P OT + 525557 OF 
q q b q d 


1 a sc r ascsr 
= nn? — 1) (69 6505 Oa + 525505 68), n> 2: 
(A.92) 
Note the symmetry under (a,b) < (c,d) and (p,q) > (r,s) in (A.92). 
The coefficients follow, e.g. by contraction with 64. By contracting (A.92) 
with the generators (t;)$(t))2 we get an identity needed in the main text: 


/ dU UŻU} Ra (U) = Mit, n>2 (A.93) 


2 
n? -—1 
where Ry(U) is the adjoint representation of U (cf. (A.26)). 


Appendix B 


Quantization in the temporal gauge 


Gauge-field quantization in the temporal gauge in the continuum is often 
lacking in text books. Here follows a brief outline. Consider the action 
of SU(n) gauge theory, 


=- f dz gk Regs (B.1) 
The stationary action principle leads to the equations of motion 
D, Gh? = O G"? + fogrGLGh" = 0. (B.2) 


where D,, is the covariant derivative in the adjoint representation. Note 
that we are using a Minkowski-space metric with signature (—1,1,1,1), 
e.g. GP = —G,"? = —G5,,. The Lagrangian is given by 


L(G,G) = pee (565,68, - Ta Ca) (B.3) 
where 
Gon = GP — OnGB + frgrG3Gi,, (B.4) 
and the canonical momenta are given by 


ôL 


i=, B.5 

0 = 5aR (B.5) 
L 1 

I? = -D pow (B.6) 


The fact that L is independent of Ge and consequently the canonical 
momentum of G$ vanishes is incompatible with the presumed canonical 


Poisson brackets (G5, ITZ) = ôpqô(x — y), unless we eliminate G$ as 
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variable by a choice of gauge. This is the ‘temporal gauge’ 
Gh =0. (B.7) 


The Hamiltonian in the temporal gauge is given by 


H(G, TI) = f denr ór -1 
3 g’ 1 
= | z| m I +— G, GP, |. B.8 


However, one does not want to lose the time component (v = 0) of the 
equations of motion (B.2). In canonical variables this equation reads 


TP = Omn, + foqr GLI, = 0, (B.9) 


and we see that it does not contain a time derivative. It is a constraint 
equation for every space-time point. Imposing it at one time, the ques- 
tion of whether it is compatible with Hamilton’s equations arises. 

Let us address this question directly in the quantized case, assuming 
the canonical commutation relations 


(GP, (x), T14(y)] = dpq5(x —y), (6%, 6x), G4(y)] = 0 = [1P, (x), f4 (y). 

(B.10) 
Now it is straightforward to check that the T? defined in (B.9) generate 
time-independent gauge transformations, e.g. Âr Â = infinitesimally 
gauge-transformed G?,, where Q = 1 +i f d?xw?(x)T(x) + O(w?). The 
Hamiltonian is gauge invariant, 


(7, H] = 0, (B.11) 


and the constraints are compatible with the Heisenberg equations of 
motion. A formal Hilbert-space realization of the canonical commutation 
relations (B.10) is given by the coordinate representation 


(16%, OIV) = G3) (GIV), (B-12) 
(GIT COD) = sear 5 (GIB) (B.13) 


with wave functionals U(G) = (G|W). Unlike quantization in other 
gauges, there are no negative norm states here, but physical states have 
to be gauge invariant, 


T(x) |W) phys = 0. (B.14) 
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Such states can be formally written as a superposition of Wilson loops 
and this is useful for analytic calculations at strong coupling (on the 
lattice, of course, to make it well defined), but not at weak coupling. 
Finally, the analogy with QED may be stressed in the notation by 
writing 
1 1 
EP = -GP = —gIP,, BÈ = —ékimGt.,» (B.15) 
g 2g E 
in terms of which 
H = pes (4E? + 4B?°). (B.16) 


In case other fields are present, there are additional contributions to T? 
that act as generators for these fields, e.g. for QCD, pp = Wt Apy/2, and 
(B.9) becomes the non-Abelian version of Gauss’s law: 


Di ER = gpp. (B.17) 


Appendix C 


Fermionic coherent states 


In this appendix we derive the field representation for fermion opera- 
tors. In the Bose case the field representation was just the coordinate 
representation which is also much used in quantum mechanics. For 
Fermi operators the analog leads to the so-called Grassmann variables. 
This means that the Fermi operator fields d(x) will be represented by 
‘numbers’ (a), which have to be anticommuting. As this might not be 
so familiar, we shall first describe how this works. 

Consider the quantum Fermi operators satisfying the commutation 


relations 

{âk â} =0, {a}, a1} =0, {âk 41} = du, (C.1) 
where {A,B} = AB + BA. In the following we shall consider a finite 
number n of such operators, k = 1,2,...,n. (In the continuum limit of a 


fermionic lattice field theory n — oo.) It is sometimes convenient to use 
the 2n equivalent Hermitian operators 


â} = (âr + Gh) /V2, â? = (a — ah) /iv2, (C.2) 
with the commutation relations 
{âl}, aj} = SpqSkls Pd = k 2. (C.3) 


The non-Hermitian operators are used more often. 

It is clarifying to look at a representation in Hilbert space. For n = 1 
we have the ‘no-quantum state’ |0) which is by definition the eigenstate 
of @ with eigenvalue 0, G|0) = 0, and the one-quantum state |1) obtained 
from |0) by the application of ât, |1) = @'|0). Further application of at 
on |0) gives zero, since (ât)? = 0 because of (C.1) (note that |1) is the 
‘no-quantum state’ for ât). So a pair of Fermi operators (â, ât) can be 
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represented in a simple two-dimensional Hilbert space, 


o= (= (8) a (E) (E) es 


For n > 1 we can take a tensor product of these representations. A basis 
in Hilbert space is provided by 


lki kp) = âf o Gh l0), p=1,....n, (C.5) 


with the properties 


pa kiek 
(ky +++ kolli +- la) = padi (C.7) 
where 
EE (C.8) 
ices 


An arbitrary state |q) can be written ast 


lw) = w(at))o, (C.9) 
UG") = DE Ah, a, (C.10) 
p=0*" 


where Wx,..k, is totally antisymmetric in k,---kp,, and we sum over 
repeated indices unless indicated otherwise. An arbitrary operator A 
can be written as 


A 1 
= Psi atoa > 
A = 5 pig ht Bos ta ey wise Ay Ug ited ali; (C.11) 
Pq 


where all creation operators are ordered to the left of all annihilation 
operators. This is called the normal ordered form of A. A familiar 
example is the number operator 


N = ât ag, (C.12) 


which has eigenvectors |ki---kp) with eigenvalue p. Note that 
Agy--kp,li-lg İS in general not equal to (k, +++ kp|Alli---1q). Note also 


that the coefficients Ais hg liet may themselves be elements of a 


f Recall that repeated indices are summed, i.e. Dier-kp ah, + at = 


P 
n n aT at 
ea kya Vii kp Op, °° a, 
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Grassmann algebra, e.g. A= Cp ax + al cp, with anticommuting c and 


ct. 


Suppose now that there are eigenstates |a) of the a, with eigenvalue 
az. Then it follows that the ax have to be anticommuting: 


andl = —ajaz. (C.13) 


To see this, assume 


Apa = EQIGk, (C.14) 
with € some number Æ 0. Then 
GpGi|a) = âkaila) = cakla) = caragla) 
= —GG,|a) = —capaja). (C.15) 


Hence (C.13) has to hold. The ax cannot be ordinary numbers. Assuming 
akla) = +|a)az leads to 


II 


Gpai|a) = G;,|a)a; = aglaja; = apala) 


Il 


cakla) = caagla), (C.16) 


and it follows that 
e=-l. (C.17) 


So the ‘numbers’ a, have to anticommute with the fermionic operators 
as well. 

We also introduce independent conjugate anticommuting aj, assume 
these to anticommute with the a, and the Fermi operators, and impose 
the usual rules of Hermitian conjugation, 


âr bâl, a, bat, la) + (al, (alat = (alat, (C.18) 
ara È ajat, {a},a] }=0. (C.19) 


The anticommuting ag are on the same footing as the ap. 
The a, and at together with the unit element 1 generate a Grassmann 
algebra. An arbitrary element f of this algebra has the form 


1 
flat, a) = foo + froag + fona + ay dake 0%, Ak 
+ frag a tee + fion donat ++ a} an: a1, 


(C.20) 


where the f’s are complex numbers. 


Appendix C. Fermionic coherent states 245 


We have extended Hilbert space into a vector space over the elements 
of a Grassmann algebra. The a, and at are called Grassmann variables 
and f(at,a) is called a function of the Grassmann variables. This 
nomenclature could be somewhat misleading — the generators a, and ap 
are fixed objects and it is only the indices ‘k’ and ‘+’ that vary. However, 
we will also be using other generators bz, by, Ck, ---, and so effectively 
we draw elements from a Grassmann algebra with an infinite number of 
generators. It is straightforward to construct a matrix representation of 
these generators, but this does not seem to be useful because the rules 
above are sufficient for our derivations. 

We now express the |a) in terms of the basis vectors (C.5). The state 
|a) is given by 


Ja) = e419), (C.21) 


Indeed, since (ap)?=0, 


enanah =T]e -akât _ Ih 1— apa), (C.22) 
k 


k 


and using G;,(1 — axa}.)|0) = apâpâi |0) = a, |0) (no summation over k) 
gives 


ârla) = | []( — mât) | âx — ax@}.)|0) = [C — uâ} | axlo) 
l£k l#k 
= apļa). (C.23) 


Note that a, commutes with pairs of fermion objects, e.g. [az, aa1,,] = 0. 
Two states |a) and |b) have the inner product 


(alb) = (0|(1 — ayaf) +++ (1 — @,a¢)(1 — bat.) -+ (1 — b144)|0) 
= [Ic 1+ af db) 
k 
=e? (C.24) 


where 
atb = apf bp. (C.25) 


We would like a completeness relation of the form 


ix faa 


(C.26) 
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For n = 1 this relation reads 
1 = |0)(0| + a*|0) (ola 
= [eat da — ata) —eat)\0\ola — aa) 


= fa da [| (1 — a*a)|0)(0| — aat|o) (0| 
+ a*|0)(0|4 + aat at 0) (O|a], (C.27) 


which is satisfied if we define the Berezin ‘integral’: 


[eo=o. fat =o, peoo=t, fiat =a, (C.28) 


where da and da* are taken anticommuting. For general n we define 


da = da; --- dan, dat = da} ---daf, (C.29) 


[ea =0, [ia ak = 1, f aay =0, [eat ap =1 (C.30) 


(no summation over k; anticommuting da’s and dat’s). The integral 
sign symbolizes Grassmannian integration, which has some similarities 
to ordinary integration (and differentiation, see (C.42)). Cumbersome 
checking of minus signs can be avoided by combining every da, with 
dat into commuting pairs, as in the notation 


da* da = || daž dag, (C.31) 
k=1 


which we shall use in the following. Similar pairing will be done repeat- 
edly in the following. 

We check the completeness relation (C.26) for general n by verifying 
that it gives the right answer for an arbitrary inner product (w|¢@). 
Multiplying (C.9) by (C.26), we get 


ly) = / dat dae~* “w(at)Ia), (C.32) 


$(at) = (alp) = D et (C.33) 
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The inner product takes the form 
(V$) = = da* dae~*** (at)*6(a*) 


x el dae™® e akpi akat wee ay. (C.34) 


-pl i Pies te, Pilg 


By (C.28) the integral is non-zero only if p = q and (kı,..., kp) = 
(11,...,l») up to a permutation, 


+ —ata + F d aja 
faa dae Akp ` Aki Ak, OR, = H Jat daje ® 


lZk; 
x I Je dam ama, 
m= ki; 
=1, (C.35) 
and 
fat da eT tap, -anah + “ay, = ôpq eee he ; (C.36) 
Hence, (C.34) gives 
(vlo) = 2 hs kip Pha kp (C.37) 


which is the right answer. Therefore (C.26) is correct for general n. 

The connection between Grassmannian integration and differentiation 
can be seen as follows. Left and right differentiation can be defined by 
looking at terms linear in a translation over fermion b,x, 


f(atb) = f(a) + def (a) + Sbnbi f(a) +++ (C.38) 
= f(a) + fe(a@be + E fRla)bkbi +++, (C.39) 


which suggest 


Z Hla) = fla), (C.40) 
Ak 
Fla) so = Fa) (c.41) 
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(the extension to functions of both a and a* is obvious). It follows that 
‘integration’ is left differentiation: 


[ea f(a) = = (a). (C.42) 


We shall now derive some further important properties of Grassman- 
nian integration. Let f(at,a) be an arbitrary element of the Grassmann 
algebra of the form by (C.20). Then 


fat da f(a®,a) = fi-n, 1n- (C.43) 
It follows that the integration is translation invariant, 
[ect da flat +b*,a+0)= f dat da fa* a), (C.44) 
Furthermore, for an arbitrary matrix M, 


[eat daca = f dat da D" atma)” 
n! 


1 
+ + + 
= faa da pkh "+e Mknln My Ak, 7 GI, lkn 


1 i 
= gMh ot Mead (C.45) 
Using the identity 
he ea SO (C.46) 


where €,,...z, is the n-dimensional e tensor (with €1..., = +1) we obtain 
the formula 


fat dae~* Me = det M, (C.47) 
since 
det M = Mii, +e Mani, Eleda- (C.48) 
The more general formula 
/ dat dae~*" Mata"b+bta — det Meh MTb, (C.49) 


follows from the translation invariance (C.44) by making the translation 
a+ —> at +0*M~!, a > a+ Ma. Note that (C.49) remains well 
defined if det M — 0. 
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We can interpret (C.44) as a translation invariance of the fermionic 
‘measure’, 


dat =d(at +b+), da = d(a + b). (C.50) 


A linear multiplicative transformation of variables 


ar > Tra, af > af Six, (C.51) 
has the effect 
d(a*$) = (det S)~'da*, d(Ta) = (det T)~' da, (C52) 
i.e. 
Ja da f(a S, Ta) = det( ST) [eat da f(at,a). (C.53) 


This follows easily from (C.43) and (C.48). According to (C.52), the 
fermionic measure transforms inversely to the bosonic measure dz: 
d(T x) = det T dz. 

We note in passing the formula 


/ dae~2* Ma — 4V/det M, (C.54) 


where T denotes transposition and M is an antisymmetric matrix (in 
this case only the antisymmetric part of M contributes anyway). This 
formula follows from (C.47), by making the transformation of variables 


aaa) (0.55) 


det M = (-1)"? f dbento™Me f doet m, (C.56) 


which leads to 


where we assumed n to be even (otherwise det M = 0). As is obvious 
from the left-hand side of (C.54), the square root of the determinant 
of an antisymmetric matrix is multilinear in its matrix elements. It is 
called a Pfaffian. 

States |) are represented by Grassmann wavefunctions 7(a*) de- 
pending only on the aj (cf. (C.33)). The representatives of operators A 
depend in general also on the az: 


(a|Ala) =: A(at,a). (C.57) 
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In the normal ordered form (C.11), A(at,a) is obtained from A by 
replacing everywhere the operators by their Grossmann representative, 
keeping the same order, and multiplying by e7" a, 


+ 1 
A(a*,a) =e °l 2 ag a kotil aah `a% ai, "al. (C.58) 


(The e**@ just comes from the normalization factor (ala).) 
It is now straightforward to derive the following rules: 


Ayla) := (a/Aly) 
= Jæ dbe~” A(at,b)Y(bt), (C.59) 
AB(a*,a) := (a|ABla) 
= pe dbe~”*’A(at,b)B(b*, a),  (C.60) 
A= A(a',a), B= Bat), C=C(A) 
= BAC(at,a) = B(at)A(at,a)C(a). (C.61) 
A useful identity is 


A = exp [af Mura => A(a*,a) = expļa} (e™ )xiar], (C.62) 


This identity can be derived with well-known differentiation/integration 
tricks. Let F(t) be given by 

F(t) = (alet®"M4|q). (C.63) 
To compute F(1) = A(at,a) we differentiate with respect to t and 
subsequently integrate, with the initial condition F(0) = exp(ata). 
Differentiation gives 


F'(t) = (alat Ma eê Mâ a) = at My (alayet® Mê] a). (C.64) 


The â, needs to be pulled trough the exponential so that we can use 
@,|0) = a;|0). For this we use a similar differentiation trick: 


Gilt j= eta! Mag eta! Ma 
Gi(t) = et Mara, at Ma] et Mâ = MinGm(t), G(0) = âi, 
Gi(t) = (e Jimâm, 

âet Ma — etê Mâ (e tM) oe Gia (C.65) 


The differential equation for F(t) now reads 


F'(t) =a; + Mu (alet™ M3 \a\(e™ imam = (ate™ a)! F(t), (C.66) 
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with the solution 
F(t) =exp(ate™ a), A(at,a) = F(1) = exp(ate™a). (C.67) 


Next we derive an important formula for the trace of a fermionic 
operator. It is usually sufficient to consider only even operators, i.e. 
operators containing only terms with an even number of fermionic 
operators or fermionic variables. Such A and also their representative 
A(a*,a) commute with arbitrary anticommuting numbers, for example 
A(at,b)cy = +c, Ala", b). The formula reads 


Tr Â = I dat dae~?"* A(a*,—a), (C.68) 


for even A. This trace formula can be derived as follows: 


oe 3 DE (kie pl Alien «+ kp) 
p=0°" ky-kp 

= fit da) (db* db) e —ata—b*b 

Ys De (kı +++ kp|a)(alA b) (bl ky <- kp) 


p kı- kp 


= j (dat da) (db*+ db) e~* °° D gee ap, A(a*, bbz, «OF 


_ J (dat da) (db* dae lat -ax, bf, «+ bt Alat, b) 


= / (dat da) (db* db) e272"? cane A(at, b) 

= (-1)" J (dat db) e“*? A(at, b) 

= i (dat db) e~9*° A(at, -8), (C.69) 
which is the desired result. We integrated over a and b* using (dat da) 
x (dbt db) = (—1)” (da* db) (db* da) and (C.49). In the last line we made 
the substitution b > —b using (C.52). 


We note furthermore that omitting the minus sign from A(a*,—a) in 
(C.68) leads to 


fat da e7 a Alat, a) = Tr(-1)% A, (C.70) 
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where N is the fermion-number operator (C.12). This formula can be 
derived from the trace formula (C.68), the operator-product rule (C.60), 
with B = exp(izN), and the application 


t + 


B= e'™*4_, Biat,a) =e ° (C.71) 


of the rule (C.62). 


Appendix D 
Spinor fields 


In this appendix we record the basics of spinor fields. We start with the 
properties of Dirac matrices in Euclidean space-time. The four Dirac 
matrices 7, u = 1,2,3,4, are 4 x 4 matrices with the properties 


Vv + WW = 26,1. (D.1) 

So they anticommute: yy = —WwYu, L # v. They can be chosen 
Hermitian and unitary, yi = Yp = Jis The matrix 

Ys = ~Y1 727374 (D.2) 

anticommutes with the Yu, Yas = —5Yy, and it is also Hermitian 

and unitary, ys = y$, y = 1. A realization can be given in terms 

of tensor products of the 2 x 2 Pauli matrices og, k = 1,2,3, and 

Oo = llox2! Yk = —02 @ Ok, Ya = C1 Q T0, Ys = T3 Q Oo. Usually 


one does not need a realization as almost all relations follow from the 
basic anticommutation relations (D.1). Other realizations are related by 
unitary transformations, which preserve the Hermiticity and unitarity 
of the Dirac matrices, but not the behavior under complex conjugation 
or transposition. It can be shown that, in every such realization, there is 
an antisymmetric unitary 4 x 4 matrix C, called the charge-conjugation 
matrix, which relates y, to its transpose: 


y=—-Ctly,C, CT=-cC, ctc=1, (D.3) 

=> y5 =V% = ClsC. (D.4) 

In the above realization a possible C is given by C = 03 ® o2. The 
matrices I = 1, yy, (—t/2)[%u, Ww], iYuYs and ys form a complete set of 


16 independent Hermitian 4 x 4 matrices with the properties r? = 1, 
Trl = 0 except for I = 1, Tr(IT’) = 0 for I # T”. Useful relations are 
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furthermore Y5Yk = EkAuv YA Yu Yv, With Ekàuv the completely antisym- 
metric Levi-Civita tensor, €1234 = +1, the trace of an odd number of 
Y's is zero, Tr (57) = 0, and 


Tr (Yu) = AS uw (D.5) 
Tr (IVA Vu Yv) = Abc Ou — kpv + Ôkvôu), (D.6) 
Tr (YEY VA Vu Ww) = —4€ we rpw- (D.7) 


More trace relations are given in most textbooks on relativistic field 
theory. 

The Dirac matrices are used to describe covariance under (in our case) 
Euclidean rotations, which are elements of the group SO(4). A rotation 
in the p-v plane over a small angle w,,,, can be written as 


Ryuv = Spy + Wy + Ow), Wy = -wvu (D.8) 
= Ouy + igwal Mra) yy too (D.9) 
(Mer) = —8(bnpdav — kvan): (D.10) 


The antisymmetry of w,, ensures that Rp is orthogonal, Reu Ray = der; 
with det R = 1. The M, are the generators of SO(4) in the defining 
representation. The structure constants Ooi defined by [M,.., Mu] = 
CEXwv Mpo are easily worked out. 

The 4 x 4 spinor representation of these rotations can be written in 
terms of Dirac matrices as 


wl 
A= eh Deny Xuv = Ut t5Wyy Uy +>, (D.11) 
Luv = it YW), (D.12) 


where the X, are the generators in the spinor representation. They 
satisfy the same commutation relations as the M,,,, as follows from the 
basic relations (D.1). The matrices A are unitary, 


At=A7!, Euclid. (D.13) 


They form a unitary representation up to a sign, e.g. for a rotation over 
an angle 27 in the 1-2 plane, w12 = —w 21 = 27, and in the realization of 
the Dirac matrices introduced above, A = exp( FW py yw) = exp(imo9 Q 
o3) = —1. 

The representation A is reducible, as follows from the fact that A 
commutes with 75, [A, ys] = 0. Introducing the projectors PR, onto the 
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eigenspaces +1 of 75, 


Pr = 5(1+4%5), P, = 5(1 — 7s), PÈ = Pi, PR = Pr, 
PLPR=0, BA Pea, (D.14) 


we can decompose A into two components Ay, and AR as 
A=AP,4+ APR = Aut Ar. (D.15) 


The Ay and Ag are inequivalent irreducible representations (up to a sign) 
of SO(4). They are essentially two-dimensional, because the subspace of 
y5 = l or —1 is two-dimensional, but we shall keep them as 4x 4 matrices. 
The A’s are real up to equivalence, 


A‘ = Pe Cre ae = creme = Chei uuw G 
= CAC, (D.16) 
Až r = CALR C. (D.17) 


The y, are vector matrices in the sense that 
At Yu A= Ry. (D.18) 


This follows from the basic anticommutation relations between the y’s, 
as can easily be checked for infinitesimal rotations. Products yp% 
transform as tensors. Because y, PR, = PL.RYp, the projected relations 
have the form AL Yu At = Ruvy PL, and similarly for L e R. It follows 
that 


Rw F Z Tr (Aby ALY), (D.19) 
which illustrates the relation 
SO(4) ~ SU (2) x SU (2)/Z2 (D.20) 


(interpreted as 2 x 2 matrices, ALR are elements of SU (2), and Z2 = 
{1,—1} compensates for A R and —AL r giving the same R). 

We can enlarge SO(4) to O(4) by adding reflections to the set of R’s, 
which have determinant —1. An important one is parity P = diag(—1, 
—1,—1, 1). Its spinor representation can be taken as Ap = y4, which has 
the expected effect on the yu: 


V4 Vp V4 = Puv Yv, (D.21) 


and it has therefore also the required effect on the generators Xy, such 
that we have a representation of O(4). Because y4PL.ry4 = Pr. we 
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have 4AL RY4 = Ar,L. So we need both irreps L and R in order to be 
able to incorporate parity transformations. 
Vector fields V, (x) transform under SO(4) rotations as 


Vi(£) = RV (Rtx), (Rr), = Ray), (D.22) 


which can be understood by drawing a vector field in two dimensions on 
a sheet of paper and seeing how it changes under rotations. Spinor fields 
p(x) transform according to 


ba(x) = Aap Ya(R-*2), (D.23) 


where a and ( are matrix indices (‘Dirac indices’). The fields can be 
decomposed into irreducible components as 


pulz) = PpV(x), R(x) = Pry(z). (D.24) 


It is customary to introduce a separate notation 7 for fields transforming 
with the inverse At as 


Be) = G(R) At (D.25) 


(so w is a column vector and 4% a row vector in the matrix sense). Under 
parity we have 


b (x) = (Px), P(x) = o(P2)y. (D.26) 


In general 7 and 7 are independent fields, but with the help of the 
charge-conjugation matrix C we can make a -type object out of w and 
vice-versa: 


po = —(Cty)t = ypt, YO (x )= E 
Y° = (90)? = -CHT, y(x) = AYO (Ra). (D.27) 


The fields 7) and w are called the charge conjugates of w and 4h, 
respectively. 
Note the standard notation for the projected w’s, 


YL =0Pr, tr=vFP. (D.28) 


This looks unnatural here but it is natural in the operator formalism 
where Dr. R= =7 RU = Ù PR. L- In the path-integral formalism (in real 
as well as imaginary time) one introduces independent generators alx) 
and wt(x) of a Grassmann algebra, which are related by Hermitian 
conjugation, such that LR = PL, Y implies Yip = Yt Pir, and 


Appendix D. Spinor fields 257 


then PLR = VER y4 also gives (D.28). The fields PLR transform in 
representations equivalent to Apr,L: 


dr > di AR > (PLC)T > Ar BC)", (D.29) 

dr > PRAL, > (YrC)” > Ar RC)", (D.30) 
where we used (D.17) and for clarity used the arrow notation for trans- 
formations, while suppressing the space-time index z. 


An O(4) invariant action which contains all the types of fields intro- 
duced so far with a minimum number (>0) of derivatives is given by 


S= - fas Pm + Yp3u h (D.31) 


=— J dtr [m(didbe + RYL) + drut + PRYL vR]. 


Finally, we can get corresponding formulas for Minkowski space-time 
by raising indices in contractions such that there is always a contraction 
between an upper and a lower index, e.g. wpvèpv = wW” Xp, (we do 
not make a distinction between upper and lower indices in Euclidean 


space-time), and substituting zt = z4 — iz? = —izo, wtf = wap > 
iw?! = —iwop. This implies that 04 —> —i09, 09 = 0/dx°. It is then 
also expedient to use y° = —yo = —iy4. We have to be careful with 


Hermiticity properties of A, because after the substitution it is no longer 
unitary: 

A7+=B6A'B, 6=iy°, Minkowski. (D.32) 
In Minkowski space-time u = 0,1, 2,3 and indices are raised and lowered 


with the metric tensor nuy = n“” = diag(—1,1,1,1), eg. 0° = —ôo, 
dy = OF = O/On*. 


Notes 


Chapter 1 


1 To avoid cluttering of brackets, we use the notation e?/4a = e? /(4r), etc. 
Furthermore, units A = 1, c = 1 will be used. Then dimensions are like 
[mass] = [energy] = [momentum] = [(length)~'] = [(time)~], etc. 

2 As a model for mesons we have to take the spins of the quarks into 
account. In a first approximation we can imagine neglecting 
spin-dependent forces. Then the maximum spin is J = L + S, with L the 
orbital angular momentum and S = 0,1 the total spin of the 
quark—antiquark system. The m has the qq spins antiparallel, S = 0, the p 
has parallel gq spins, S = 1. In a second approximation spin-dependent 
forces have to be added, which split the 7 and p masses. In picking the 
right particles out of the tables of the Particle Data Group [2], we have to 
choose quantum numbers corresponding to the same S but changing L. 
This means that the parity and charge-conjugation parity flip signs along 
a Regge trajectory. The particles on the p trajectory in figure 1.3 are 
p(769), a2(1320), p3(1690), and a4(2040), those on the r trajectory are 
m(135), (135), b1(1235), and 72(1670). The mass mq used in this model 
is an effective (‘constituent’) quark mass, Mu © ma ~ m,/2 = 385 MeV, 
which is much larger than the mass parameters appearing in the 
Lagrangian (the so-called ‘current masses’), which are only a few MeV. In 
the last chapter we shall arrive at an understanding of this in terms of 
chiral-symmetry breaking. 


Chapter 2 


1 The formal canonical quantization of the scalar field in the continuum is 
done as follows. Given the Lagrangian of the system 


Lpg) = f PaL- Vo), (N.1) 
the canonical momentum follows from varying with respect to ¢%, 
bsb= | Papsp>ns Z =o. (N.2) 


en 
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Solving for ¢ in terms of 7, the Hamiltonian is given by the Legendre 
transformation 


H(y,) = [ae np — L(y, ġ) = [ae dn? +V(y). (N.3) 


Defining the Poisson brackets as 


(4B) = | x SD =o Ae (N.4) 


the canonical (equal time) Poisson brackets are given by 


(px) ry) = d(x—-y), (x) (y)) = 0 = (x(x), my). (N.5) 


The Lagrange (stationary-action) equations of motion are then identical 
to Hamilton’s equations 


ġġ = (y, H), t= (r, H). (N.6) 


The canonically quantized theory is obtained by considering the 
canonical variables as operators ¢ and 7 in Hilbert space satisfying the 
canonical commutation relations obtained from the correspondence 
principle Poisson bracket — commutator: 


[A(x), ly) =x y), PE, O(y)] = 0 = [#(x), iy). (N.7) 


Observables such as the Hamiltonian become operators (after 
symmetrizing products of ĝ and 7, if necessary). The quantum equations 
of motion then follow from Heisenberg’s equations 


3 = ilf, p], Oot = i[H, ô]. (N.8) 
These need not, but often do, coincide with the classical equations of 
motion transcribed to ¢ and 7. From (N.7) one observes that the 
quantum fields are ‘operator-valued distributions’, hence products like 7? 
occuring in the formal Hamiltonian are mathematically ill-defined. 


Chapter 4 


The derivation leading to (4.72) is how I found the lattice gauge-theory 
formulation in 1972 (cf. [42]). I still find it instructive how a pedestrian 
approach can be brought to a good ending. 


Chapter 8 


Only Abelian chiral transformations form a group: if V and W are two 
chiral transformations, then U = VW = V WL Pi + vi wi Pr has 

UL = VLWi # Ut = Wi VL, unless V and WL commute. 

This can be checked here by re-installing the lattice spacing, writing 

My = my +4r/a, and Yt = a?/ yhp (a), etc. with continuum fields y(x), 
(x) that are smooth on the lattice scale (the emerging overall factor a? 
must be dropped to get the continuum currents and divergences). Using 
for convenience the two-index notation for the lattice gauge field 
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(Ope = Uz,z+p; Cer = Uz,2—y), we may write 


Ur.etpathy(a + fia) = fol) + aDyrh(o) + $a2D2yg(w) +++, with 
Dytg(x) = [On — igGy.(x)]w,(x) the continuum covariant derivative, this 
gives the expected result. 

3 The way X is introduced here corresponds to four staggered flavors, 
D = yar (vrs). Using the SU(2) value ayo = 0.2634(14) [69] and yo 


= 420 MeV, the ratio (0.00863/4)!/? /0.263 = 0.491 corresponds to 206 
MeV or © = 4(206 MeV)’. This number appears somewhat small, but we 
have to keep in mind that this is for SU(2), not SU(3), and it also has to 
be multiplied by the appropriate renormalization factor. 

4 For staggered fermions to be sensitive to topology, quenched SU(3) gauge 
couplings need to be substantially smaller than the value 8 = 6/g? = 5.1 
used in [143, 144]. Vink [116, 117] found that values 8 = 6 were needed in 
order to obtain reasonable correlations between the ‘fermionic topological 
charge’ and the ‘cooling charge’ (cf. figure 8.2). Note that the change 
B = 5.1 — 6 corresponds to a decrease in lattice spacing by a factor of 
about four. 

5 Ironically, when the mechanism of canceling the anomalies out between 
different fermion species was proposed [148], I doubted that it was 
necessary, and this was one of the reasons (apart from a non-perturbative 
formulation of non-Abelian gauge theory) why I attempted to put the 
electroweak model on the lattice. On calculating the one-loop gauge-field 
self-energy and the triangle diagram, I ran into the species-doubling 
phenomenon, without realizing that the lattice produced the very 
cancellation mechanism I had wanted to avoid. 

6 At the time of writing the direct Euclidean approach is considered 
suspect and a Lorentzian formulation is being pursued [176]. For an 
impression of what is involved in a non-perturbative computation of 
gravitational binding energy, see [177]. 

7 The problem here is that, in order to deal with the oscillating phase 
exp(iS) in the path integral, one has to make approximations right from 
the beginning. To incorporate sphalerons, kinks, etc. one needs a lattice 
formulation that allows arbitrarily inhomogeneous field configurations 
[178, 179]. 
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